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PREFACE, 


In the following Treatise I have adopted the method of 
Limiting Ratios as my basis; at the same time the co- 
ordinate method of Infinitesimals or Differentials has been 
largely employed. In this latter respect I have followed in 
the steps of all the great writers on the Calculus, from 
Newton and Leibnitz, its inventors, down to Bertrand, the 
author of the latest great treatise on the subject. An ex- 
clusive adherence to the method of Differential Coefficients 
is by no means necessary for clearness and simplicity ; and, 
indeed, I have found by experience that many fundamental 
investigations in Mechanics and Geometry are made more 
intelligible to beginners by the method of Differentials than 
by that of Differential Coefficients. “While in the more ad- 
vanced applications of the Calculus, which we find in such 
works as the Mécanique Celeste of Laplace and the Méca- 
nique Analytique of Lagrange, the investigations are all 
. conducted on the method of Infinitesimals. The principles 
7 on which this method is founded are given in a concise form 
ro in Arts. 38 and 309. 
is In the portion of the book devoted to the discussion of 
Curves I have not confined myself exclusively to the ap- 
plication of the Differential Calculus to the subject, but 
have availed myself of the methods of Pure and Analytic 
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Geometry whenever it appeared that simplicity would be 
gained thereby. 

In the discussion of Multiple Points I have adopted the 
simple and general method given by Dr. Salmon in his 
Higher Plane Curves. It is hoped that by this means the 
present treatise will be found to be a useful introduction to 
the more complete investigations contained in that work. 

As this book is principally intended for the use of begin- 
ners I have purposely omitted all metaphysical discussions, 
from a conviction that they are more calculated to perplex 
the beginner than to assist him in forming clear conceptions. 
The student of the Differential Calculus (or of any other 
branch of Mathematics) cannot expect to master at once all 
the difficulties which meet him at the outset; indeed it is only 
after considerable acquaintance with the Science of Geometry 
that correct notions of angles, areas, and ratios are formed. 
Such notions in any science can be acquired only after 
practice in the application of its principles, and after patient 
study. 

The more advanced student may read with profit Carnot’s 
Réflecions sur la Meétaphysique du Calcul Infinitesimai; in 
which, after giving a complete resumé of the different points 
of view under which the principles of the Calculus may be 
regarded, he concludes as follows :— 

“Te mérite essentiel, le sublime, on peut le dire, de la 
méthode infinitésimale, est de réunir la facilité des procédés 
ordinaires d’un simple calcul d’approximation a l’exactitude 
des résultats de ’analyse ordinaire. Cet avantage immense 
serait perdu, ou du moins fort diminué, si 4 cette méthode 
pure et simple, telle que nous l’a donnée Leibnitz, on voulait, 
sous l’apparence d’une plus grande rigueur soutenue dans 
tout le cours de calcul, en substituer d’autres moins naturelles, 
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moins commodes, moins conformes 4 la marche probable 
des inventeurs. Si cette méthode est exacte dans les ré- 
sultats, comme personne n’en doute aujourd’hui, si c’est tou- 
jours a elle qu’il faut en revenir dans les questions difficiles, 
comme il parait encore que tout le monde en convient, 
pourquoi recourir 4 des moyens détournés et compliqués pour 
la suppléer? Pourquoi se contenter de Vappuyer sur des 
inductions et sur la conformité de ses résultats avex ceux que 
fournissent les autres méthodes, lorsqu’on peut la démontrer 
directement et généralement, plus facilement peut-étre 
qu’aucune de ces méthodes elles-mémes ? Les objections que 
Von a faites contre elle portent toutes sur cette fausse suppo- 
sition que les erreurs commises dans le cours du calcul, en y 
négligeant les quantités infiniment petites, sont demeurées 
dans le résultat de ce calcul, quelque petites qu’on les sup- 
pose; or c’est ce qui n’est point: l’élimination les emporte 
toutes nécessairement, et il est singulier qu’on n’ait pas 
apercu d’abord dans cette condition indispensable de l’élimi- 
nation le véritable caractére des quantités infinitésimales et 
la réponse dirimante a toutes les objections.” 


Many important portions of the Calculus have been 
omitted, as being of too advanced a character; however, 
within the limits proposed, I have endeavoured to make the 
Work as complete as the nature of an elementary treatise 
would allow. 

I have illustrated each principle throughout by copious 
examples, chiefly selected from the Papers set at the various 
Examinations in Trinity College. 

In the Chapter on Roulettes, in addition to the discussion 
of Cycloids and Epicycloids, I have given a tolerably com- 
plete treatment of the question of the Curvature of a Roulette, 
as also that of the Envelope of any Curve carried by a rolling 
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Curve. This discussion is based on the beautiful and general 
results known as Savary’s Theorems, taken in conjunction 
with the properties of the Circle of Inflexions. I have 
introduced the application of these theorems to the general 
case of the motion of any plane area supposed to move on 
a fixed Plane. 

I have also given short Chapters on Spherical Harmonic 
Analysis and on the System of Determinant Functions 
known as Jacobians, which now hold so fundamental a place 
in analysis. 


Trinity CoLiEcr, 


October, 1899. 
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DIFFERENTIAL CALCULUS. 


CHAPTER I. 
FIRST PRINCIPLES—DIFFERENTIATION. 


1, Functions.—The student, from his previous acquaintance 
with Algebra and Trigonometry, is supposed to understand 
what is meant when one quantity is said to be a function of 
another. Thus, in trigonometry, the sine, cosine, tangent, &c., 
of an angle are said to be functions of the angle, having each 
a single value if the angle is given, and varying when the 
angle varies. In like manner any algebraic expression in # 
is said to be a function of z. Geometry also furnishes us 
with simple illustrations. For instance, the area of a square, 
or of any regular polygon of a given number of sides, is a 
function of its side; and the volume of a sphere, of its radius. 

In general, whenever two quantities are so related, that 
any change made in the one produces a corresponding variation . 
in the other, then the latter is said to be a function of the 
former. 

This relation between two quantities is usually represented 
by the letters F, f, ¢, &e. 

Thus the equations 


u=F(z), v=f(z), w= (2), 


denote that w, v, w, are regarded as functions of x, whose 

values are determined for any particular value of x, when the 
form of the function is known. 

2. Dependent and Independent Wariables, Con- 

stants.—In each of the preceding expressions, « is said to be 
B 
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the independent variable, to which any value may be assigned 
at pleasure; and w, v, w, are called dependent variables, as their 
values depend on that of z, and are determined when it is 
known. 

Thus, in the equations 


y=10", y=e, y=sin2, 


the value of y depends on that of 2, and is in each case deter- 
mined when the value of # is given. 

If we suppose any series of values, positive or negative, 
assigned to the independent variable x, then every function 
of « will assume a corresponding series of values. If a quan- 
tity retain the same value, whatever change be given to 2, it 
is said to be a constant with respect to x We usually denote 
constants by a, 6, c, &e., the first letters of the alphabet ; 
variables by the last, viz., u, v, w, @ Y, 8. 

3. Algebraic and Transcendental Functions.— 
Functions which consist of a finite number of terms, involving 
integral and fractional powers of x, together with constants 
solely, are called algebraic functions—thus 


L2- a 
(@ — a)", we (a + #) (b- 2)4, &e., 
are algebraic expressions. 

Functions which do not admit of being represented as 
ordinary algebraic expressions in a finite number of terms are 
called transcendental : thus, sin a, cos 2, tan a, e”, log 2, &e., 
are transcendental functions; for they cannot be expressed 
in terms of # except by a series containing an infinite number 
of terms. 

Algebraic functions are ultimately reducible to the follow- 
ing elementary forms: (1). Sum, or difference (w +, uw - 2). 


(2). Product, and its inverse, quotient (ue, >}. Powers, and 


their inverse, roots (w™, u™). 

The elementary transcendental functions are also ulti- 
mately reducible to: (1). The sine, and its inverse, (sin w, 
sin*w), (2). The exponential, and its inverse, logarithm 
(e", log u). 


Limiting Ratios—Derived Functions. 3 


tte 


when, to each value of x, between these limits, est a 
finite value of the function, and when an infinitely small 
change in the value of # produces only an infinitely small 
change in the function. If these conditions be not fulfilled 
the function is discontinuous. It is easily seen that all 


algebraic expressions, such as 
8 5 eS Be 2 ny Ae palin 
lene, ¢ —2- AL ra Qa 
pe EAE ere ee tae 2 
sashes folen 


and all circular expressions, sin 2, tan x, &e., are, in See eee a 
continuous functions, as also ¢”, log w, &. In such cases, 
accordingly, it follows that if w receive a very small change, 
the corresponding change in the function of 2 is also very 
small. 

5. Enerements and Differentials.—In the Differen- 
tial Calculus we investigate the changes which any function 
undergoes when the variable on which it depends is made to 
pass through a series of different stages of magnitude. 

If the variable x be supposed to receive any change, such 
change is called an increment ; this increment of 2 is usually 
represented by the notation Az. 

/— When the increment, or difference, is supposed ifinitely 
) small it is called a differential, and represented by dz, i.e. ans 
 tnfinitel y smalt difference ts called-adifferential, 

In like manner, if w be a function of #, and x becomes 
# + Az, the corresponding value of wis represented by w+ Aw; 
i.e. the increment of u is denoted by Aw. 2. 

6, Limiting Ratios, Derived Functions.—TIf u be a >» 
function of 2, then for finite increments, it is obvious that the 
ratio of the increment of wu to the corresponding increment of 
# has, in general, a finite value. Also when the increment 
of x is regarded as being infinitely small, we assume that the 
ratio above mentioned has still a definite limiting value. In 
the Differential Calculus we investigate the values of these 
limiting ratios for different forms of functions. 

The ratio of the increment of w to that of x x ae limit, 


a) 


-when~both-are-infinitely~small, is denoted by When 


aQ°xXx=0 a2 
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u = f(z), this limiting ratio is denoted by J’ (x), and is called 
the first derived function* of f(a). 
Thus; let « become # + h, where / = Az, then wu becomes 


S(@th)iie.u+ Au=f(e+h), 
“. Au=f(e+h) -f(a), 


au _fle+l) - Fl) 
Ax h ‘ 


The limiting value of this expression when his-nfnitely-small 
is called the first derived function of f (a), “and represented 
by f’(2)- A 

Again, since the ratio - has f” (x) for its limiting value, 
if we assume 


Au 
Az =f" (2) + €, 


: Au 
e must become evanescent along with Az; also a becomes 


du 5 A 
ee at tue same time; hence we have 
xe 


o =f (@). (2) 


This result may be stated otherwise, thus :—If w, denote 
the value of w« when # becomes 2, then the value of the ratio 
oF =, when 2, — 2 is evanescent, is called ihe jirst derived 


Hin 


function of u, and denoted by ch 


* The method of derived functions was introduced by Lagrange, and the 
different derived functions of f (x) were defined by him to be, the coefficients of 
the powers of 4 in the expansion of f(#+ h): that this definition of the first 
derived function agrees with that given in the text will be seen subsequently. 

This agreement was also pointed out by Lagrange. See “Théorie des 
Fonctions Analytiques,’’ Nes, 3, 9. 
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If 2, be greater than a, then u, is also greater than u, pro- 


‘ w—-uU. We : ar 
vided is positive; and hence, in the limit, when 2 — 
A iia : ‘ du . 
is evanescent, w, is greater or less than w according as — is 


dat 

positive or negative. Hence, if we suppose # to increase, 
then any function of w increases or diminishes at the same 
time, according as its derived function, taken with respect 
to x, is positive or negative. ‘This principle is of great 
importance in tracing the different stages of a function of a, 
corresponding to a series of values of «. 

i 7. Differential, and Differential Coefiicient, of 

/ ¢(@) 


Let « = J (#); then since 


oe = f' (2), 
we have du = a(f(a2)) =f () da, 


where de is regarded as being infinitely small. In this 
case dx is, as already stated, the differential of 2 and du 
or f’ (x) dz, is called the corresponding differential of wu. < °\ 
Also /’ (z) is called the differential coefficient of f(x), being | 
\ the coefficient of d# in the differential of /(z). 
——8. Algebraic Hilustration.—That a fraction whose  » 
numerator and denominator are both evanescent, or in- ‘ 
finitely small, may have a finite determinate value, is 
evident from algebra. or example, we have = — what ul 
-ever-n..may--be. If n be regarded as an infinitely small N 
number, the numerator and denominator of the fraction ‘ 
both become infinitely small magnitudes, while their ratio 
a 
i 
Tt will be observed that this agrees with our ordinary 
idea of a ratio; for the value of a ratio depends on the 
relative, and not on the absolute magnitude of the terms 
which compose it. 


remains unaltered and equal to 


na+ na 
= Par are ee 
nb + nv 


in which 7 is regarded as infinitely small, and a, 0, a’ and 0’ 


Again, if u 
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represent finite magnitudes, the terms of the fraction are 
both infinitely small, 


but their ratio is eae 


b+ nb” 


the limiting value of which, as n is diminished indefinitely, 
is © Again, if we suppose » indefinitely increased, the 


b 
limiting value of the fraction is 4 For 


atdn a ab! — bd 


b+ in BU (b+0n)’ 
: a — be ee, 4 ; 
but the fraction ia Un) diminishes indefinitely as n 
increases indefinitely, and may be made less than any 
assignable magnitude, however small. Accordingly the 


limiting value of the fraction in this case is _ 


9. Wrigonometrical LMustration.—To find the values 


sin 0 sin 0 : na ee 
of ae? and > when @ is regarded as infinitely small. 
Here pnd = cos, and when 0 #’0, cos@'= 1. 
tan 6 “<a 
Hence, in the limit, when 0 = 
enn = 1, and, ..°. eek = 1, at the same time. 
tan 6 sin 0 
Again, to find the value of a when @ is infinitely small. 


From geometrical considerations it is evident that if 6 be 
the circular measure of an angle, we have 

tan 0 > 0 > sin 0, 

tan 0 60 
sin 0” sin0~ 


or 1; 


* Tf a variable quantity be supposed to diminish gradually, till it be less than 
anything finite which can be assigned, it is said in that state to be indefinitely 
small or evanescent; for abbreviation, such a quantity is often denoted by cypher. 

A discussion of infinitesimals, or infinitely small quantities of different orders, 
will be found in the next Chapter. 
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but in the limit, i.e. when 6 is infinitely small, 


tan 0 * 
sin 0 


and therefore, at the same time, we have 
i) 


—— =] 
sin @ 


This shows that in a circle the ultimate ratio of an arc to its 

chord is unity, when they are both regarded as evanescent. 
10. Geometrical Hllustration.—Assuming that the 

relation y = f(#) may in all cases be represented by a curve, 


where Pees 


expresses the equation connecting the co-ordinates (#, y) 
of each of its points; then, if the axes be rectangular, and 
two points (x, y), (#1, ¥:) be taken on the curve, it is obvious 


that e — represents the tangent of the angle which the 
ee 
chord joining the points (a, y), (a, 7) makes with the axis 
Ol x. 

If, now, ye suppose the points taken infinitely near to 
each other, so that x, — % becomes evanescent, then the chord 
becomes the tangent at the point (2, y), but 


Wi-y UY Wn) an th 
ee becomes in Ot J’ (#) in this case. 


Hence, /” (x) represents the trigonometrical tangent of the 
angle which the line touching the curve at the point (x, y) makes 
with the axis of «. We see, accordingly, that to draw the 
tangent at any point to the curve 


y = f(2) 
is the same as to find the derived function f’(«) of y with 


respect to 2 Hence, also, the equation of the tangent to 
the curve at a point (x, y) is evidently 


y-Y = f(2) (@-X), (2) 


where X, Y are the current co-ordinates of any point on the 
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tangent. At the points for which the tangent is parallel to 
the axis of 2, we have /’ (z) = 0; at the points where the 
tangent is perpendicular to the axis, /’ (7) = ©. For all 
other points f’ (z) has a determinate finite real value in 
general. ‘This conclusion verifies the statement, that the 
ratio of the increment of the dependent variable to that of 
the independent variable has, in general, a finite determinate 
magnitude, when the increment becomes infinitely small. 

This has been so admirably expressed, and its con- 
nexion with the fundamental principles of the Differential 
Calculus so well explained, by M. Navier, that I cannot for- 
bear introducing the following extract from his ‘ Lecons 
d’ Analyse” :— 

“ Among the properties which the function y = f(z), or 
the line which represents it, possesses, the most remarkable— 
in fact that which is the principal object of the Differential 
Calculus, and which is constantly introduced in all practical 
applications of the Caleulus—is the 
degree of rapidity with which the 
function #(v) varies when the in- 
dependent variable # is made to 
vary from any assigned value. 
This degree of rapidity of the 
increment of the function, when 2 
is altered, may differ, not only 
from one function to another, but 
also in the same function, ac- 
cording to the value attributed to 
the variable. In order to form a 
precise notion on this point, let us attribute to x a deter- 
mined value represented by ON, to which will correspond 
an equally determined value of y, represented by PN. Let 
us now suppose, starting from this value, that x increases by 
any quantity denoted by Az, and represented by WJ, the 
function y will vary in consequence by a certain quantity, 
denoted by Ay, and we shall have 


yt+Ay=f(a+Az), or Ay = f(e+ Ax) —f(a). 


Fig. 1. 


The new value of y is represented in the figure by QM, 
and QL represents Ay, or the variation of the function. 
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The ratio a of the increment of the function to that of 


the independent variable, of which the expression is 


J (e+ Av) - f (2) 
Ax ; 


is represented by the trigonometrical tangent of the angle 
QPL made by the secant PQ with the axis of z. 


“Tt is plain that this ratio at is the natural expression 


of the property referred to, that is, of the degree of rapidity 
with which the function y increases when we increase the 
independent variable x; for the greater the value of this 
ratio, the greater will be the increment Ay when 2 is in- 
creased by a given quantity Av. But it is very important 


to remark, that the value of me (except in the case when 


the line PQ becomes a right line) depends not only on the 
value attributed to x, that is to say, on the position of P on 
the curve, but also on the absolute value of the increment Az. 
If we were to leave this increment arbitrary, it would be 


impossible to assign to the ratio mA any precise value, and 
it is accordingly necessary to adopt a convention which shall 
remove all uncertainty in this respect. 

“Suppose that after having given to Aw any value, to 
which will correspond a certain value Ay and a certain 
direction of the secant PQ, we diminish progressively the 
value of Az, so that the increment ends by becoming 
evanescent; the corresponding increment Ay will vary in 
consequence, and will equally tend to become evanescent. 
The point Q will tend to coincide with the point P, and the 
secant PQ with the tangent P7 drawn to the curve at the 


point P. ‘The ratio = of the increments will equally 


- approach to a certain limit, represented by the trigonometrical 
tangent of the angle 7PL made by the tangent with the 
axis of a. 

“We accordingly observe that when the increment Az, 


10 First Principles—Differentiation. 


and consequently Ay, diminish progressively and tend to 
vanish, the ratio at of these increments approaches in 
general to a limit whose value is finite and determinate. 
Hence the value of = corresponding to this limit must be 


considered as giving the true and precise measure of the 
rapidity with which the function f (w) varies when the independent 
variable x is made to vary from an assigned value; for there 
does not remain anything arbitrary in the expression of this 
value, as it no longer depends on the absolute values of the 
increments Az and Ay, nor on the figure of the curve at any 
finite distance at either side of the point P. It depends 
solely on the direction of the curve at this point, that is, on 
the inclination of the tangent to the axis of w The ratio 
just determined expresses what Newton called the fluxion of 
the ordinate. As to the mode of finding its value in each 
particular case, it is sufficient to consider the general 


expression Ay : f e i Ao oy é (2) 
Ax Aw 


’ 


and to see what is the limit to which this expression tends, 
as Aw takes smaller and smaller values and tends to vanish. 
This limit will be a certain function of the independent 
variable w, whose form depends on that of the given function 
TAC eae We shall add one other remark; which is, that 
the differentials represented by de and dy denote always 
quantities of the same nature as those denoted by the variables 
wand y. Thus in geometry, when x represents a line, an 
area, or a volume, the differential dz also represents a line, an 
area, ora volume. These differentials are always supposed 
to be less than any assigned magnitude, however small; but 
this hypothesis does not alter the nature of these quantities : 
dz and dy are always homogeneous with w and y, that is to 
say, present always the same number of dimensions of the unit 
by means of which the values of these variables are expressed.” 

10d. Limit of a Wariable Magnitude.—dAs the con- 
ception of a limit is fundamental in the Calculus, it may 
be well to add afew remarks in further elucidation of its 
meaning :— 


Limit of a Variable Magnitude. 11 


In general, when a variable magnitude tends continually to 
equality with a certain fixed magnitude, and approaches nearer to 
it than any assignable difference, however small, this fixed magni- 
tude is called the limit of the variable magnitude. For example, 
if we inscribe, or circumscribe, a polygon to any closed curve, 
and afterwards conceive each side indefinitely diminished, 
and consequently their number indefinitely increased, then 
the closed curve is said to be the limit of either polygon. 
By this means the total length of the curve is the limit of 
the perimeter either of the inscribed or circumscribed polygon. 
In like manner, the area of the curve is the limit to the 
area of either polygon. For instance, since the area of any 
polygon circumscribed to a circle is obviously equal to the 
rectangle under the radius of the circle and the semi-perimeter 
of the polygon, it follows that the area of a circle is repre- 
sented by the product of its radius and its. semi-circumfe- 
rence. Again, since the length of the side of a regular 
polygon inscribed in a circle bears to that of the correspond- 
ing arc the same ratio as the perimeter of the polygon to the 
circumference of the circle, it follows that the ultimate ratio 
of the chord to the arc is one of equality, as shown in Art. 9. 
The like result follows immediately for any curve. 

The following principles concerning limits are of fre- 
quent application :—(1) The limit of the product of two quan- 
tities, which vary together, is the product of their limits; (2) The 
limit of the quotient of the quantities is the quotient of their 
limits. 

For, let P and Q represent the two quantities, and p and 
q their respective limits ; then if 


P=pta, Q=9+ 8, 


a and 6 denote quantities which diminish indefinitely as P 
and Q approach their limits, and which become evanescent 
in the limit. 

Again, we have 


PQ = pq + pB + ga + afd. 
Accordingly, in the limit, we have 
PQ = py. 
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; P pta p qa-pp 

Again == =— + ——_. 

BO OM g eh aaa e) 
The numerator of the last fraction becomes evanescent in 
the limit, while the denominator becomes g’, and consequently 


the limit of - is 7 

11. Differentiation.—The process of finding the derived 
function, or the differential coefficient of any expression, is 
called differentiating the expression. 

We proceed to explain this process by applying it toa 
few elementary examples. 


EXAMPLEs. 
I. : y= 2. 
Substitute 7 + for x, and denote the new value of y by y1, then 
W=(e#+ hh) =a% + 2¢h+ h*; 


{Bi ry, Ay 
ae eds 
B or - 22 


If 4 be taken an infinitely small quantity, we get in the limit _ 


dy 
ene 
or if S (@) = 2, we have f’ (x) = 22. 
r I 
. y=e 
I 
Here oe 
” eth 
eee I h : 
Ye ES Oa e. Mee see 
3 YU OU ee 
may ise a(x +h)’ 


which equation, when / is evanescent, becomes 
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12. Differentiation of the Algebraic Sum of a 
Finite Number of Functions.—Let 


y=uto—wt &3 
then, if 7, =x +h, we get 
Y= + My -— Wy + ee 3 


= WAS ee ae’ Wi — W 


i i i Tribe 
which becomes in the limit, when / is infinitely small, 


dy du dv dw 
Gatie tde de 
Hence, if a function consist of several terms, its derived 
function is the sum of the derived funetions of its several parts, 
taken with their proper signs. 
It is evident that the differential of a constant is zero. 
13. Differentiation of the Product of Two Fure- 
tions.— Let y = wv, where wu, v, are both functions of #; and 
suppose Ay, Aw, Av, to be the increments of y, uw, v, corre- 
sponding to the increment Av in x ‘Then 


Ay = (w+ Au) (v + Av) - w 


= uAv + vAu + Au Adv, 

A Au 

SS Sar (Ore AO) SS 

a Aw ( ie 


Now suppose Az to be infinitely smail, then 


ay Ao Aw 
Av’ Aw Aw 
become in the limit 
dy dv du 
Ae ae and es ; 


also, since Av vanishes at the same time, the last term dis- 
appears from the equation, and thus we arrive at the result 
dy dv du 
ae (3) 
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Hence, to differentiate the product of two functions, 
multiply each of the factors by the differential coefficient of the 
other, and add the products thus found. 

Otherwise thus: let f(x), # (x), denote the functions, and 
A the increment of w, then 


Yi=S(erh) o(@+h); 
nay _fle+h) 9 e+) -£00) 9(@) 
h “ 


Se = ji 


Now, in the limit, 


Mer DS) _ 9 @), e+) = o@), 


and a — o(z) ae 


and, accordingly, 


Y= F(0) #2) + (0) @), 


which agrees with the preceding result. 
hen y = au, where a is a constant with respect to 2, 
we have evidently 


14. Differentiation of the Product of any Number 
of Functions.— First let 


Y = Wu; 
suppose vw = 8 
then y = UZ, 


and, by Art. 13, we have 


Differentiation of a Quotient. 15 


but, by the same Article, 
hence 


This process of reasoning can be easily extended to any 
number of functions. 
The preceding result admits of being written in the form 
1dy _idw idv_ 1dw 
yde ude vde wdx’ 


and in general,if y= $1.Y.Ys~.-+ Yn 
it can be easily proved in like manner that 
idy _idy 1 dys , 1 Mn (4) 


yde y,de y,de°°* yy, dx’ 
15. Differentiation of a Quotient—Let 


y= =, then u = yv; 


therefore, by Art. 13, — = y— 


dy _ du dv du udv 


ago ee ph dae 


e —_>_=— —=és2_ ss =. 


°* dx v 


This may be written in the following form, which is often 
useful : 


dy de Be (5) 


= (3) 1du udv 


Ballicg siden ota! 
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Hence, to differentiate a fraction, multiply the denominator 
into the derived function of the numerator, and the numerator into 
the derived function of the denominator ; take the latter product 
from the former, and divide by the square of the denominator. 

In the particular case where w is a constant with respect 
to x (a suppose), we obviously have 


d (5) 2 Beh (6) 


dx \v v dx 
ExaMPLEs 
Perea? ae du _ 2a 
Toray a * dz (ata) 
du 
2. & = (a+2) (b+2). ap 7 Ot Ot 


16. Differentiation of an Integral Power.—Let 

y = x", where n is a positive integer. 
Suppose y;, to be the value of y, when # becomes x, then 
Ue GF) OP ae 
Hay — 7 Uy = 2 


= oo) Say eS. eae 


Now, suppose #,- # to be evanescent. In this case we 
may write w for x, in the right-hand side of the preceding 
equation, when it becomes.nxz”*; but the left-hand side, in 


the limit, is represented by = . 


dy 
Hence es ne, 
or qe) ne. 
dx 


This result follows also from Art. 14; for, making 
YW = Y2 = Ys =o ee = Yn = Uy 
we evidently get from (4), 


d(u") ee 
de oe fae (7) 


This reduces to the preceding on making » = =. 


ie Differentiation of a Function of a Function. 17 
I 


7. Differentiation of a Fractional Power.—Let 
/ oi 
-.’ diy) _ alu) 
y” uy” 
= m — A 
then y” = u™, and oP Fee 
hence, by (7), 


dy du 
m=1 = myn . 
ny mum 
_ au") _ dy _ mu" du _ m = -1du (8) 


= —=—y —_, 
da de ny de n dx 
18. Differentiation of a Negative Power.—Let 


y =”, then y = rs and by (6) we get 


pre 
ad da du 
ah”) =a ae = —-my" nm (9) 


Combining the results established in (7), (8), and (9), we 
find that 


d (u"™) 4 ma 
de me da 


for all values of m, positive, negative, or fractional. When 
applied to the differentiation of any power of x we get the 
following rule :—Dinunish the index by unity, and multiply the 
power of x thus obtained by the original index ; the result is the 
required differential coeflicient, with respect to «. 

19. Differentiation of a Function of a Function.— 


d 
Let y = f(x) andu = ¢(y), to find —. Suppose ¥, t, to be 
the values of y and w corresponding to the value x for z; 
then if Ay, Au, Av, denote the corresponding increments, 
we have evidently 
m-WU_ h@-UN-y 


9 
te A-Y UM-e@ 


or 
Au Auwdy 


Av AyAv 
G 
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As this relation holds for all corresponding increments, 
however small, it must hold in the limit,* when Az is 
evanescent ; in which case it becomes 


du a du dy (10) 
dx dy da 
Hence the derived function with respect to x of u is the 


product of its derived with respect to y; and the derwed of y 
with respect to x. 


20. Differentiation of an Inverse Function.—To 
prove that 
de 1 
dy dy 
dz 
Suppose that from the equation 
y = f(2) (a) 
the equation 
= oy) (2) 


is deduced, and let x, 7%, be corresponding values of a, y, 
which satisfy the equation (a), it is evident that they will 
also satisfy the equation (b). But 


W-¥ ne 

U8 Gee oh 

As this equation holds for all finite increments, it must 

hold when 2, -# and y,—y are infinitely small; therefore 
we have in the limit 

dy | dx 


da dy % a 


The same result may also be arrived at from Art. 19, 
as follows :— 


When y = f(e), and u = o(y), 


* The Student will observe that this is a case of the principle (Art. roa) that 
the limit of the product of two quantities is equal to the product of their limits. 
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we have, in all cases, 

du _ dudy 

de dydx 
This result must still hold in the particular case when wu = 2, 
in which case it becomes 


da dy 
dy dz 
EXAMPLES. 
I. “ = (a — 27), 
Let @—#=y, then u= 9, 
du dy 
a = 5y4, and Fhe “es 
Hence ode = — 10% (a? — «)*. 
dz 
‘ du 
2 u = (a + bz3)4, Ans. ee 1252? (a + bx3)8. 
du x 
° = yh, te 
3 Uu (1 +2 ) dz (1 a ah 
du 
4. = (1+ 2"), Pts muna) (1 + en) me}, 


We next proceed to determine the derived functions of 
the elementary trigonometrical and circular functions. 
21. Differentiation of sin z.—Let 


y =sing, Y, = sin (« +h), 
bay > h } ; 
sin 


But by Art. 9, the limit of —~ = 15 moreover, the limit of 


hy. 
cos (045 is COB & 
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d (sin 2) 


Hence = COS @ (12) 


22. Differentiation of cos 2. 


y=cosa, yi =cos (e+ h), 
cs Mad 4 h 
a a yi-y _ cos (x +h) - cose oN ee ee 
psi ~ i 5 
Hence, in the limit, 


a cos # 
dx 


=—sing. (13) 


This result might be deduced from the preceding, by substi- 
tuting 2 ~ z for x, and applying the principle of Art. 19. 


It may be noted that (12) and (13) admit also of being 
written in the following symmetrical form :— 


dsin x an ne 
dx 2)’ 


adcos x 7 
=cos(¢#+—}, 
dx 2 


23. Differentiation of tan 2. 
y=tang, y,=tan(v+h), 


sin(~+h) sin & 
yi-y tan(~@+h)-tane cos(w+h) cose 
a —— ee — I | ais 


a sin h 
h cos cos (@ + h)’ 


1 
Cos? a 


which becomes in the limit. 
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@(tang) ot 
Hence aa Ges = Bet = sec’ @. (14) 


Otherwise thus, 


sin x dsingz . dcose# 
Cos at —sin# 
ad (tan 2) i? COs @& 
da dew oc cos’ & 
cos? # + sin’ 2 I 
cos? v cos” a 


24. Differentiation of cot z.—Proceed as in the last, 


d (cot a) I 
d we 2 Y 
and we get =F a 2 cosec? # (15) 


This result can also be derived from the preceding, by put- 


° T . 
ting Pua for z, as in Art. 22. 


25. Differentiation of sec 2. 


I 


= §60 2 = : 
y cos v7? 
di sin x 
as od goer ante tan xv sec 2. (16) 
ae 
ts d cosec & 
Similarly ae ae cot x cosec @. 


26. Differentiation of y = sin™z. 


: dx 
Herv w@=nsiny, .°. ey = C08 Y 
Hence, by Art. 20, we get 
dy I I 
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The ambiguity of the sign in this case arises from the ambi- 
guity of the expression y = sin’; for if y satisfy this equa- 
tion for a particular value of 2, so also does 7 — y; as also 
2x +y, &. If, however, we assign always to y its least value, 
i.e. the acute angle whose sine is represented by w, then the 
sign of the differential coefficient is determinate, and is evi- 
dently positive ; since an angle increases with its sine, so long 
as it is acute. Accordingly, with the preceding limitation, 


d.sin 2 " I (17) 
de fy . 
In like manner we find 
d.cos?z2 I 
Yr 


with the same limitation. 
This latter result can be at once deduced from the preced- 
ing by aid of the elementary equation 


sin # + cos? a = 


Nila 


27. Differentiation of tan" z. 


y=tan'a, .. v=tany; 


A Ae = Neg 
ence ay marge 
, a.tan* a dy . a4 I 
ear ener ont Fae (19) 
a d. cot I 
Similarly, a ee 


va 28. Geometrical Demonstration.—The results ar- 
rived at in the preceding Articles admit also of easy demon- 
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stration by geometrical construction. We shall illustrate this 
method by applying it to 
the case of sin 0. 
Suppose XPQY tobea 
quadrant of a circle hav- 
ing O as its centre, and 


construct as in figure. ; 
Let 6 denote the angle gl 
XOP expressed in circu- 0 NM, 2s 
lar measure; then Fig. 2. 
are l Xa ae. ,. are PQ 
0 = OP , and h = AO = OP 
Accordingly, 
Qk Qk PQ_ PQ 
sin (0 + h) — sin® = OP PQ’ OP* os PQR. OP? 
in (9 +h) - sinO _ PQ 
gage tar = COS PQR aro PQ’ 
But we have seen, in Art. 9, that the limiting value of ae 
ut we have , Os g 10 Of ro PO 
=1; also PQR = 0, at the same time; hence ort = cos 8, 


dd 


as before. 

The student will find no difficulty in applying the pre- 
ceding construction to the differentiation of cos 0, sin 0, and 
cos? 9. The differential coefficients of tan @, tan- 0, &ec., can, 
in like manner, be easily obtained by geometrical construction. 


EXAMPLES. 


d 
Vi. y=sin (ne +a’. Y — n cos (ne +a). 


dx 
dy : ; 
2. Y = COS M& COSHH, 7 haus (m cos nz sin mz + 1 cos mex sin nz). 
2 dy 5) Bs 
“3. y =sin" 2. = =nsin™! a cos #, 


dz 
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A d 
4. ¥ = sin (1 + #?). 2 = 20 cos (I + 2%). 
, . OF Ac , : . 
+5. Show that sin? x re (sin™s sin mz) = m sin™ lz sin (m + 1) @. 


hs ie : ; ; : 
Here ia (sin™z sin mx) = m sin” az (cos x sin mz + sin # cos mz) 


=m sin™!] x sin (m+1)a4;: .. &e. 
6. y = (asin? x + b cos* x) = =n (a—4) sin 2x (asin? x +b cos?x)""!. 
i’ 7. y =sin (sin @). 
Or y = sin u, where u =sinz. 2 = cos x cos (sin 2). 
dy nan 


i 8. y= sin7} (an). dx = (1 ui agen) 


9. y = sin} (1 — 22). 


Here (1 — #4 =siny; .. c= cosy. | | 
. dy dy I u 
I=-—siny —; o =-——. r i 
dz ie Maas (rn 
To. y = cos"? eens ot eA ae a AN 
a+b cosz aa a bcos. 
dy 
Il. y= sec” a —=nsec"# tan x 
da 


A202. y = secr! (22). 
29. Differentiation of logww. 


Let y=logat, y: = logs (@ +h), 


h 
"w—y _loga(x@+h) — loge log (1 . ‘) 
a i h a h 


Hence dy is equal to the limiting value of 


dx 
sat I sel i. 
yea xy’ 


when / is infinitely small. 
Again, let 4 = au, then 
A\ iloga(1+u) 1 . 
se ee 
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oe 2 = : multiplied by the value of log, (1 + «)” when wu is 


infinitely small. 


To find the value of the latter expression, let - = 2, then 


(1 + u)” becomes (: + ;) , in which g is regarded as infinitely 


great. Suppose the limiting value of this expression to be re- 
presented by the letter e, according to the usual notation. We 
can then find the value of ¢ as follows by the Binomial 
Theorem :— 


( “y SH *) SilScel at 
I¢+-|]=1+-.-c¢+ AiG fe iha.< 
% I 8 


The limiting* value of which, when g =o, is evidently 


I I I 
1+-+ —+ 
I 


+ ———_——_ + &e. 
(Ree dee gt cor ae Brea Os pe 


By taking a sufficient number of terms of this series, we 
can approximate to the value of e as nearly as we please. 
The ultimate value can be shown to be an incommensurable 
quantity, and is the base of the natural or Napierian system 
of logarithms. When taken to nine decimal places, its value 
is 2.718281828. 


Again, since (1 + u)" = e when w = 0, we get 
d.logaw logue 
a 29) 


Also, since the calculation of logarithms to any other 
pase starts from the logarithms of some numbers to the base e; 


* It will be shown in Chapter 3, without assuming the Binomial expansion, 
that ¢ is the limit of the sum of the series 


I 


I I 
-+ — + &e., ad infinitum. 
SO SES tly ae did 
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and moreover, since the logarithms of all numbers are expressed 
by their logarithms to the base e multiplied by the modulus 
of transformation, the system whose base is ¢ is fundamental 
in analysis, and we shall denote it by the symbol log without 
a suffix. In this case, since log e = 1, we have 


= (log #) = ~ (21) 


Again, 
a log; M 
= (logia) = 2" ==, (22) 
where Jf or logie is the modulus of Briggs’ or the ordinary 
tabulated system of logarithms. The value of this modulus, 
when calculated to ten decimal places, is 


0.4342944819. 


On the method of its determination see Galbraith’s “Algebra,” 


P- 379- 
If x be a large number, it is evident, from the preceding, 


that the tabular difference (as given in Logarithmic Tables), 
i.e. the difference between logy (vw + 1) and logwa, is = ap- 


proximately. The student can readily verify this soot by 
reference to the Tables. 


30. Differentiation of a”. 


Let y=a", then log y=zloga; 
< # (0g) ee 
ee tga ve lOeas 
ut d(logy) _a(logy)dy _ 1dy, 
da dy de yd’ 
, a.a dy : 
car = 7, 7 ¥ log a= a" log a, (23) 


Also, since log e = 1, we have 


die 
ar eae (24) 
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EXaMPLes. 

I, y = log (sin z). 

Let sin =z, then y = log z. 
f dy dy dz 
And since tek deh ae’ 
dy cosz 

we get an ae ae L. 

2. y = log of a — 22 = 4 log (a? — 2°); ee 

4G a — x 
a 
*. y =@*. Ans, ~ = nen, 


aves 


. fale Jes tf. Om 
x ee 


1% 
Re 12 sin? — 
I — cos 2% 2 z 
—— = = tan -; 
I+ cos% x 2 


2 cos? — 
2 


I 


 y=log tan =, Hence a enon 

31. Logarithmic Differentiation.— When the func- 

tion to be differentiated consists of products and quotients 

of functions, it is in general useful to take the logarithm 

of the function, and to differentiate it. This process is called 
logarithmic differentiation. 


ExaMPLes. 
I. Y=Y1-Y2-Y3~~ + Yns log y = log yi + log yz +... + log yn. 


tdy _ idy i dy. 1 dYn 
Hence ee ae ears a ae 


This furnishes another proof of formula (4), p. 15. 


se Here, lo m log sin z — mn log cos# 
2. = er = - ; 
Coes » 108 Y g gs 3 
1d cos x sin 2 a sin”! x F 
us ——— tates (m cos? # + n sin? 2). 


: : n == 
y aa sna cosx’ “de cosvly 
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ee 
- ** @=e= 38 
aes 3 7 . 
Here Nog 7 1, NOB a Nee ree 
hence Wo $ th 3 Te 


_ dy __ (@=1)8 (72 + 302 ~ 97) 
* daz 12. (% — 2)E (% — 3). 
dy _ a+ax?— gat 
4. y= u(a+ 2%) fa— x. ey pe a ie 
Br y=a*. Here logy == logz. 
a. 
Hence oo (log # + 1); aes — =x (I + log 2). 
6 y= #) Here log y = 2?, 
Idy d.aut e 
es eS 1 
ya ae rislege)s 
= wu = et” a (1 + log 2), 
We y = 4°, where w and v are both functions of z. 
Here log y = log u, 


I dy 3 ye 
y dx CY ae ude? 
du 


log we + =) = uP elon a oes pues 
u dx dz 


32. The expression to be differentiated frequently admits 
of being transformed to a simpler shape. In such cases the 
student will find it an advantage to reduce the expression to 
its simplest form before proceeding to its differentiation. 


EXAMPLES. 
I, y = sin?) —., 
We + rd 
Here 2 sin y, 0 oa sin? h ti 
e —- = r =sin?y; hence # = tan 
Site mere, o _ 
dy 
and we get —= cos? y = ——_., 
8 ax y I+ 
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H SS ay 
ere tan y Rae n/a 


J/it+a tary + I. 
f/i-e tany-r’ 


(r+ tan y)?-(1-tany)? 2tany 


e y opens Ree eee = $$$ ———————— = i . 
“(+ tan y) + (1 —tany)? 1 + tanty mA 
H OY og ay = 
ence Tp (08 2Y = By 
dy tae 2% 


5 ve Vit+e+fi-z 21), Ve es 
VEL a Vee 2 / To —4/ Le 


Peel a4/ toa S —~ 1 
ee Scere. = Slog (1+ — #) - = log a. 


a I 
Hence MCAS ah eae Ee 
da 2aVi — a 
I+2?- 
4° y = tan"! vo Sa Je tan" = = ~s 


Let # = tan z, and the student can easily prove that 


5 Gime Saet 
= - h —— e 
Peg he ae tye age 


; 
PRN Se. 4 
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“i. y =sec a, 


2. y=c lore. 


EXAMPLES. 


d I 
tee 
das af =F 


dy 
rhe log z. 


73. y = log tan x. Ze = =. 
< dy I 
* 4. y=log tan! 2. at 
sd oe a dx (1+ #)tan!2 
i = dy @ 
Vv 5. y= ar a Bae 
“6. y = sin (log 2). = = con (log 2) 
& z 
; x dy I 
V7. y = tan! ——. = 
J 1 rae dz / aA 
8. y = tan-! Vara dy = Res Peo 
I—/f ax de afz (ita). 
Here y = tan) f/x + tant / a, 
9 a en dy 2ngen-1 
Bat diss (I ae x?)n az rs (1 + g2)ntl” 
Tt+a\i y 2 
10. y = log (—) ~ $ tan « = = 
2 
11. y=log Vitra Uy ae 
Vit+e—-2# dt if t+a 
12 y =sin13 + 2% dy _ : 5 
; 13 di fi -3e—@ 
(1 + 2?) dy x 
13. 9= + gtantzy. — = ———_——., 
% PRRs dz (t+a)(I+#) 
14. y= a dy = (x SF #) 
1+ #3 dx (I + 2?)3° 
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(i — #)$ sin & Gy r1—a 1 +22 


= ———____. = - 1-2). sin? x. 
15. Y Ans ae : = (1-2). sin} x 
“3 ee WY _ _ (cose + sina). 
Sec dz 
: yee dy _ / 2 
fi — x "da (/ 1 — a? + 2/2) (1 - 22) 
18 ( RAs dy (1 +02) wert 's 
; Q+2) ¢ dz (1 + 2?) 


+ 2% 
19. y= log —— +} log 


I-a2+a 
20 log {(2a — 1) + 2/2? I a : 
tae GE ape dz (a—a%—1)i 
r+ a/2+e arf 2 dy 2/2 
21. y=log + tan-} - aie =e 
a ER 4 2 1— a dz i+4 
d, 2 I 
22. y =e* tana. ane (; ie x tan) e ( + log 2)) 


3 3 
¢ 723. Being given that y = 28 (1-2) (: ~ =) Fale 


dy ow + cat + cx 
dz 3 x2\? 
(0-9 
2 
determine the values of ¢, ¢’, ec”. Ans. c= 3, ce’ =—6, 0c" =$. 
dy I 
24. y = log (log 2). 2 
Wee egies, dz «loge ost 
2 = cost Bit S Seay ay = enn ee z= LLkLE 
ar 5 +3.cosx dz 5+ 3cosx oe Py Sec 
I= 2 dy = -2 & 
a tas) a a 
26. y =sin eae ae er 
: dy : ; 
27. y =e sin” rz. a =e sin] ry (a sin7rz + mr cOsre). 
v . dy 
28. y=e*sin rz. a = earn / @ + 72 sin (rz + >), 
r 
me where tan ¢ = : 
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: es ——_ tt ..+ oe 
a9. y= log (/z-a+ fab). Ans. dz 2,/g—a)(e—-8) 


1—2\3 
= ee . 
30. y= 2 tan (=) 


I-2Z y dy I 
= 22s oe = io. = 
Here eae tan gh oe ME COB Hie re aD) 
q@ 
3 y= * s = we" (n log @ + 1). 
m-1 


m 
32. y = (1 + 2*)? sin (m tan 2). 2 =m(1 + 22) ? cos{(m—1)tanz}. 


ay (eee : dy | — ab 
Ee acosa+bsing de acosta — 0)? sin? x 


~ 34. Define the differential coefficient of a function of a variable quantity, 
with respect to that quantity, and show that it measures the rate of increase of 
the function as ee with the rate of increase of the variable. 


Qo Uap <, prove the relation 
dy ax 


Viz Vine 


+ 2 —b d 
ares WAG aca = prove that “ is of the form 
a + ae —/ (a + ax)? >bx da 
Ax+B : 
oh , and determine the values of A and B. Ans. 4 = 3, B=a. 


J (a + ax)? — bx 
A sinfO+ Bsin?¢+C 


f° d ee ae 
37. Prove that 76 \ Sin 6 cos 0 ye — ¢ gin? @ | = = 
Ae — c sin? 6 


o. 


\ 36. Ifu = log - 


and determine the values of 4, B,C. Ans. d=3¢?, B=—2 (14+ 0?), C= 


7 
\A3. us e+ ith set ag S che + + ad inf. 5 find the sum 


d 
of the series represented by =. Ans. (1 — x”). 


/ 
\ /39. Reduce to its simplest form the expression 


3a? ad x(x?+2a)h ni I 
(a? + a)i (a? +20) dx” (a+ a)3 ~ * (a + a)h (2? +20) 


sin? (a + y) 


: 5 dy 
Set =) hat — = : 
40. Ifsiny= #sin (a+ y), prove tha a oo 
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dy 
41. Ife(t+y)t+y(1 + 2)! =o, find a 
a 


In this case P(r+y=7 (142); 


* @—y = yx ly —2), 


or e+y+w=05 ..y=- 


ee d. Pa. 
42. y = log (2 + o/ 2? — a2) + sect =, a dog | 
43. Ifz and y are given as functions of ¢ by the equations 


e=f(t); y=F(d); 


° dy . d F'(t 
find the Vag = in terms of ¢. < = 7 a 
ae 
44. y = ft ae 
I+ 2° 
1+ &e., ad infinitum. 
x3 dy Ea 
Hence y = ~~. eS 
zy. 
45. © =eV, 
Ht x dy luge 
oe ny loge dz (1+ log)? 


D) 


C39 


CHAPTER ILI. 
SUCCESSIVE DIFFERENTIATION. 


33. Successive Derived Functions.—In the preceding 
chapter we have considered the process of finding the derived 
functions of different forms of functions of a single variable. 

If the primitive function be represented by f ‘(a ), then, as 
already stated, its first derived function is denoted by /’(2). 
If this new function, f’(7), be treated in the same manner, 
its derived function is called the second derived of the original 
function f(x), and is denoted by f” (a). 

In like manner the derived function of f”(a) is the third 
derived of f(x), and represented by f’’ (x), &e 

In accordance with this notation, the successive derived 
functions of f(x) are represented by 


P(e), P(r Fy oo» FOO), 


each of which is the derived function of the preceding. 
34. Successive Differential Coefiicients, 


If y = f («) we have - =f" (a). 


Hence, differentiating both sides with regard tu a, we get 
@: (GUN Si par naar 
o (2) =F 7'@) =". 


hoe 
Let rat z) be represented by © mF =, 
ay ot 
then aie FT (eye 


: a {dy . d’y 
In like manner on (Z) is represented by rae and so on; 
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d*y 


Tee 


rents ar Me) 5. Oxon ~ = fl") (x). (1) 


The expressions 


dy dy dy d"y 


da’ da’? dw’ °° * da 


are called the first, second, third, ... n™ differential coef- 
ficients of y regarded as a function of z. 
These functions are sometimes represented by 


y', ie Yas cee y, 


a notation which will often be found convenient in abbre- 
viating the labour of forming the successive differential 
coefficients of a given expression. From the mode of 
arriving at them, the successive differential coefficients of a 
function are evidently the same as its successive derived 
functions considered in the preceding Article. 

35. Successive Differentials.—The preceding result 
admits of being considered also in connexion with differen- 
tials ; for, since x is the independent variable, its increment, 
dx, may be always taken of the same infinitely smail value. 
Hence, in the equation dy = f(x) dx (Art. 7), we may 
regard dv as constant, and we shall have, on proceeding 
to the next differentiation, 


d (dy) = du d(f" (w)| = (de)? f"(2), 


since aN (a) =f (a) de, 
Again, representing d (dy) by d’y, 
we have dy =f (e) (da)*s 


if we differentiate again, we get 
ay =f" (@) (da) 5 
d"y =f) (a) (dx). 


From this point of view we see the reason why /(™) (2) is 
called the n™ differential coefficient of f (x). 
D2 


and in general 
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In the preceding results it may be observed that if dz 
be regarded as an infinitely small quantity, or an infinitesimal 
of the first order, (dv)*, being infinitely small in comparison 
with de, may be called an infinitely small quantity or an 
infinitesimal of the second order; as also d*y, if f” (x) be 
finite. In general, d"y, being of the same order as (dz), is 
called an infinitesimal of the n order. 

36. Enfinitesimals.—We may premise that the expres- 
sions great and small, as well as infinitely great and infinitely 
small, are to be understood as relative terms. Thus, a magni- 
tude which is regarded as being infinitely great in comparison 
with a finite magnitude is said to be infinitely great. Similarly, 
a magnitude which is infinitely small in comparison with a 
finite magnitude is said to be ¢nfinitely small. If any finite 
magnitude be conceived to be divided into an infinitely great 
number of equal parts, each part will be infinitely small with 
regard to the finite magnitude; and may be called an infini- 
tesimal of the first order. Again, if one of these infinitesimals 
be conceived to be divided into an infinite number of equal 
parts, each of these parts is infinitely small in comparison 
with the former infinitesimal, and may be regarded as an 
infinitesimal of the second order, and so on. 

Since, in general, the number by which any measurable 
quantity is represented depends upon the wnit with which 
the quantity is compared, it follows that a finite magnitude 
may be represented by a very great, or by a very small num- 
ber, according to the unit to which it is referred. For ex- 
ample, the diameter of the earth is very great in comparison 
with the length of one foot, but very small in comparison 
with the distance of the earth from the nearest fixed star, and 
it would, accordingly, be represented by a very large, or a 
very small number, according to which of these distances is 
assumed as the unit of comparison. Again, with respect to 
the latter distance taken as the unit, the diameter of the 
earth may be regarded as a very small magnitude of the first 
order, and the length of a foot as one of a higher order of 
smallness in comparison. Similar remarks apply to other 
magnitudes. 

Again, in the comparison of numbers, if the fraction (one 


million)” or ae which is very small in. comparison with 
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unity, be regarded as a small quantity of the first order, the 


fraction —< being the same fractional part of =, that this 
is of 1, must be regarded as a small quantity of the second 


order, and so on. 
: tebe! Ta \" r\s 
If now, instead of the series —, {|—]}, {|—5}, 
EO wel 10 
: ees rage : 4 : 
we consider the series -, —, —, . in which » is 
nm Nn n 
supposed to be increased without limit, then each term in the 
series is infinitely small in comparison with the preceding 


one, being derived from it by multiplying by the infinitely 


small quantity <. Hence, if- be regarded as an infinitesimal 


Ent I= Snee 
of the first order, Pet pp may be regarded as infini- 
n 


tesimals of the second, third, . . . r™ orders. 


37. Geometrical Mlustration of Infinitesimals.— 
The following geometrical results will help to illustrate the 
theory of infinitesimals, and also 8 
will be found of importance in the eee 
application of the Differential Cal- i 
culus to the theory of curves. 

Suppose two points, 4, B, taken 
on the circumference of a circle; c 
join B to E, the other extremity 
of the diameter AZ, and produce 


EB to meet the tangent at 4 © BY 
in D. Then since the triangles a) ZN 
ADB and EAB are equiangular, ee EAD 
we have Fig. 3. 
AB_BE | BD _ AB 
AD AK AD AK 


Now suppose the point B to approach the point A and to 
become indefinitely near to it, then BE becomes ultimately 


equal to AF, and, therefore, at the same time, ~ =I, 
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AB 


AE’ 
i.e. BD becomes infinitely small in comparison with AD or 
AB. Hence BD is an infinitesimal of the second order when 
AB is taken as one of the first order. 

Moreover, since DE — AE < BD, it follows that, when one 
side of a right-angled triangle is regarded as an infinitely small 
quantity of the first order, the difference between the hypothenuse 
and the remaining side ts an infinitely small quantity of the 
second order. 

Next, draw BN perpendicular to AD, and BF a tan- 
gent at B; then, since AB > AN, we get AD - AB 
<AD-AN<DN; 


AD - AB DN AD AD 
BD BD DE 


Again, = D becomes infinitely small along with 


se a becomes infinitely small along with 
AD; «. AD — AB is an infinitesimal of the third order. 
Moreover, as BF = FD, we have AD=AF+ BF; .. AF 
+ BF— AB isan infinitely small quantity of the third order ; 
but AF’ + FB is > arc AB, hence we infer that the difference 
between the length of the are AB and its chord is an infinitely 
small quantity of the third order, when the are ts an infinitely 
small quantity of the first. In like manner it can be seen 
that BD — BN is an infinitesimal of the fourth order, and 
so on. 

Again, if AB represent an elementary portion of any 
continuous* curve, to which 4/' and BF are tangents, since 
the length of the arc AB is less than the sum of the tangents 
AF and BF, we may extend the result just arrived at to all 
such curves. 


Consequently, 


* In this extension of the iorepbine proof it is assumed that the ultimate 
ratio of the tangents drawn to a continuous curve at two indefinitely near 
points is, in general, a ratio of equality. This is easily shown in the case of 
an ellipse, since the ratio of the tangents is the same as that of the parallel 
diameters. Again, it can be seen without difficulty that an indefinite number 
of ellipses can be drawn touching a curve at two points arbitrarily assumed on 
the curve; if now we suppose the points to approach one another indefinitely 
along the curve, the property in question follows immediately for any con- 
\inuous curve, 
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Hence, the difference between the length of an infinitely 
small portion of any continuous curve and its chord is an infi- 
nitely small quantity of the third order, i.e.the difference between 
them is ultimately an infinitely small quantity of the second 
order in comparison with the length of the chord. 

The same results might have been established from the 
expansions for sin a and cos a, when a is considered as infi- 
nitely small. 

If in the general case of any continuous curve we take 
two points A, B, on the curve, jom them, and draw BE 
perpendicular to AB, meeting in H the normal drawn to 
the curve at the point A; then all the results established 
above for the circle still hold. When the point B is taken 
infinitely near to A, the line AX becomes the diameter of 
the circle of curvature belonging to the point A; for, it is 
evident that the circle which passes through 4 and B, and 
has the same tangent at A as the given curve, has a contact 
of the second order with it. See ‘“Salmon’s Conic Sections,”’ 
Art. 230. 


EXAMPLES. 


1. In a triangle, if the vertical angle be very small in comparison with either 
of the base angles, prove that the difference between the sides is very small in 
comparison with either of them; and hence, that these sides may be regarded as 
ultimately equal. 


2. Ina triangle, if the external angle at the vertex be very small, show that 
the difference between the sum of the sides and the base is a very small quantity 
of the second order. 


3. If the base of a triangle be an infinitesimal of the first order, as also its 
base angles, show that the difference between the sum of its sides and its base 
is an infinitesimal of the third order. 


This furnishes an additional proof that the difference between the length of , 
an arc of a continuous curve and that ofits chord is ultimately an infinitely 
small quantity of the third order. 


4. If a right line be displaced, through an infinitely small angle, prove that 
the projections on it of the displacements of its extremities are equal. 


5. If the side of a regular polygon inscribed in a circle be a very small 
magnitude of the first order in comparison with the radius of the circle, show 
that the difference between the circumference of the circle and the perimeter of 
the polygon is a very small magnitude of the second order. 
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38. Fundamental Principle of the Infinitesimal 
Caleulus.—We shall now proceed to enunciate the funda- 
mental principle of the Infinitesimal Calculus as conceived by 
Leibnitz :* it may be stated as follows :— 

If the difference between two quantities be infinitely 
small in comparison with either of them, then the ratio of 
the quantities becomes unity in the limit, and either of them 
can be in general replaced by the other in any expression. 

For let a, 3, represent the quantities, and suppose 
a t 


Or ee Oa 


Now the ratio 3B 
small in comparison with 8. This may take place in three 
different ways: (1) when 3 is finite, and 7 infinitely small: 
(2) when 7 is finite, and 3 infinitely great; (3) when ( is 
infinitely small, and ¢ also infinitely small of a higher order : 


becomes evanescent whenever 7 is infinitely 


thus, if ¢ = 43’, then ie kB, which becomes evanescent along 


B 
with f. 


* This principle is stated for finite magnitudes by Leibnitz, as follows:— 
“ Ceeterum zequalia esse puto, non tantum quorum differentia est omnino nulla, 
sed et quorum differentia est incomparabiliter parva.’ . . . “ Scilicet eas 
tantum homogeneas quantitates comparabiles esse, cum Eue. Lib. 5, defin. 5, 
censeo, quarum una numero sed finito multiplicata, alteram superare potest; et 
que tali quantitate non differunt, equalia esse statuo, quod etiam Archimedes 
sumsit, aliique post ipsum omnes.”’ Leibnitii Opera, Tom. 3, p. 328. 

The foregoing can be identified with the fundamental principle of Newton, 
as laid down in his Prime and Ultimate Ratios, Lemma I.: “ Quantitates, ut 
et quantitatum rationes, quee ad wqualitatem tempore quovyis finito constanter 
tendunt, et ante finem temporis illius proprius ad invicem accedunt quam pro 
data quavis differentia, fiunt ultimo equales.” 

All applications of the infinitesimal method depend ultimately either on the 
limiting ratios of infinitely small quantities, or on the limiting value of the 
sum of an infinitely great number of infinitely small quantities; and it may 
be observed that the difference between the method of infinitesimals and that of 
limits (when exclusively adopted) is, that in the latter method it is usual to 
retain evanescent quantities of higher orders until the end of the calculation, 
and then to neglect them, on proceeding to the limit; while in the infinitesimal 
method such quantities are neglected from the commencement, from the know- 
ledge that they cannot affect the jimal result, as they necessarily disappear in the 
limit. 
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Accordingly, in any of the preceding cases, the fraction 
~ becomes unity in the limit, and we can, in general, substi- 


tute a instead of (3 in any function containing them. Thus, 
an infinitely small quantity is neglected in comparison with 
a finite one, as their ratio is evanescent; and similarly an 
infinitesimal of any order may be neglected in comparison 
with one of a lower order. 

Again, two infinitesimals a, 3, are said to be of the same 


order if the fraction p tends to a finite limit. If B tends 
a a 


to a finite limit, (3 is called an infinitesimal of the n” order 
in comparison with a. 

As an example of this method, let it be proposed to 
determine the direction of the tangent at a point (a, y) on a 
curve whose equation is given in rectangular co-ordinates. 

Let «+a, ¥ + 3, be the co-ordinates of a near point on 
the curve, and, by Art. 10, the direction of the tangent 


depends on the limiting value of es ‘T’o find this, we substi- 
a 
tute «+a for w, and y+ 3 for y in the equation, and neglect- 
ing all powers of a and @ beyond the first, we solve for —, 
a 


and thus obtain the required solution. 
For example, let the equation of the curve be 2° + ¥* = 3avy: 
then, substituting as above, we get 


a+ 3a°a + y? + 37° = 3ary + 30a + 3aya: 
hence, on subtracting the given equation, we get the 


limit of © = @ — 
ax — y° 
39. Subsidiary Principle.—If a, + a,+a3; +...+ an 
represent the sum of a number of infinitely small quantities, 
which approaches to a finite limit when n is increased indefi- 
nitely, and if 6:1, 22, ... 8, be another system of infinitely 
small quantities, such that 


Pr Be Bu 


=1+8, —=I +e... —=1+ & 
ay a2 an 
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where &, & .. + &, are infinitely small quantities, then the 
limit of the sum of (,, Bx, . . - Bn» is ultimately the same as 
that of Qj, Ag, - - » An. 

For, from the preceding equations we have 


Bit Bot. .-+Bn=artag+... +n + aie + aoe +... + antn. 


Now, if » be the greatest of the infinitely small quan- 
tities, &, &). ++ Em, we have 


Bit Bot.--+Pn-(aitatese + an) <n (ai+ a2. worhaa ls 


but the factor a; + a.+...+ a, has a finite limit, by hypo- 
thesis, and as y is infinitely small, it follows that the limit of 


Bi + Bot... + Bn is the same as that of a, + a,+...+an 
This result can also be established otherwise as follows :-— 
The ratio Br + Bot++ ++ Bn 


Opa suet ane 


by an elementary algebraic principle, lies between the greatest 
and the least values of the fractions 


BB Ba, 


; Alot 
a, a2 an 


it accordingly has unity for its limit under the supposed con- 
ditions: and hence the limiting value of 8, + G2+...+(, is 
the same as that of a: + a,+...+ ap. 

40. Appreximations.—The principles of the Infini- 
tesimal Calculus above established lead to rigid and accurate 
results in the limit, and may be regarded as the fundamental 
principles of the Calculus, the former of the Differential, and 
the latter of the Integral. These principles are also of great 
importance in practical calculations, in which approximate 
results only are required. For instance, in calculating a 


result to seven decimal places, if be regarded as a small 


= 

104 

quantity a, then a’, a’, &c., may in general be neglected. 
Thus, for example, to find sin 30’ and cos 30’ to seven de- 


cimal places. The circular measure of 30’ is ae or .0087266; 
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denoting this by a, and employing the formula, 
3 2 
sina=a——, cos a = 1 7 
it is easily seen that to seven decimal places we have 
3 


a’ a 
— = 0000381, re .OOOOOO!. 
2 


Hence sin 30’ = .0087265;3 cos 30° = 9999619. 
In this manner the sine and the cosine of any small angle 
can be readily calculated. 

Again, to find the error in the calculated value of the 
sine of an angle arising from a small error in the observed 
value of the angle. Denoting the angle by a, and the small 
error by a, we have 


sin (4+ a) =sin a cosa+ coSasina=sinad+a cosa, 


neglecting higher powers of a. Hence the error is repre- 
sented by a cos a, approximately. 
In like manner we get to the same degree of approxima- 
tion 
tan (a+ a) - tana = aa 
Again, to the same degree of approximation we have 


Ca a ee ba - aps 


bape bh BO” 
where a, 3 are supposed very small in comparison with a and 6. 
As another example, the method leads to an easy mode of 
approximating to the roots of nearly square numbers ; thus 


—=— a ses a 
J@+a=a+—;3 V@+a =4+—=4, whenever a” may 
2a 2a 
be neglected. 


° ° Sarre a 
Likewise, VYO+a=a+ —, &e. 
Bu 


If b=a+ a, where a is very small in comparison with a, 


se7 a a a+b 
we have Vad = fa + aa= a+ = ; 
& 2 
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Again, in a plane triangle, we have the formula 
=a + b* - 2ab cos C = (a + 0)? sin’ 3 (a — b)? cos? a 


Now if we suppose a and 6 nearly equal, and neglect (a — 6)? 
in comparison with (a + 6)*, we have 


em [las 6) sint S + (eof 00s S = (a+ 0) sin ©, 


This furnishes a simple approximation for the length of 
the base of a triangle when its sides are very nearly of equal 
length. 


EXAMPLES. 


1. Find the value of (1 + a) (1 — 2a”) (1 + 3a%), neglecting af and higher 
powers of a. Ans. 1+ a— 207+ a. 


2. Find the value of sin (a + a) sin (6 + 8), neglecting terms of 2nd order 
in a and B. Ans. sin asin b+ a cos asin 6+ 6 sin a cos J. 


3. Ifs = w—e sin u, e being very small, find the value of tan 3u, 


m 
Ans. (1 + e) tan —. 
2 
ie 6 ae u m as 
Here - = — + -sinw; tan—-=tan (— + a), wherea=-sin wu; .. &. 
2 2 2 2 2 2 


4. In aright-angled spherical triangle we have the relation cos ¢e= cos a cos 4; 
determine the corresponding formula in plane trigonometry. 


The circular measure of a is 3 & being the radius of the sphere; hence, 
: a : 
substituting I - Re for cos a, &c., and afterwards making R = o, we get 
ce = 4% + 6, 
5- If a parallelogram be slightly distorted, find the relation connecting the 
changes of its diagonals. 


Ans. dAd + d'Ad' = 0, where d, d’ denote the diagonals, and Ad, Ad’ the 
changes in their lengths. In the case of a rectangle the increments are equal, 
and of opposite signs. 


6. Find the limiting value of 
Aam + Bam + Og? + &e. 
ao? + ba) + cam? + &e. 
when a becomes evanescent. 


: : Aam A 
In this case the true value is that of — = arn, 
a 


: ; A Pe i 
Hence the required value is zero, ma or infinity, according as m>, =, or<” 
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+. Find the value of 


bP te 
P56 220 
7 a 
I-—+— 
ey py! 
° a 244 
neglecting powers of z beyond the 4th. Ans. 1 + i + ET 


3. Find the limiting values of ; when y =0, x and y being connected by 
the equation y° = 2zy — 2”. 
Here, dividing by y? we get 
OT 
Fiay of 
If we solve for 2 we have 


? 


x 
~=I+(1—yy)i. 
fA +(1-y) 


; PRRs & 

Hence, in the limit, when y = 0, we have : =1250F , =e}, 

g. In fig. 3, Art. 37, if 4B be regarded asa side of a regular inscribed polygon 
of a very great number of sides, show that, neglecting small quantities of the 
4th order, the difference between the perimeter of the inscribed polygon and 
that of the circumscribed polygon of the same number of sides is represented 


by = BD. 
Let be the number of sides, then the difference in question is m (AD— AB) ; 


a AE a AE(AD — AB) 


but =o) n(4D- AB) = Fi 


DE— AE T 


This result shows how rapidly the perimeters of the circumscribed and in- 
scribed polygons approximate to equality, as the number of sides becomes very 
great. 

to. Assuming the earth to be a sphere of 40,000,000 métres circumference, 
show that the difference between its circumference and the perimeter of a regular 
inscribed polygon of 1,000,000 sides is less than ysth of a millimétre. 


11. If one side 4 of a spherical triangle be small, find an expression for the 
difference between the other sides, as far as terms of the second order in 3. 


Here cos ¢= cosa cos 4 + sin a sin 6 cos C. 
Let z denote the difference in question; i.e. e=a—32; 
then cosa cosz + Sina sing = cosa cos + sinasin db cos C; 


-*. sins — sin bd cos C’= cot a (cos 6 — cosz), 
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Since z and 4 are both small, we get, to terms of the second order, 


cot a 
z—bcosC= 


(2 — 3). 
The first approximation givesz=% cos@. If this be substituted for z in the 
right-hand side, we get, for the second approximation, 

&? sin?C cote 


z= 6 cos C - —_—_—__——-, 
2 


We now proceed to find the successive derived functions 
in some elementary examples. 
41. Derived Functions of x”. 


Let y =o", 
2, 
then dy = 


N, 


and in general =m(m—1) (m—2)...(m—n+ 1) a, 


? dx" mn 
If m be a positive integer, we have 
m m 
ee =1-2...M. 


and all the higher derived functions vanish. 
If m be a fractional, or a negative index, then none of the 
successive derived functions can vanish. 


EXAMPLES. 
1. If w= aan + bu) + can + &e., prove that 


du 
at = (n—1) aun + (n —1)(n — 2) dard + &o, 
any dntly 
also Saree 
d® Bee > soir @, ond | a 
_ a 
2 y ia oY 
2, 
prove thut dy__ na @y _n(nt ta 
ax gn? ae genre ? 
pha amy Nm H(M+1)-.. (n+m-1)a 


dam gnrm 
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3. y= 20/2; 


prove that ee ae 


4 
42. If y=2 log a, to find Ls 


das” 
Here = 32° log # + 4°35 
: d’y 
also aid 6c log x + 34 + 24 = 62 log x + 52, 
dey _ diy 6 
7p Clog e+ 6+ 5, 7 ee 


It might have been observed that in this case all the 
terms in the successive differentials which do not contain 
log # will disappear from the final result—thus, by the last 
Article, 

OES 
and similar reasoning applies to the other terms. The work 
can therefore be simplified by neglecting such terms as we 
proceed. 

The student will find no difficulty in applying the same 
mode of reasoning to the determination of the value of 


= 0, accordingly, that term may be neglected ; 


oe where y = 2" log a. 
For, as in the last, we may neglect as we proceed all terms 
which do not contain log # as a factor, and thus we get in 
this case, 

d"y eee ss tee 


da” x x 
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43. Derived Functions of sin ma. 


Let y =sin ma, 
d; 

then = = M COS Mx, 
ad? : 
4 =-—m sin mx, 


avy , 
and, in general, —— La (— 1)"m" sin ma, 7 


d 2n+1 y 
d. ent 


f (1) 
= (- 1)"m"! cos ma. 5 


It is easily seen that these may be combined in the single 
equation (Art. 22), 


a” (sin ma) phe Cg 
—_— =m" sin| me + r—}- (2) 
dx 2/ 
In like manner we have 


ad” cos ma J 7 
———— =m’ cos(mr+r—)}- 
da” 2 


44. Derived Functions of e”, 


Let y = 6, 
ee es OY _ nas 
then ee qe OCs 2 ee (3) 


This result may be written in the form 


d\” 
(=) et = Tye ( 4) 


where the symbol (4 al denotes that the process of differentia- 


tion ts applied n times in succession to the function e%*. 
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In general, adopting the same notation, we have 


d n d n-1 d n-2 
| 40 (=) te A, (Z) ah PAG (z) + &. + A; 


n n-1 n-2 
-4,( =) ef + Aj (=) et + A, (=) eo + &o. 


Cn 


=A,ae® + A,a™e + Aa” + &e. 

=[A,a" + Aa" + A,a* + &e. Ay] e™. 
This result, if ¢ (w) denote the expression 
Age + Age 45 Ag 


may be written in the form 
(a 
6 (Ger = 9) ors (5) 


in which ¢ (a) is supposed to contain only positive integral 
powers of a. 


45. Ko find the n” Derived Function of ¢” cos ba.— 
Let y represent the proposed expression, 


then dy = ae” cos ba — be™ sin ba 
dz 


= e (a cos bx — b sin ba) ; 
b b —. . > 
if tan @ =~, we have } = Ja +b? sin p, and a =/a +0? cos¢. 


Hence we get 


- = (a + 0*)2 e* cos (ba + ¢). 


EK 
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Again, 
= (a + 0°)? e* [a cos (bx + p) -— b sin (be + $)] 


= (a + b’) e* cos (bx + 29). 


By repeating this process it is easily seen that we have in 
general, when » is any positive integer, 


AY _ (at + BY cos (be + ng). (6) 


du” 


46. Bo find the Derived Functions of tan” (=) 
x 


and tan™ z. 
Let y = tan” (=) or x = cot y: 
d = 
then a = —— =-sin’y. 
d’y a [dy Dine dy Om a 
ia 3 (%)- ~ 5, (sin Ngan as Ae y) 


: aioe : : 
= sin’? ¥ P (sin? y) = sin’ y sin 2y. 


; Ce eee : dy a 
Again, a (sin? y sin 2y) = Ga (sin’ y sin 2y) 


‘ ae , 
=-sin’y (sin’ y sin 2y) 


=-1.2.,sin’y sin 3y. (Ex. 5, Art. 28.) 


d‘y 
Hence, also qe tte 8 sin‘y sin 4y3 


and in general oy (— 1)" |n — 1 sin"y si 
: i y sin ny. 
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<f. Ws E 7 @ 
Again, since tan =~ — fame — 


d” (tana) 


we have ai 


=(-1)""[n-1 sin”y sin ny, (7) 


where y = cot, as before. 


This result can also be written in the form 


° I 
. a sin (n tan" :) 
d” (tanta) = (- jes | | des abi, Fe 
dx” a (1 + @)a 


: (8) 


47. If y = sin (m sin™ 2), to prove that 
dy dy 
mepe \) as ea Be 27 
(1 #) at my = 0. (9) 
Here 
dy _m cos (m sin" 2) | 


i Ye 


*, (1 - 2”) DN ea eeeton in , 
: aes sin" 2) = m? (1 — 4’). 


Hence, differentiating a second time, and dividing by 2 oe 


we get the required result. 


48. Theorem of Leibnitz.—To find the n™ differen 
tial coefficient of the product of two functions of x Let 
y = w; then, adopting the notation of Art. 34, we write 


dy du and 


y, u,v, for — » zy and —, 


and similarly, y”, wv’, vo’, &¢e., for the second and higher 
derived Bae Mitts 
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Now, if we differentiate the equation y = wv, we have 
y =w' + ow, by Art. 13. 

The next differentiation gives 

of! =u + ue + ou + ol” = Ww" + aud + OU” 
The third differentiation gives 

of” = ue” +e" + ae” + 2’ + ou” + ow” 

= Uw” + 3u 0" is 3u =f ou”, 
in which the coefficients are the same as those in the expan- 
sion of (a + 0)*. 
Suppose that the same law holds for the n™ differential 

coefficient, and that 


yo) = wo + nfo) 4 2D yor 4 eo, 
1.2 


+ nue + uo; 
then, differentiating again, we get 


YO) = wo) + w/o + n (wo + w/o) 


+ MD) roto 4 af) + Bo... + ump 


nm+1)n 
= wl") + (n +1) wo + Sheets woe) & Eo. . mae 


in which it can be easily seen that the coefficients follow the 
law of the Binomial Expansion. 

Accordingly, if this law hold for any integer value of n, 
it holds for the next higher integer ; but we have shown that 
it holds when n = 3; therefore it holds for n = 4, &e. 

Hence it holds for all positive integer values of n. 

In the ordinary notation the preceding result becomes 


d"(ue) dy a du dy naib (n - 1) @ud?’y a 
da® dae" he da * 2 dab dart * S 


lu 
+ Oy (10) 
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49. To prove that 


d i aL — pur d m" 
() (e9? 44) =.6 (a + =) Uy (11) 


where » is a positive integer. 
Let v = e” in the preceding theorem ; then, since 


%y 
ey eee ae az, Fianna 
hy dx? hi 
we have 
DINE du n(n—-1 d*u d”u 
— | (eu) =e | a®u + na™ — + ( ) a —_ + &o. + : 
da dx he 2 dix dar 


which may be written in the form 


d\n d n(n—1) a\? a \" 
T= (p4%,) = ptt Van Mle NO yen oe eae 
( ) (e%u) =e" Ja" +na + eA a ( Jr &our( ;) \u, 


\da da di 
d i an, — pat a a ¥ . 
or in) © 4) = ea apes 
; : aN". 
where the symbolic expression (« + z) is supposed to be 


du du du 


developed by the Binomial Theorem, and ap iia 


PO eat esol oe \ ue incthoceeanltt 
supstitute or eB U, — U, ae Uy, in e res ing eXe- 


pansion. 


50. Im general, if ¢(a) represent any expression in- 
volving only positive integral powers of a, we shall have 


d d 
? (=) ety = eo (« + =) Ue (12) 
For let: (2), when expanded, be of the form 


d n d n-1 
4,(<.) + A, (=) tales F Ans 
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then the preceding formula holds for each of the component 
terms, and accordingly it holds for the sum of all the terms ; 
ay M0, 

The result admits also of being written in the form 


d d 
(a + z) -“U=e%* > (<) (eu). 


This symbolic equation is of importance in the solution 
of differential equations with constant coefficients. See 
“ Boole’s Differential Equations,” chap. XVI. 


51. If y=sin’”2, to prove that 


d™*4 (”™ d” 
(1 ¥ a") di" (2m a 1) “% dat ws = 30 (13) 
Here aie or (1 —a”)2 Re I 
dx Vi wes ey dz ? 
hence, by differentiation, 
dy 
rc— 
dy dx 
_— 3 _—_—_—_ — 
(ie) de (1-—@)t ” 
dy d 
or (1-2) h- et mo, (14) 


Again, by Leibnitz’s Theorem, we have 


d\" dy dny dr qn 
(<) (1 - 2’) a = (1 — 2) es ane a -n(n- rp pats 
om (Ke 


dat 
dx = dx 


qdntty d”y 
= vol +n aa" 


On subtracting the latter expression from the former, we 
obtain the required result by (14). 
If 2 = o in formula (13), it becomes 


aney (ay 
(a), ae: (F4) = 0, 
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7, 


d' nm 
where (<2) represents the value of sit when x becomes 
dx’ 0 dx” 


cypher. 


: dy 
Also, since (=) = 1, we get, when is an odd integer, 
0) 


any 2 2 2 2 
(Fan) eat Se a 
; ay : 
Again we have aa = 0; consequently, when n is an even 
ae 0 


; d”y 
integer, we have (52) =0. 


m 


52. Ef y =(1+4")’sin (mtan™), to prove that 


ay dy 
e caren te aaa) soa a . cm) = 
(1 + @!) 2(m 1)e 7 + m(m 1)y=0. (15) 
Here 
of = ma (I + a)? sin (m tana) + m(1 + x’)? cos (mtan" «), 
or 


(1 + 2°) ma (1 + 2°)? sin (mtan“z) + m(1+2") ?cosm(tan™ 2) 


=maxy + m(1 + 2°)? cos (m tan™ 2) ; 


> I 
e 2) 2 —ly\ — ee yh 
.. (1 + 2”)? cos (m tan™z) nay 


The required result is obtained by differentiating the last 
equation, and eliminating cos (m tan™ 2) and sin (m tan™z) by 
aid of the two former. 

Again, applying Leibnitz’s Theorem asin the last Article, 
we get, in general— 


qd 4 yy 
d, nt? 


dey dry 
+2(n—m+ 1) @ an + (Wm) (n-—m +1) te 


(1 + 2’) 
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Hence, when 2 = 0, we have 


dry . dry < 
(4) (n — m) (n— m + 1) 2) =O 


ad, ; 
Moreover, as when x= 0, we have y=0, and a= m3 it 


follows from the preceding that 
( =O; oe t) = (- 1)" m(m—-1)...(m-—2n). (16) 


dx” }, da": 


For a complete discussion of this, and other analogous 
expressions, the student is referred to Bertrand, “ Traité de 
Caloul Différentiel,” p. 144, &e. 
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EXAMPLEs. 
dy 14 
A =z hat —_ =~ i. 
I ¥ log z, prove tha aa a 
dry I.2...(n—2) 
2. y= log z, 3 Fa omperrs coe 
d*y 
3 yaa, Shee (1 tlog a)? +a, 
: dy 2c0s2 
4. y = log (sin 2), oF Te as ae 
i+ ar—1 eae d*y 5x 
ee eh tanh ae ” de? (+ wp 
dy 24 
6. y= 24 log (2), ” Ee Sa 


2 a? 8/2. 28 
7. y=log re i of ya? cia 
1—24/2+42 1-2 dx” (1 + x4)? 


dry er sin (x + np) 
— = 


dan sin” 
where tan ¢ = ~ 
r 
9. Ify = erg, prove that 
qn = = 
fed = eu [ er + nran) gr-l + n(n ~ 1)r (r - 1) qn-2 yr-2 oe i: 
dan me 
d\n a\nwrfd\r 
and (=) (6% g")\= (¢) (=) (6% xn), 
10. If y =a cos (log z) + b sin (log 2), 
d*y dy 
gid : =o 
prove that Ot ag t YO 
Il. If y= easin-lz, 
dy dy 
prove that (1 - 2) P= pre a*y, 
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12 Prove that the equation 
9, VY dy 


(1-2) —, - #7 +@y=0 


is satisfied by either of the following values of y: 
y = 00s (asin 2), or y = e2’-1stn-I2, 


13. Being given that y=("+4/z?—1)”, 


d*y dy 
2 = pe 2 
prove that (a? — 1) orm +2 PP fe Oo. 
14. If y = sin (sin 2), 
ay | dy 
prove that = ar Se i tan z + y cos*” =o, 


15. In Fig. 3, Art. 37, if 4B be regarded as a side of a regular polygon of an 
indefinitely great number of sides, show that the difference between the circum- 


ference of the circle and the perimeter of the polygon is represented by z BD, 


to the second order of infinitesimals. 


@Q 
16. If y =A cosnx + B sin nz, prove that = + n*) y=. 


n [2 sin”! $ sin (2 +1) 


Gis dow = : 7 Prove that oY = (-1) 
qn 

a 

where ¢ = tan7! = 


é d - 
This follows at once from Art. 46, since — tani“) =" Itcan also be 
dx x a? + 2 


proved otherwise, as follows: 


I I I I 
ere 2a (~ 1) Ee If @+ac = | 


LMR I a\" I I (z)° I 
* dan” 2a(—1)t \dx] °2—a(—1)' 2a(—1) \dz) “2 4+a(-1) 


(Son) Paro renean ss I I 
eet ae 
_(cHtln P@ + at 1) ~ (@ =a a 


Se (- 1)! iL (a a5 q?)nvl 
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if2. 4 eee Bare 
Again, since -= tan o, we havo a =1/ a? + a sin 9, and 2 =/a? + 2 cos $; 
x 


n+l 


hence (@ + a(— 1)h)"+1 = (a? + x) ® (cos + (— 1)! sin p)™ 


n+1 
= (a? + 22) 2 {cos(m + 1) + (— 1):sin (w+ 1) $}, 
and we get, finally, 


’ m.sin(m +1) >. sin @ 
ye et nl i 
dx oe 
18, In like manner, if y = ee 
any |n sin"! @. cos(m + I)@ 
prove that ta (=f 2 ees 
19. If w= ay, 


du dry arly 
prove that aan =a aan +n det 


20. Ifw= (sin ~2)?, 


Pu du 
BN ae 8 Peed 
prove that (1 ~ x”) apt a 
21. Prove, from the preceding, that 
dntry adn ly anu 
-2# . aaah peed He 
(I ©) a (2n + i lees Tope 
dn2y am 
= He 
and (Se) ae (=) : 


. ay dy 
22. If y = e% sin bz, prove that a= 2 Gat (a2 + B)y=0, 


: ax+b dry 
23. Given Y= ry find in 
az+b ac+b 1 ac-b 1 
Here <a — no 
TiO 26 &L—€ 2c “x+e 


any (-1)"|n ac+b ac—b 
Hence — (— = opr j+om re =i) c 
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53. Wemma.—lIf uw be a function of 2 + y which is finite 
and continuous for all values of « + y, between the limits 
a and 0, then for all such values we shall have 
de dy 
For, let u =f (# + y), then if x become @ + h, 


at limi of 
dx h 


when + is infinitely small. 
Similarly, if y become y + A, we have 


te tenit of ety +4) aafila+ 9): 
dy h 


which is the same expression as before. 


du du 
Hence oie i 
Otherwise thus :—Let s = 2+ y, then wu =/(s), 
dz dz 
ok and ay = 1} 
du  dudsz ‘ 
ae io ds de =f (2); 
du duds di 


1) 
hy eg ee 
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54. If a continuous function f(x + y) be supposed ex- 
panded in a series of powers of y, the expansion can contain 
no negative powers; for, suppose it contains a term of the 
form My", where MW is independent of y, this term would 
become infinite, for all values of x, when y =0; but the given 
function in that case reduces to f(z); and since f(«) cannot 
be infinite for all values of z, it follows that the expansion 
of f (w+ y) can contain only positive powers of y. 

Again, if f(z) and its successive derived functions be 
continuous, the expansion of /(#+y) can contain no fractional 


power of y. For, if it contain a term of the form Py4, 


where” is a proper fraction, then its (m + 1) derived func- 


tion with respect to y would contain y with a negative index, 
and, accordingly, it would become infinite when y=0; but this 
is impossible for the same reason as in the former case; hence, 
with the conditions expressed above, the expansion of f (x+y) 
can contain only positive integral powers of y. 

55. Waylor’s Expansion of /(z + y).*—Assuming that 
the function / (x+y) is capable of being expanded in powers of 
y, then by the preceding this equation must be of the form 


S(@+y) =Pot Py + Py + &. + Pay” + &e., 
in which P,, Pi, . . . P, are supposed to be finite and con- 
tinuous functions of zx. 
When y = 0, this expansion reduces to f(w) = P). 
Again, let w=/(x + y); then by differentiation we have 


du _aPy dP. AP. | ap nha o. 
a ua aes a a ae “? 
di 

Ty 7 Pit eBay + 3Pay' + bo. 


———: 


* The investigation in this Article is introduced for the purpose of showing 
the beginner, in a simple manner, how Taylor’s series can be arrived at. It is 
based on the assumption that the function f (# + y) is capable of being expanded 
in a series of powers of y, and that it is also a continuous function. It demon- 
strates that whenever the function represented by f (# + y) is capable of being 
expanded in a convergent series of positive ascending powers of y, the series 
must necessarily coincide with the form given in (1). An investigation of the 
conditions of convergency of the series, and of the applicability of the Theorem 
in general, will be introduced in a subsequent part of the Chapter. The parti- 
cular case of this Theorem when / («) is a rational algebraic expression of the nth 
degree in is already familiar to the student who has read the Theory of Equations. 
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Now, in order that these series should be identical for all 
values of y the coefficients of like powers must be equal. 
Accordingly, we must have 


dP, _ df(#)_ » 
LAS ip TE 


1. aP; 1 d’f(z) I 


fo rege aires Cai 37 
= dP, = I ew a*f (x) Wa 2) 
- 3/de . 1 feug e  d ( 
and in general 
I a” f (w) I 
(ae Se ai | Se A) 
ae Peo cline et oa (2). 


Accordingly, when (x) and its successive derived func- 
tions are finite and continuous we have 


y n 
Sery) =f) +27 @ + s'@) +. + iT Oe (1) 
This expansion is called Taylor’s Theorem, having been first 


published, in 1715, by Dr. Brook Taylor in his Methodus 
Incrementorum. 


It may also be written in the form 


f(a+y) ae eee eee arp) 


or, uf u=f(«), andu,=f(%+y), 
yd oy au y” au 
SBS dns nce sa os atl ae og (3) 


To complete the preceding proof it will be necessary to 
obtain an expression for the limit of the sum of the series 
after n terms, in order to determine whether the series is 
convergent or divergent. We postpone this discussion for 
the present, and shall proceed to illustrate the Theorem by 
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showing that the expansions usually given in elementary 
treatises on Algebra and ‘lrigonometry are particular cases 
of it. 

56. The Binomial Theorem.—Let u = (+ y)"; 
here f (vw) = x", therefore, by Art. 41, 

T (a) =n, ...fO(@) =n(n-1)... (n— 7 + 1)2"". 


Hence the expansion becomes 
nn — I 
(ety) = 2 + arly + Mn) ty cee 


n(n-1)...(n—-r+ 1) yr yf, (4) 


If n be a positive integer this consists of a finite number of 
terms; we shall subsequently examine the validity of the 
expansion when applied to the case where » is negative 
or fractional. 


57. Whe Logarithmic Series.—To expand log (w+y). 


Here f(e) =bg @), Se) -2, /"@)--s: 


Pt) = Fy 0 Fe) = (ry HED, 


Accordingly 


YAM oa Y 


log (w + y) = loga+= - =", =o are 


If x = 1 this series becomes 
2 3 i” 
1 ee ee (ye ee 
og (1 +y) : ae (-1) - &e (5) 
When taken to the base a, we get, by Art. 29, 


2 3 4 
log. (1 +y=ar (¥-Hs ¥-%y e.). (6) 
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58. Wo expand sin (7 + /). 
Here f(e) =sina, f(x) = cosz, 


f(a) =-sing, fe) =—- cosa, &e. 


Hence 
i = 5 ts ok me gilts 
sin (e+ y) = sina( 1 Ct, PS oe gs Oe 
ap 5 2n-1 
voos o(¥- Ep seo} 
Py U1 2S > le 8 is |2n —1 


As the preceding series is supposed to hold for all values, 
it must hold when w = 0, in which case it becomes 


4 
a re (9) 


cos y=1- + 
bee lie A 


We thus arrive at the well-known expansions* for the sine 
and cosine of an angle, in terms of its circular measure. 

59. Maclaurin’s Theorem.—If{ we make z = 0, in 
Taylor’s Expansion, it becomes 


FW) =F00) + ¥F(0)+$ po) + oo Z pom(o) + «5 (10) 


Tee n 


where f(0) .../(o) represent the values which f(x) and 
its successive derived functions assume when 2 = o. 
Substitute x for y in the preceding series and it becomes 


gn 
| 


F(e) =f0)+% 70) += 770) +... #2 7 (0) + Be. 


* These expansions are due to Newton, and were obtained by him by the 
method of reversion of series from the expansion of the arc in terms of its sine. 
This latter series he deduced from its derived function by a process analogous 
to integration (called by Newton the method of quadratures). See Opuscula, 
tom I., pp, 19, 21. Kd. Cast. Compare’ Art. 64, p. 68. 
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This result may be established otherwise thus; adopting 
the same limitation as in the case of Taylor’s Theorem :— 


Assume f(x) =4+ Be+ Ox’? + De + Ext + &e. 
then J’ («) = B+ 2Cx+ 3Du’ + 4Hx + &e. 
SI” (@) = 20+3.2Dxe+4. 3H + &. 
SO (@) = 3...2D + 4. 3. 2fa + &o. 
Hence, making w = o in each of these equations, we get 


2) Rae CO a fag ag aay 


LO 4 Tee 2s 


ies) 


whence we obtain the same series as before. 

The preceding expansion is usually called Maclaurin’s* 
Theorem ; it was, however, previously given by Stirling, and 
is, as is shown already, but a particular case of 'Taylor’s series. 
We proceed to illustrate it by a few examples. 


60. Exponential Series.—Let y = a’. 


Here ie) =a, hence f(o) =1, 
f(z) = log a, oS (O)e= lope; 
Ff (#) =@ (loga)’, » J (0) =log a)’, 
J) (a) = a* (log a)", » J )(0)= (log a)” ; 


and the expansion is 


2 n 
NOE Ay ni 08 Oh fg IIB Oe pak — aes 


I i 2 | on 


= 


If c, the base of the Napierian system of Logarithms, be 
substituted for a, the preceding expansion becomes 
x a" 


eee ae eal 
ine argos eer 2) 


x 
CG ede tes 


* Maclaurin laid no claim to the theorem which is known by his name, for, 
after proving it, he adds—This theorem was given by Dr. Taylor, Method. 
Increm.” See Maclaurin’s Flusions, vol. ii., Art. 751. 

F 
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If « = 1 this gives for ¢ the same value as that adopted in 
Art. 29, viz. : 


I I I I 
e=1+-+—— + + ————— +206 
Tis 25 Bae ota kee cua 


61. Expansion of sin z and cos z by Maclaurin’s 
Theorem. Let f(x) = sinz, then 


Se) =0, So) =1, P’(0)=0, #0) =—1, ko, 


and we get 


; x 2 x 
sin w@=—-— + ——_—_— — &@.... 
ee Se le eee ee 
In like manner 
a at 
COR G & T= ——— ae at 


Peo 


the same expansions as already arrived at in Art. 58. 

Since sin (- v) =— sina, we might have inferred at once 
that the expansion for sin x in terms of w can only consist of 
odd powers of x. Similarly, as cos (- x) = cosa, the expan- 
sion of cos # can only contain even powers. 

In general, if F(w) = F(- 2), the development of F(z) 
can only consist of even powers of a If F(- x) = - F(a), the 
expansion can contain odd powers of x only. 

Thus, the expansions of tan z, sin“, tan“z, &., can con- 
tain no even powers of w; those of cos w, sec x, &e., no odd 
powers. 

62. Huygens’ Approximation to length of Circular 


_Are.*—If A be the chord of any circular arc, and B that of 


half the arc; then the length of the arc is equal to ee a q-p: 


For, let & be the radius of the circle, and Z the length of 
the arc: and we have 


A : : 
y te yg Fe tie A 2 


* This important approximation is due to Huygens. The demonstration 
given above is that of Newton, and is introduced by him as an application of 
his expansion for the sine of an angle. Vd. ‘‘ Epis. Prior ad Oldemburgium.’’ 
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hence, by (8), 


hy Le 

St ada caae woeAR a6 
3 5 

Fea ee ne 


2 iS A en ee ig ho OMe 


consequently, neglecting powers of = beyond the fourth, we 


get 


8B-A tA 
5“ -2(t~ saan) SS) 


Hence, for an arc equal in length to the radius the error in 


adopting Huygens’ approximation in less than 5 ee part of 


the whole arc; for an arc of half the length of the radius 
the proportionate error is one-sixteenth less; and so on. 
In practice the approximation* is used in the form 


L= 2B +~ (2B- A). 


This simple mode of finding approximately the length of 
an are of a circle is much employed in practice. It may also 
be applied to find the approximate length of a portion of 
any continuous curve, by dividing it into an even number of 
suitable intervals, and regarding the intervals as approxi- 
mately circular. See Rankine’s Rules and Tables, Part L., 
Section 4. 


* To show the accuracy of this approximation, let us apply it to find the 
length of an arc of 30° in a circle whose radius is 100,000 feet. 


Here B=2R sin}°307, A =2F sin 157; 
but, from the Tables, 
sin 7°30’ = «1305268, sin 15° = .2588190., 


B-A 
Hence 2B + : Soe Hy ftic 


The true value, assuming m = 3.1415926, is 52359.88 ; whence the error is but 
-17 of a foot, or about 2 inches. 
F 2 
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63. Expansion of tan7z.—Assume, according to Art. 
61, the expansion of tan™z to be 


Az + Bu? + Cx' + Dz' + &e., 
where A, B, CO, &c., are undetermined coefficients: 


d.tan“ ae 


then a A + 3Ba? + 5Cx' + 7Dx° + &e. ; 
=1 
but user =1-2#+2t~2°+ &., 
da 1+” 


when w lies between the limits + 1. 
Comparing coefficients, we have 


yee ie Ligyld Tipe emer 
a 3 5 7 
ence 
af Pte oe . 4 gel : 
tan ae- ? cis ..+(-1) penpneeeg air: (14) 


when @ is less than unity. 

This expansion can be also deduced directly from Mac- 
laurin’s Theorem, by aid of the results given in Art. 46. 
This is left as an exercise for the student. 

64. Expansion of sin™7.—Assume, as before, 


sinty = Ar + Bu? + Cx’° + &e.; 
I 


then GE ea) ee ae ae 
but ae (to wyter tow ae 
% ro eh ered or 4. 
2 ar 


Hence, comparing coefficients, we get 


A=4, B ==.5, 
Finally, 


I , I 
3 2 Aes 
Tee eh. 


ae 131.527 pre 
sine =" +<, oo eee (15) 
ey 2 | ae RA ee 
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Since we have assumed that sin“ vanishes along with w we 
must in this expansion regard sin™w as being the circular 
measure of the acute angle whose sine is w. 

There is no difficulty in determining the general formula 
for other values of sin™z, if requisite. 

A direct proof of the preceding result can be deduced 
from Maclaurin’s expansion by aid of Art. 51. We leave 
this as an exercise for the student. 

From the preceding expansion the value of w can be 
exhibited in the following series: 


I e321 
= + — 
2 PF ROMS da 5 32 


we 
ee 


An approximate* value of w can be arrived at by the aid 
of this formula; at the same time it may be observed that 
many other expansions are better adapted for this purpose. 

65. Euler’s Expressions for Sine and Cosine.—In 


the exponential series (12), if 7,/-1 be substituted for a, 
we get 


: ; I eee 
For, since sin 30° = —, we have gin te... 
2 a 


x at 


+ ————_ 
124 Al Deer 


+/ai |e z s+&e...| 


3 
Toe 
= cosa t/—1 sinw; by Art. 59. 


SE HO Heres 


em =j- 


Similarly, ¢*’ = cosa - ./f-—1 sing. 


(16) 


Hence Cot + pr 2D 0087, ty - | 


Gi — et = 2, /— 1 sin 2. 


A more complete development of these formule will be 
found in treatises on Algebra and Trigonometry. 


* The expansion for sin-!z, and also this method of approximating to 7, were 
given by Newton. 
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66. John Bernoulli’s Series.—If, in Taylor’s Ex- 
pansion (1) we make y = — a, and transfer f(z) to the other 
side of the equation, we get 


f (e) = (0) + af’) ~~ 7"@) + —— 7") - &. (17) 


This is equivalent to the series known as Bernoulli’s,* 
and published by him in Act. Lips., 1694. 
As an example of this expansion, let f(z) = e”; then 


Io) =3) S'@)= 4, Sf = s ee, 


and we get 


eee 


ind 
sl ee ene 


Or, dividing by e*, and transposing, 


vw 
e=1-x1+—- &a, 
1+2 


which agrees with Art. 60. 


67. Symbolic Form of Taylor’s Theorem.— The 
expansion 


J (e+y) =f (2) +95. F@) + (GZ) -F@ +h. 


may be written in the form 


S(@+y) = 41 ty ot — (3) + ood, (18) 


2 ta 


in which the student will perceive that the terms within the 
brackets proceed according to the law of the exponential 


series (12); the equation may accordingly be written in the 
shape 


(w+ 9) = ee f (2), (19) 


* In his Reduc. Quad. ad long. cwrv., John Bernoulli introduces this theorem 
again, adding—‘‘ Quam eandum scriem postea Taylorus, interjecto viginti 
annorum intervallo, in librum quem edidit, a.p. 1715, de methodo incrementorum, 
transferre dignatus est sub alio tantum characterum habitu.’’ The great in- 
justice of this statement need not be insisted on; for while Taylor’s Theorem is 
one of the most important in the entire range of analysis, that of Bernoulli is 
comparatively of little use; andis, asshown above, but a simple case of Taylor’s 
Expansion. 
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d 
where ¢ ® is supposed to be expanded asin the exponential 


theorem, and . z ede written for iE (zy J (a), &e. 


This form of Taylor’s Theorem is of extensive application 
in the Calculus of Finite Differences. 

68. Other Forms derived from Tayloy’s Series.— 
In the expansion (3), Art. 55, substitute / for y, 
h du ' h? au hn d”u 


ten (wy =¢ + — —  —— —— +... 
: CBR th Deaiw Tee Oe 


If now / be diminished indefinitely, it may be represented 
by dw, and the series becomes 


du or au da = a dx” 
ODL eT ce A 


wel, da epee) dic? + fe : aie + &:, (20) 
I Leer 2 I.2 


UW =U+ 


or W- 


in which w, — w is the complete increment of u, corresponding 
to the increment dz in 2. 

Again, since each term in this expansion is infinitely small 
in comparison with the preceding one, if all the terms after 
the first be neglected (by Art. 38) as being infinitely small in 
comparison with it, we get 


du = f"(«) da, 


the same result as given in Art. 7. 
Another form of the preceding expansion is 


du au au au 
+ + +...+—— 
Wee my FO nts oe ann w 


+ &e. (21) 


69. Theorem.—// a function of x become infinite for any 
Jinite value of x then all its successive derived functions become 
infinite at the same time. 

If the function be algebraic, the only way that it can be- 
come infinite for a finite value of 2 is by its containing a 


iP. : ‘ 
term of the form —, in which Q vanishes for one or more 


Q 
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values of w for which P remains finite. Accordingly, let 


dP PdQ 
P hee - Mf dz dz; this also becomes infinite when 


0 de Q 
Q=0. 


Similarly, ee 


Te? de &c., each become infinite when @ = o. 


1 

Again, yi pe transcendental functions, such as eit e: 
cosec (x — a), &c., become infinite when 2 =a; but it can be 
easily shown, is iditorcntiatians that their derived functions 
also become infinite at the same time. Similar remarks apply 
in all other cases. 

The student who desires a more general investigation is 
referred to De Morgan’s Calculus, page 179. 

70, Remarks on Taylor’s Expansion.—In the pre- 
ceding applications of Taylor’s Theorem, the series arrived 
at (Art. 56 excepted) each consisted of an infinite number of 
terms; and it has been assumed in our investigation that the 
sum of these infinite series has, in each case, a finite limiting 
value, represented by the original function, f(# + y), or f(a). 
In other words, we have assumed that the remainder of the 
series after » terms, in each case, becomes infinitely small 
when » is taken sufficiently large—or, that the series is con- 
vergent. The meaning of this term will be explained in the 
next Article. 

71. Convergent and Divergent Series.—A series, 
U1, Ury Usy . . + Uy... consisting of an indefinite number of 
terms, which succeed each other according to some fixed law, 
is said to be convergent, when the sum of its first m terms 
approaches nearer and nearer to a finite limiting value, accord- 
ing as” is taken greater and greater; and this limiting value 
is called the sum of the series, from which it can be made to 
differ by an amount less than any assigned quantity, on 
taking a suflicient number of terms. It is evident that in the 
case of a convergent series the terms become indefinitely 
small when » is taken indefinitely great. 

If the sum of the first terms approximates to no finite 
limit the series is said to be divergent. 
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In general, a series consisting of real and positive terms 
is convergent whenever the sum of its first » terms does not 
increase indefinitely with . For, if this sum do not become 
indefinitely great as m increases, it cannot be greater than a 
certain finite value, to which it constantly approaches as n 
is increased indefinitely. 

72. Application to Geometrical Progression.— 
The preceding statements will be best understood by apply- 
ing them to the case of the ordinary progression 


Tte@teret+.. tatt+... 


I nm 


The sum of the first m terms of this series is in all cases. 


(1). Leta<1; then the terms become smaller and smaller 
as ” increases; and if be taken sufficiently great the value 
of 2” can be made as small as we please. 

Hence, the sum of the first m terms tends to the limiting 

I 


value ; also the remainder after » terms is represented 


I-2 
a” 

by ——, which becomes smaller and smaller as m increases, 
I-@ 


and may be regarded as vanishing ultimately. 
(2). Letw>1. The series is in this case an increasing 
one, and 2” becomes infinitely great along with n. . Hence 


wa XP n 


or 


I j 
the sum of n terms, , as well as the remainder 


after » terms, becomes infinite along with n. Accordingly 
the statement that the limit of the sum of the series 


T+rt+a?t...tart+... ad infinitum 


I 
‘eee 
series 1s a convergent one. 

In like manner the sum of » terms of the series 


holds only when z is less than unity, i.e. when the 


is 


I-2+a2-—27+ &. 


I -(- 1) 
Uae ay 
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As before, when a < 1, the limit of the sum is i : a but 


when 2 > 1, 2” becomes infinitely great along with n, and the 
limit of the sum of an even number of terms is —- «©; while 
that of an odd number is + «©. Hence the series in this case 
has no limit. 
73. Wheorem.—T/, in a series of positive terms repre- 
sented by 
Uy + Ugtees ttn t+ &e., 


Un+1 


the ratio be less than a certain linit smaller than unity, for 


all values of n beyond a certain number, the series is convergent, 
and has a finite limit. 
Suppose * to be a fraction less than unity, and greater 


én) thas 
than the greatest of the ratios “~ ... (beyond the number 
Un 
n), then we have 
Uns+1 
ek, os Unar < Ky 
Un 
Un+2 
eee ay Ot Ainew eke the. 
Unn 
Uns+r 
eae os Uner < Uys 
Untr-1 


Hence, the limit of the remainder of the series after w,, is 
less than the sum of the series 


Kirin tok, Foret oh Upon ad infinitum ; 
therefore, by Art. 72, less than 


ktn 

at sincek<1, 
Hence, since wv, decreases as n increases, and becomes infi- 
nitely small ultimately, the remainder after n terms becomes 
also infinitely small when n is taken sufficiently great; and 
consequently, the series is convergent, and has a finite limit. 


ae a) 
Again, if the ratio * 


be > 1, for all values of » beyond 


n 
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a certain number, the series is divergent, and has no finite 
limit. ‘This can be established by a similar process; for, 
assuming & > 1, and less than the least of the fractions 


aa ... then by Art. 72 the series 


n 


Un + kitty + kun + &e. ad infinitum 
has an infinite value; but each term of the series 
Un + Uns + Uns + &e. 


is greater than the corresponding term in the above geome- 
trical progression ; hence, its sum must be also infinite, &e. 
These results hold also if the terms of the series be alter- 
nately positive and negative; for in this case * becomes 
negative, and the series will be convergent or divergent 
according as — k is < or > 13; as can be readily seen. 

In order to apply the preceding principles to Taylor’s 
Theorem it will be necessary to determine a general expres- 
sion for the remainder after n terms in that expansion; in 
order to do so, we commence with the following :— 

74. Lemma.—ZIf a continuous function p(x) vanish when 
2 =a, and also when « = b, then its derived function (x), of 
also continuous, must vanish for some value of « between a 
and b. 

Suppose 6 greater than a; then if ¢’(«) do not vanish 
between a and b, it must be either always positive or always 
negative for all values of w between these limits; and 
consequently, by Art. 6, (7) must constantly increase, or 
constantly diminish, as w increases from a to 0, which is 

‘impossible, since ¢(x ) vanishes for both limits. Accordingly, 
¢ (x) cannot be either always positive or always negative ; 
and hence it must change its sign between the limits, and, 
being a continuous function, it must vanish for some inter- 
mediate value. 

This result admits of being illustrated from geometry. 
For, let y = ¢(x) represent a continuous curve; then, since 
o(a) = 0, and ¢(d) = 0, we have y = 0, when a = a, and also 
when w= 0; therefore the curve cuts the axis of x at distances 
a and 6 from the origin; and accordingly at some inter- 
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mediate point it must have its tangent parallel to the axis of 
x. Hence, by Art. 10, we must have ¢’(v) =o for some 
value of # between a and 3d. 

75. Lagrange’s Theorem on the Limits of Tay- 
lor’s Series.—Suppose F, to represent the remainder after 
n terms in Taylor’s expansion, then substituting X forv+y 
in (1), we may write 


jm) ee 
pe n- 
ma a - FEO CNS: Bes 
imnemniel £)f Ad)! on <on 6 J” («) are supposed finite and 


continuous for all values of the variable between X and z. 
If we now make x= X, we get &, =0; accordingly it 
contains X — # as a factor ; hence we may write 


Ry =(X- ay, {X-x) Pedy 


where p is a positive sail and P is a function of X and z. 
Consequently we may write 


AZ) =|¢@+ S22 peer. Siero 70°) (a 
+ (X - oyP| om (23) 


Now, let z be substituted for # in every term in the pre- 
ceding, with the exception of P, and let F’(s) represent the 
resulting expression: we shall have 

(X= 2) Lek 
F(s) =f(X) - \ f(s) + era (s)+...+(X-s)"P}, (24) 
in which P has the same value as in (22). 

Again, the a side in this equation vanishes 
when =X; .., F(X) = 

Also, from ‘anh the fie hand side vanishes when g = z; 

so (@)i "0. 
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Accordingly, since the function F(z) vanishes when s = X, 
and also when g = a, it follows from Art. 74 that its derived 
function #”(z) vanishes for some value of zs between the limits 
X and 2. 

Proceeding to obtain F’(z) by differentiation from equa- 
tion (24), it can be easily seen that the the terms destroy each 
other in pairs, with the exception of the two last. Thus we 
shall have 

y = (x ms z)vt 
Ee} [ —I 

Consequently, for some value of s (z’ suppose) between « 

and X we must have 
(Xx ne a)" , , 
Me pa (a! Xe 
Bier ey eae 

Again, if 6 be a positive quantity less than unity it is 

easily seen that we may write 

v=e2+0(X -2), 
since by assigning a suitable value to 0, «+ 0(X — 2) can be 
made equal to any number intermediate between w and X. 
If we substitute this value for z’ in the foregoing equation it 
becomes 


G/- 6)” (ee pote + 0(X - w)}=(1 - 0)? (X - 2)? P 
—— =(1 - 0) Rn, by (22). 
Hence we infer that p =, and 
By SET pO e+ O(K-a)). (25) 
Making this substitution, equation (22) becomes 


+ eet (v) + ear {e+ O(X—-2)}. (26) 


The preceding demonstration is taken, with some modifi- 
cations, from Bertrand’s “Traité de Calcul Différentiel” (273). 


f(s) + p(X - PP. 
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Again, if h be substituted for X - x, the series becomes 


J (a+ h) =f (a) + hf’ (2) + &e. 


oe FO) (a) + ~ SF (a + Oh). (27) 


|n—1 n 


+ 


In this expression ” may be any positive integer. 
If n = 1 the result becomes 


ST (e+ h) =f (a) + hf” (« + Oh). (28) 
When n = 2, 


Flesh) =f (0) + hf +7" (w+ OH). (20) 


The student should observe that @ has in general different 
values in each of these functions, but that they are all subject 
to the same condition, viz., 9 >o and <1. 

It will be a useful exercise on the preceding method for 
the student to investigate the formule (28) and (29) inde- 
pendently, by aid of the Lemma of Art. 74. 

The preceding investigation may be regarded as furnish- 
ing a complete and rigorous proof of Taylor’s Theorem, and 
Formula (27) as representing its most general expression. 

76. Geometrical Miustration.—The equation 


S(X) =f(@) + (X-2) f' {e+ 0(X-2)} 


admits of a simple geometrical verification ; for, let y = f(z) 
represent a curve referred to rectangular axes, and suppose 
(X, Y), (x, y) to be two points P,, P, on it: then 


f(X)- fe) _Y-y 
X-2 X-2# 


- is the tangent of the angle which the chord P, P, 


makes with the axis of 2; also, since the curve cuts the 
chord in the points P,, P,, it is obvious that, when the point on 
the curve and the direction of the tangent alter continuously, 
the tangent to the curve at some point between P, and P, must be 
parallel to the chord P, P,; but by Art. 10, /” (a) is the tri- 
gonometrical tangent of the angle which the tangent at the 


But = 
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point (%, 71) makes with the axis of z. Hence, for some value, 
a, between X and x, we must have 
een SR) ad ©) 
Rea Keys oe © 
or, writing 2, in the form # + 0 (X - 2), 


F(X) =f (a) + (X- 2) f (w+ 0(X-2)}. 


77. Second Form of Remainder.—The remainder 
after m terms in Taylor’s Series may also be written in the form 


Ry = ae wf) (a + Oh). 


\n—1 


For it is evident that 2, may be written in the form 
(X-2@) P,; 

Hay. X- 

“Sf (X)= fa) + (X= 2) fe) +..4 : Ca $09 (a 


+ (X-a) P,. 


Substitute z for 2, as before, in every term except P,; and the 
same reasoning is applicable, word for word, as that employed 
in Art. 75. The value of F” (s) becomes, however, in this 
case 


_ ¢\n-l 
P@)=-F 2" pq) +P, 
acd 
and, as #’(z) must vanish for some value of s between w and 
X, we must have, representing that value by « + 6 (X - 2), 


_— p)\n-l _— Q)\n1 
Cpe a On a ae 
where 9, as before, is > o and <1. 

If / be introduced instead of X — a, the preceding result 
becomes 
_ f\n-1 
Ry= ee hn f) (@ + Oh), (31) 


|n-1 


which is of the required form. 
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Hence, Taylor’s Theorem admits of being written in the 
form 


2 jr 
Het WS) +54 GIO) tet Gh" 
an (1-6) f0) (@+ 0h). (32) 


The same remarks are applicable to this form* as were made 
with respect to (27). 

From these formule we see that the essential conditions 
for the application of Taylor’s Theorem to the expansion of 
any function in a series consisting of an infinite number of 
terms are, that none of its derived functions shall become 
infinite, and that the quantity 


wie +o) 


shall become infinitely small, when n is taken sufficiently 
large; as otherwise the series does not admit ofa finite limit. 


n 


78. Limit of 


Sere, when 7 is indefinitely great. 


he Unar h u 

n+l 
, then — = ; .". — becomes smaller 
2..0 Un N+I Un 


Let wu, = 
I 


and smaller as increases ; hence, when » is taken sufficiently 
great, the series Uns, Un, ... &e., diminishes rapidly, and 
the terms become ultimately infinitely small. Consequently, 
whenever the ni‘ derived function f (a) continues to be finite for 
all values of n, however great, the remainder after n terms in 
Taylor’s Expansion becomes infinitely small, and the series has 
a finite limit. 


* This second form is in some cases more advantageous than that i 
An example of this will be found in Art. 83. : Rare P: 
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79. General Form of Maclaurin’s Series.—The 
expansion (27) becomes, on making w = 0, and substituting 
x aiterwards instead of h, 


n=l 


Fe) =f(0) +270) + 7") +... + Z porno) 


[70 — I 
n 


+f (Or). (33) 


[" 


Hence the remainder after terms is represented by 
a” 
SND) : 
in FO (2) 5 


where 9 is>o and <1, 
This remainder becomes infinitely small for any functioy 


f (x) whenever ~ J) (6x) becomes evanescent for infinitely 


great values of 7. 
We shall now proceed to examine the remainders in the 


different elementary expansions which were given in the 


commencement of this chapter. 
80. Remainder in the Expansion of a*.—Our for- 


mula gives for £, in this case 


Now, a® is finite, being less than a”; and it has been proved 


in Art. 78 that —- becomes infinitely small for large 


values of ». Hence the remainder in this case becomes 
evanescent when v is taken sufficiently large. Accordingly 
the series is a convergent one, and the expansion by Taylor’s 
Theorem is always applicable. 

81. Remainder in the Expansion of sin z.—In this 


case 


. 


- 


less than unity, ae 
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This value of R, ultimately vanishes by Art. 78, and the 
series is accordingly convergent. 
The same remarks apply to the expansion of cos @. 
Accordingly, both of these series hold for all values of z. 
82. Remainder in the Expansion of log (1 + z).— 
The series 


when # is > 1, is no longer convergent; for the ratio of any 
term to the preceding one tends to the limit — x2; conse- 
quently the terms form an increasing series, and become 
ultimately infinitely great. Hence the expansion is inappli- 
cable in this case. 

re ree ici, 


: 1 n =f—7\r1 1 
Again, since f(a) = (- 1) Ears the remainder 
Rn is denoted by ae a hence, if x be positive and 


is a proper fraction, and the value of 
x 


+6 
RF, evidently tends to become infinitely small for large values 
of nm; accordingly the series is convergent, and the expansion 
holds in this case. 
83. Binomial Theorem for Fractional and Nega- 
tive EIndices.—In the expansion 


(ie ay = 1 Bs ae 
I ioe 
4, mlm = I)... (m—n+1)a 
Wee ee 


+ &e. 


if wu, denote the n™ term, we have 


Uns = M—-N+1 

—— Sere, 

Un n 
the value of which, when n increases indefinitely, tends to 
become — #; the series, accordingly, is convergent if x <1, 
but is not convergent if a > 1. 
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Accordingly, the Binomial Expansion does not hold when 
x is greater than unity. 
Again, as 


JS (@) =m(m-1)... (m—-n+1) (1 +2)", 


the remainder, by formula (25), is 


m(m—1)...(m—n+1) a (x + Ox)", 
Levan tht 
or 
m(m—1)...(m—n +1) ol 
Diel2h 05M (1 + Gx) 


Now, suppose x positive and less than unity; then, when 
n is very great, the expression 


m(m—1)...(m-n+1) 
Lees Me 


becomes indefinitely small ; also : am 18 less than unity ; 


I 
+ Ox) 
hence, the expansion by the Binomial Theorem holds in this 
case. 

Again, suppose x negative and less than unity. We employ 
the form for the remainder given in Art. 77, which becomes 
in this case 


nm(m—1)...(m—n+1) a” 
De2ics sate — 9) 


(-1) (1 — 0)" (1 -Ox)™™; 


or 


(-1) 


nm 


1-0 
1— Oz 


atm). ..(m—n+ r)(1= Oe 
Teer en —At) 


I ~ Ox 
is a proper fraction; .*. any integral power of it is less than 
unity ; hence, by the preceding, the remainder, when n is 
sufficiently great, tends ultimately to vanish. 

G2 


Also, since #< 1, Ox< 0; ...1-O0x%>1-6; hence 
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In general (« + y)™ may be written in either of the forms 


Corey | 
CONT) OL Ge (tet es 
e us 


now, if the index m be fractional or negative, and 2 > y, or 


2 a proper fraction, the Binomial Expansion holds for the 


series 

(er y)maer(1 +b) nam +ymy oe 1) gay Ae 
but does not hold for the series 

(e@+y)™= (1 iu a Ye +t ym at Bae a ye + &e., 


since the former series is convergent and the latter divergent. 
We conclude that in all cases one or other of the expan- 
sions of the Binomial series holds; but never both, except 
when m is a positive integer, in which case the number of 
terms is finite. 
84. Remainder in the Expansion of tan™'z.—The 
series 
2 one 
tantz =—--— +-—-&e, 
1) or 5 
is evidently convergent or divergent, according as w< or >1. 
To find an expression for the remainder when «<1, we have, 
by (8), p. 50— 
. Tv 
d\* jz —1.sin (n2 —n tan‘) 
JO) = (=) , tan ¢ = (—1)"> 


Hence we have, in this case, 


(1 + 2")5 


x” sin 


R, =e (- re 


nZ — n tan (Oe) | 
n(1 + 6?a*)s 


which, when # lies between + 1 and - 1, evidently becomes 
infinitely small as increases, and accordingly the series holds 
for such values of 2. 
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85. Expansion of sin z.—Since the function sin“z is 
impossible unless be <1, it is easily seen that the series 
iven in Art. 64 is always convergent; for its terms are each 
less than the corresponding terms in the geometrical pro- 
gression 


e+e+2°+ &e. 


Consequently, the limit of the series is always less than the 
limit of the preceding progression. 

A similar mode of demonstration is applicable to the 
expansion of tan™'2 when 2 < 1, as well as to other analogous 
series. 

In every case, the value of R,, the remainder after n 
terms, furnishes us with the degree of approximation in the 
evaluation of an expansion on taking its first m terms for 
its value. 

86. Expansion by aid of Differential Equations.— 
In many cases we are enabled to find the relation between 
the coefficients in the expansion of a function of x by aid of 
differential* equations; and thus to find the form of the 
series. 

For example, let y = e*, then 


Now suppose that we have 


Y= Ay + Ae +A +... Ant™ +..05 


ada 
then =, + 2a¢v+...nd,2"" + &, 


Accordingly we have 


Gh, + 200 + 3d? +... = Mt aet ae t+ &., 


* This method is indicated by Newton, and there can be little doubt that it 
was by aid of it he arrived at the expansion of sin (msin™!z), as well as other 
series.— Vide Ep. posterior ad Oldemburgiwm. It is worthy of observation that 


Newton’s letters to Uldemburg were written for the purpose of transmission to 
Leibnitz. 
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hence, equating coeflicients, we have 


a az 
A = Ay CS a? orate 


pee 
Moreover, if we make # = 0, we get @ = 1, 
we ss xe 
SE ge oe eee 
ttre Pe Ae 


af &e., 
the same series as before. 
Again, let 
y = sin (msin™ 2). 
Here, by Art. 47, we have 


d. 
(1 - ©) 73 - a + my = Oo. 


Now, if we suppose y developed in the form 


Y =A + Qet aaer+...+ ana” + Ke, 


d 
then n> Gy + 240 + 3ds0*7 +... + NAy,x””" + Ke, 


2 
dx 
9 


oe = 20, + 3. 2aut+...+n(n—- 1) dyv"* + &e. 


Substituting and equating the coefficients of a” we get 
oe Se ( 
“(aca ey (ee 34) 


Again, when x = 0 we have y=0; .*. M=0. 
Hence we see that the series consists only of odd powers 
of a; a result which might have been anticipated from Art. 


61. 
Roe dy 
To find a. When x=0, cos (msin“x)=1, hence i 


accordingly a =m; 


m1 m(m? — 1) 
ae a3 = — 1. te rene 
2.3 Tees 
ae ao ae Dee 
a ee (m? — 1) (m 9), 


4.5 Te 23 
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hence we get 


pes 
sin* (msin“z) = “e Ss, 
I Does 


m (m? — 1) (m — 9) 
ie. Ze. Aedes 
In the preceding, we have assumed that sin" is an acute 
angle, as otherwise both it, and also sin (m sin“), would admit 
of an indefinite number of values.—See Art. 26. 


87. Expansion of sin mz and cos mz.—lHf, in (35), 3 be 
substituted for sin7z, the formula becomes 


= a — &e. (35) 


: : Pn =e. 
sin mz = m sin g }\— — ——— sin’z 
he a Ba 
2 2 
m=? — 1) (m—9 
_ (2 = Dnt = 9) 
De, 2a yds 5 


In a similar manner it can be proved that 


sin‘s — &e. (36) 


m? sin?s A m? (m* — 4) 


cos mz = I — - sin‘s — &e. (37) 


Noe ae Nee 


If m be an odd integer the expansion for sin ms consists 
of a finite number of terms, while that for cos mz contains an 
infinite number. If m be an even integer the number of 
terms in the series for cos mz is finite, while that in sin mz is 
infinite. 

The preceding series hold equally when m is a fraction. 

A more complete exposition of these important expansions 
will be found in Bertrand’s “ Calcul Différentiel.” 

In general, in the expansion (36), the ratio of any term 

n— im 
(n +1) (n +2) 
mis very great, approaches to sin’s. Hence, since sin g is 
less than unity, the series is convergent in all cases. Similar 
observations apply to expansion (37). 


to that which precedes it is sin’s, which, when 


* This expansion is erroneously attributed to Euler by M. Bertrand; it was 
originally given by Newton. See preceding note. 


88 Development of Functions. 


The expansion 


awe wet ala+y? a(a? + 2? 
JIE NCE as Ge te SS Ce) pe te) eee 
Tad rie eae oes 
can be easily arrived at by a similar process. 
88. Arbogast’s Method of Derivations. 


2 
Tf Fae Pater ac ene 1) + &C., 
I Dee Z 


I.2 


to find the coefficients in the expansion of @ (w) in ascending 
powers of a— 


Let — f(2) = ow), 


and suppose f(x) = A + oa + — av + &e. 


aeaae ee 
= f (0) ay jt0) torah (0) + &e., 
then we have evidently 
A = f(9) = 9 (a). 
Also, writing w’, wv’, u’”, &c. instead of 


du d’u du 


pore eae say C&C. 
de’ Oe ae 


by successive differentiation of the equation J (a) = $ (u), we 
obtain 


Ww” + 36" (2 - ay +o” (u) (Ww), 
Jw +p” (u) [qu Ww” + 3(w”)?] + 69’”(w) . (u’)?. wu” 
+ op (a) (a) 


ss , Mu LA hs 
Now, when # = O, uw, ww”, ... obviously become 
ad, b,c, d,. . . respectively. 
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Accordingly, 
B= f(o)=9' (@).6 
O= f" (0) =¢' (a) .c+ 9" (a) .8 


? 
D= f” (0)=¢ (a). + 39” (a). be + g” (a). BS, 
E = f'¥(0) = qd’ (a) .e+ o” (a) (4bd + 30°) + 69” (a). Be 
+ o'¥ (a) . bt 


From the mode of formation of these terms, they are seen 
to be each deduced from the preceding one by an analogous 
law to that by which the derived functions are deduced one 
from the other; and, as f(x), f’(w) .. . are deduced from /(z) 
by successive differentiation, so in like manner, B, C, 
are deduced from ¢ (w) by successive derivation ; where, after 
differentiation, a, 0, c, &e., are substituted for 


ei dares © 


If this process of derivation be denoted by the letter 8, then 
Beota, Cec. B,” Ded" Ck. (38) 


From the preceding, we see that in forming the term 
6. p(a), we take the derived function ¢’(a), and multiply it 
by the next letter b, and similarly in other cases. 


Thus O76 =, O87 Oe By 5 ors 


o. 0" =mb"™"c, 8«c®=me™'d ia. 


Also d.¢ (a)b=¢ (ajet+ ¢' (a)? 


This gives the same value for C as that found before; D 
is derived from C in accordance with the same law; and so 
on. 

The preceding method is due to Arbogast: for its com- 
plete discussion the student is referred to his “ Calcul des 
Dérivations.” ‘The Rules there arrived at for forming the 
successive coefficients in the simplest manner are given in 
“ Galbraith’s Algebra,” page 342. 


&e. 


go Development of Functions. 


As an illustration of this method, we shall apply it to find 
a few terms in the expansion of 


3 
sin(a+ do +e 4d a + 0.) 
I 1.2 era 


Here A=sina, B=6.sina=46 cosa, 
C=6.bcosa=ccosa-— 06’ sina, 
D=8.C=d cosa — 3bc sina — b° cosa, 


H=8.D=e cosa -— (4bd + 3c’) sina - 60’c cosa 
+ 64 sin a. 
a ; Z 
: + &e. consist of a finite num- 


If the series a+ br +e : 


ber of terms the derivative of the last letter is zero—thus, if 
d be the last letter, 8 . d = 0, and d is regarded as a constant 
with respect to the symbol of derivation 6. 

If the expansion of ¢ (wu) be required when w is of the 
form 


a+ Bu + ya? + da + &e., 


the result can be attained from the preceding method by 
substituting a, b, c, d, &c. instead of a, 3, 1.27, 1.2.3.0, 
&e., and proceeding as before. 

The student will observe that in the expression for the 
terms D, EH, &c., the coefficients of the derived functions 
¢ (a), ¢’ (a), &e., are completely independent of the form of the 
function @, and are expressed in terms of the letters, 0, ¢, d, 
&e. solely ; so that, if calculated once for all, they can be applied 
to the determination of the coefficients in every particular 
case, by finding the different derived functions ¢’ (a), ¢”(a), 
&e., for that case, and multiplying by the respective coef- 
ficients, determined as stated above. 


Oe Goa 
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) EXAMPLES. 


1. If w=f (av + by), then ae in This furnishes the condition that 


a given function of # and y should be a ie of ax + by. 


2. Find, by Maclaurin’s theorem, the first three terms in the expansion of 
tan x. 
3 


4, Find, by Maclaurin’s theorem, as far as #*, the expansion of log (I + sin z) 
in ascending powers of 2. 
Let f(x) = log (1 + sin 2), 


COs & I — sing 
then f’(“) = ———— = ———— _= sec w — tan 2, 
I+sing COs & 


S''(a) = sec # tan x - sec’a = — f'(x) sec x; 


f'' (@) =—f'' (#) sec « — f(x) sec x tan « =—f' (2) Fe), 
oe fir (a) = — {f(a PP — P(e) f(z) 5 


ees 13910), 8.02: 7 (0) = 15 0 fi (0) pen 45. (0) me ayer gto) a2 
vlog (r+sinz)= 2-245" 4 be, 


f 
f 


J 5. Find six terms of the development of — in ascending powers of x 


: we 
Ans. reese Ee 


2 Io 


6. Apply the method of Art. 86, to find the expansions of sin # and cos z. 


4. Prove that 


i i sin 3z 
tan (e+) = toni + Asin 2 — (sins)? PG sin 28 = ee 


where zx = cot-lz. 


Here f(x) = tante="—s; and by Art. 46, al 1)" |jm—1 sin*zsin nz; 2°. &. 
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8. Hence prove the expansion 


n 32 


a sin Z sin 2g si 
—=2+ — cosz+—— cos’z + —— cos*z + &c. 
2 I 2 3 


Let A =-cotz=— 2, &e. 
g. Prove that 


7 2g Sing sin2z. sin 3z 
-=-+ + + &e. 
2 2 I 2 3 
; ‘ cosz—1 F 
Let A sin z=— 1 in Example 7; then A+ 2=— =—tan—3;.°, 
sn z 2 
to. Prove the expansion 
w sims trsin2z 1 sin3z 
~= — +-—; a ee 
2 COSZ 2 COos*s 3 cos*z 
I 
Assume = — —————,, then 
SiD Z COs 2 


x+h=-—tanzg=tan(r—z); .. r—z=tan! (x + A), &e. 
Substituting in Example 7, we get the result required, 
The preceding expansions were first given by Euler. 
11. Prove the equations 
sin 9% = 9 sin  — 120 sin’x + 432 sin®x — 576 sin’x + 256 sin%s, 
cos 6% = 32 cos®x — 48 costz + 18 cos*e — I. 
These follow from the formule of Article 87. 
12. If m= 2, Newton’s formula, Art. 87, gives 
sin 2% = 2 {sin 2 — “2 -e &e.}; 
verify this result by aid of the elementary equation sin 2% = 2 sin z cos rz. 
13. Ifp(e +h) +(e —h) = > (x) > (A), for all values of x and A, 
e'(@) _ ¢(2) 


rove that —“ = &c. = constant ; 
j ole) @"(2) 
and also 9’ (0) =0, g’"(0) = 0, &e. 
. gp" (2) PR 7 
14. If, in the last, rhe a’; prove that {x) = e% + 77, 
. ¢" (2) 


=-—a; prove that ¢ (x) = 2 cos (az). 
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15. Apply Arbogast’s method to find the first four terms in the expansion 
oO 


(a + bx + cx? + da? + &e.). 


Ans. a+ na be + (“S5” a+ nae) qn? g2 


+n {Ona ows 68 + (n—1) a"2be + oma w+ &e. 


7 I 3 
~ 7° can contain no odd powers of z. 
For if the sign of z be changed, the function remains unaltered. 


16. Prove that the expansion of 


contains no odd powers of 


17. Hence, show that the expansion of 


beyond the first. 


e—I 


Here +-=-.—;.. &. 


18. Ifw= a prove that 


n eee es ee Ce lowes 


1 \danr Tee? dyn? dz} 0 


and hence caleulate the coefficients of the first five terms in the expansion of w. 
Here eu = 4+, and by Art. 48, we have 


- du Wee 2) Ge dnu\ au & 

ONG Tag ice ae? oh ae) ay at 
x Coe Bi Ba Bs 

wi Bias PE agg ae 4 ete, 
oe] 1 eee : a ie Poses 1.2 6° 
prove that 
I I I 

Bi=e aS oo Pa a Base ane 


These are called Bernoulli’s numbers, and are of importance in connexion 
with the expansion of a large number of functions. 


20. Prove that 


x o fie, Byx hi Bzx8 F 
atest as pee ery eta mee 
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21. Hence, prove that 


ee —1 2 Bax 
=B he —— (24 — 1) + 26— 1) + &. 
Pere iy Ao eae ( Pore z ( ) 
Re aay 
224 240 


Bows 
23. Also, tan = = Byr (22-1) + ae (24-1) + &e. 


24. Prove that is - 
2 B 
oc air ee, ee ee 
pg OE EB 


This follows immediately by substituting ~ for x in Ex. 22, 


25. Given w(«w— 2) =1; find the four first termsin the expansion of w in 
terms of x, by Maclaurin’s Theorem. 


dy dy 
ie” Gee 


26, Lf x 
expand y in powers of « by the method of indeterminate coefficients. 
27. Show that the series 


oe ie PRCA gn 
+— teeoe 


ym 2m 3m 4” 
is convergent when w < r, and divergent when # > 1, for all values of m. 
28. Prove the expansion 


pole AOE a _ 1 f(a) " I @ (co) 
(x <i a) p (x) (% = ay” (a) (x fet q)m-1 da (a) 

tr (4\*(F@) 
t 1.2.(@—aq)m® (=) eat Heo crete 


29. Find, by Maclaurin’s Theorem, the first four terms in the expansion of 


(1 + #)* in ascending powers of a. 


Let F(e) = (14 2), 
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I log ae =) 


then S'(2) = i(2) (a5 <= a 


=- f(x) {: fo &e. : 
2 


ve f'"(a) = —f'(2) G S a 4. 2 e te.) +f(2) (? Lg 3 + we.) 


pre) =-f"(a) (E-Fed 8 o.) +a7'@) (2-324 &e.), 


But, by Art. 29, Ff (0) =e; 
€ , le eer 21 
we f0)=-%, f= fmo)=- Se 
= ew Ilex? ve 
Hence (14+ 2)" =e—-— + —— 23 + & 


2 24 16 


This result can be verified by direct development, as follows: 


x 
let w=(1+2), 
cea 
then log w==log (1+ 2)=1- S47 He, 
3 es 
Ve 2 ee 
Ce in ie oe toe ee 


[ (; ev ) =(; a ) ee (; £ th ] 
SMe 8 (Be i nce ee ag Wine fey Seo oe ay rennin (Serer See Ne 
ota, ak ae Sek 2.3\2 3 


[ By Beds be ] 
=el 1——+ -—...|. 
2 P20: 16 
30. In Art. 76, if f(#) and f'(x) be not both continuous between the points 


P, P2, show that there is not necessarily a tangent between those points, parallel 
to the chord. 


: % Si : : 

31. Find the development of Be ees in ascending powers of a, the coef-. 
sin # sin 2% 

ficients being expressed in Bernoullian numbers. ‘ Camb. Math. Trip., 1878.” 


; & sin 37 oh : 
Since "3" = x cot 2 + x cot 2x, the expansion in question, by (22), 
sin x sin 2x 
is 
3. 22 Boa? oA Bae 26 Beas 
=— (2+1)- (23 + 1)- 2° +1) - & 
27 Toe ae ae on 


‘ 
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CHAPTER IV. 


INDETERMINATE FORMS. 


89. Indeterminate Forms.—Algebraic expressions some- 
times become indeterminate for particular values of the 
variable on which they depend; thus, if the same value a 
when substituted for makes both the numerator and the 
denominator of the fraction Le vanish, then 1" becomes of 


9 (2) 
the form =, and its value is said to be indeterminate. 


Similarly, the fraction becomes indeterminate if f(x) and 
@ (x) both become infinite for a particular value of 2 We 
proceed to show how its true value is to be found in such 
cases. By its true value we mean the limiting value which the 
Fraction assumes when x differs by an infinitely small amount 
Jrom the particular value which renders the expression indeter- 
minate. 

It will be observed that the determination of the diffe- 
rential coefficient of any expression /(#) may be regarded as a 
case of finding an indeterminate form, for it reduces to the 
determination of Peri ae) : Ie) 

In many cases the true values of indeterminate forms can 
be best found by ordinary algebraical and trigonometrical 
processes. 

We shall illustrate this statement by a few examples. 


when h =o. 


EXAMPLES. 


. aw — 2ace + act 
1. The fraction ———————. 
oe bu® — 2beu + be? 


a (% — ce)? 
b(@ —c)?’ 


Oo ; 
becomes of the form 5 when # =c¢; but since 


P : +a 
its true value in all cases is , 


it can be written in the shape 
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5 Ea ° 
2. The fraction ———————————- becomes — when # = 0. 
f/f ata-/a—x & 


To find its true value, multiply its numerator and denominator by the com- 
plementary surd, / a +a@+ VJ a — a, and the fraction becomes 


alfatetVa-2) VatatVa-a 


2u 


the true value of which is J a when # =o, 


J Baa + — of Pate 
Vi eae te 


Multiply by the two complementary surd forms, and the fraction becomes 


2aa {rfata+fa-2} 


2m {\/ atax+ a+ Jf @—an+ x} 


a(fatat+/a-2) 


f a+ an+ ao fener 


the true value of which evidently is 4/a@ whenz=o. From the preceding 
examples we infer that when an expression of a surd form becomes indeter- 
minate, its true value can usually be determined by multiplying by the com- 
plementary surd form or forms. 


, when z=0, 


3. 


or 


22 —a/ 5x — at I 
4. ite act hionen Le when @=4@. Ans. -. 
L- VJ 202 — @ 3 
a-/ a — x I 
Se a- Ve -# when # =0. Ans. —. 
au 2a 


@ sin@ — sin aé ° 
6. ——_—_——. becomes — when 9 =0. 
@(cos 6 — cos aé) fe) 


To find its true value, substitute their expansions for the sines and cosines, 
and the fraction becomes 


68 a 98 
a (o- +...) = (a0 - a) 
Toe liege ie! 


ae a” @ 
O{- +. +o} 
68 
G(P- a toes 
Gt Fa ——, 
—(a—1)-.. 
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Divide by 63(a? — 1), and since all the terms after the first in the new numerator 
es ° 
and denominator vanish when @ =o, the true value of the fraction is — in this 


case. 
7. The fraction 
Aou™ + Ayam) 4+ Aoym? 4+... Am 
——$___—____——~___"* =" becomes = when # =o: 
Mu" + aml +... + an 


its true value can, however, be easily determined, for it is evidently equal to 
that of 


A; , Ap 
Ao +—t+ ae tribe 
x x 
gnen . 

is ay 4 a2 

a tee 
0 ve 

Se 2) a : 
Moreover, when # =, the fractions —-, = ...—.. ., all vanish; hence, 

ow 


the true value of the given fraction is that of 


Ao 
gm-n — when 4 =o, 
ao 
The value of this expression depends on the sign of m — 2. 


(1.) If m >n, an = co when  =0o; or the fraction is infinite in this 
case. 


pA 
(2.) Ifm =n, the true value is = 
ao 
(3.) If m <n, then a =o when # =o; and the true value of the frac- 
tion is zero. 
Accordingly, the proposed expression, when a =, is infinite, finite, or zero, 
according as m is greater than, equal to, or less than ». Compare Art. 39. 


8. u=/at+a-/r+d, when # =, 


a—b 
Here «= ———————_——- = 0 when & =o. 
futrat farts 
——. a 
9. / @ + at 2, when 4 =o, Ans. 2 


= Cc 
10. “= a sin (3) when w =, 


Qe 


(1.) If@<1, at==0 when # =o, and therefore the true value of wis zero 
in this case. 


(2.) If@>1, then a* becomes infinite along with 7; but as = is infinitely 


; set 
small at the same time, we have sin—=—. Hence, the true value 
a @ 


of w ig ¢ in this case, 
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oe w |@—a@, 
Il, 4= J FF oot ® t= ; 18 of the form 0 x o» when # = a. 
2 


Here = Vee 


but, when a — # is infinitely small, 
wv a-Z£ Tv a—-2Zz 
tan — See == J ; 
2NGQ+U 24NGA+HR 


JS a — 2 


. “= 


a+u 4a 
= —— =— when ez =a. 
T 7 
2 


ulate sin (sin v) — sin? 


12, » When # =o. 


x 


Substitute the ordinary expansion for sin#, neglecting powers beyond the sixth, 
and w becomes 


{x sin3x aan ( Eo =)" 
gi sin ¢ — —— + BW (brie re 
[3__|s I3_|s 
nS 
we #® 1 es \3), 45 mo awa 
~£42-3(2-5) +e a(r- Fe E) 
[Sun lSeoNems IS 7. IS i3< |S 
= > ° 


Hence we get, on dividing by ~°, the true value of the fraction to be ~ when 


%=0. 
(a sin’ + B cos*p)” — B” 
13. a? — Bn 


» when a= 8. Ans. sin’¢. 


Similar processes may be applied to other cases; there 
are, however, many indeterminate forms in which such pro- 
cesses would either fail altogether, or else be very laborious. 

We now proceed to show how the Differential Calculus 
furnishes us with a general method for evaluating indetermi- 
nate forms. 

90.—Method of the Differential Calculus.—Sup- 


pose oS to be a fraction which becomes of the form = when 
2=G;3 


1,6. (@) = 0, and ¢ (@) =a; 


Univ. of Arizona Library 


Le eee 
eae . 
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substitute a + # for x and the fraction becomes 


(a+ h) - f(a) 


S (a +h) h ; 
O22) Kash) Ola) 
h 


but when / is infinitely small the numerator and denominator 
in this expression become /’(a) and ¢’(a), respectively; hence, 
in this case, 
fara so, 
g(a+h) 9a) 


represents the limiting or true value of 


SI (a@ 
¢ (a) 


Accordingly, 


the fraction "9, ) 
(1.) If 7 (a ) =o, and ¢’(a) be not zero, the true value of 


fr is zero. 
(2.) If/’(@) be not zero, and ¢’(a) = 0, the true value of 
F(a) is 
$(@) 
(3.) I£,f’(a) = 0, and 9’(a) = 0, oe 


still of the indeterminate form =. Applying the 


preceding process of reasoning to it, it follows that 
“(a) 
g(a) 


If this fraction be also of the form =, we proceed to the 


its true value is that of 


next derived functions. 
In general, if the first derived functions which do not 


vanish be /)(a) and ¢™) (a), then the true value of Ae oi 
f(a) 
is that of oa)" 
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ExameLes. 
“sing — is ‘ 
wv 
I. = ——————, when v= -. 
COs a 2 
Here S (z) = @ sin & — = 
 («) = cos ; 
-*. f'(%) = % cos x + sina, he () =f, 
¢' (wv) = — sing, ¢' : =-I. 
TT 
Hence u=—I1, when z= x 
eme — ema 
2. Teme adel § 
Here S (a) = em™ — ema, 
(2) = (@& - ars 
ve f'(@) = mens, f"(a) = mena, 
¢' (2) =r(% —a)r, ¢'(a@) iso ore, a8 r >or< 1. 


Hence the true value of wis o or 0, according as 7 > or < 1. 
This result can also be arrived at by writing the fraction in the form 


fen=4) eed }ema < emh — 7 
Cee 9 WE 


ema, whereh=x—a; 


hence, expanding e””, and making 4 =0, we evidently get the same result as 
before. 


“%—sing 


Be 3 when # =0, 
Here fF (@) =i -cosz, /4O)SO: 
(2) = 32”, $'(0) = 0. 
Ff (Ge) =s 2; Ef (O) i103 
oo" (a) = 6x, (0) =0. 
f (a) = cosa, AO) Sr 
g(x) = 6, ¢”(0.) = 6. 
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Hence, the true value is 7 as can also be immediately arrived at by substituting 


Z- a + &c. instead of sin z. 


6 
4. pate when 4 =0, Ans. log a. 
oe f(x) — ef (a) a f(a) + f"%) 
S F9@)—e9(a) TN » 9@)+ ¥a)" 


It may be observed that each of these examples can be exhibited in the form 
coo co, that is, as the difference of two functions each of which becomes in- 
finite for the particular value of # in question. 


gi. Form o x o.—The expression f(x) x ¢(x) becomes 
indeterminate for any value of x which makes one of its fac- 
tors zero and the other infinite. The function in this case is 


easily reducible to the form = ; for suppose f(a) = 0, and ¢ (a) 


L@ 


=oo, then the expression can be written ee which is of the 
¢ (4) 
required form. 
EXxaMPtes. 


1. Find the value of (1 — 2) tan when =1, 


5 ; I—% es ye 
This expression becomes mapa the true value of which is— when v= 1, 
ay us 


cot — 
2 
. Tv wT 
2. Secw (« sin — ‘), when 7 =-. 
2 2 
: Tv 
@ sinv — — 
This becomes SENET form already discussed, 
3. Tan (« — a). log (% —a), when # = a. Ans. 0. 
a 
4. Cosec*Bx .log (cos am), » ©=0, — 
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92. Form. As stated before, the fraction ‘ sea also 


becomes indeterminate for the value w = a, if 
f(a) =, and $(a) = 
It can, however, be reduced to the form = by writing it 


in the shape 


The true value of the latter fraction, by Art. go, is that of 


#(@) 
wor -¥e ol 


FE)? Foes’ 
F (2) 
Now, suppose A represents the limiting value of aa 


when w = a, then we have 


_#@ 4p _f@, 
hata or A = v@)' 


that is, the true value of the indeterminate form 2 is found 


in the same manner as that of the form =. 


In the preceding demonstration, in dividing both sides of 
our equation by A, we have assumed that A is neither zero 
nor infinity ; so that the proof would fail in either of these 
cases. 

It can, however, be completed as follows :— 


Suppose the real limit of aa to be zero, then that of 
L(@) + ko) 


4a) is k, where k may be any constant; but as the 
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latter fraction has a finite limit, its value by the preceding 
method is 


fa+k@) La) 
a 7" ¥@ 


=0; 7.e. when A is zero, 


(a) . 


~ is also zero, and 


mo r( 
#0 


g(a) 


vice versa. 


therefore ' 


f(«) 


Similarly, if the true value of t be infinity when 2 =a, 


$(2) : 
then o(a) isreally zero; we have, therefore, ote) =o, by what 
7 0) 
has been just established ; oe) = 0, 
¢ (4) 


I. 
¢ (4) 


that of Ha f(a) for either of the indeterminate forms - or = — 


(4) 


Accordingly, in all cases the value of ' determines 


: f'@) . 
* @ to Art. 6 
On referring to Art. 69, $a) 
= whenever ae = =, so that the process given above would not seem to assist 


us towards determining the true value of the fraction in this case; however, we 
generally find a common factor, or else some simple transformation, by which 


“ve : : Botts se ° 
we are enabled to exhibit our expression, after differentiation, in the form -. 
° 


For example fey Sena T is of the form —“— when # =*; here f'(z) 
— 00 


log (« — 5) 
2 


I 
= sec’x, $'(x) = ==, and the fraction 2 ia still of the form =, but it can 
iat os 
2 


pels 
be transformed into « 


> ~, which i is of the form = —: the true value of the latter 


fraction can be ae shown to be — c*when # = . 

In some instances an expression becomes indeterminate from an infinite value 
of w The student can easily see, on substituting Z for a, that our rules apply 
equally to this case. 4 
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Indeterminate See oe of the Form 


93. 
{f(a)}e@, Let u = {f(x)}*@, then log uw = 9(@) log f(a). 
This latter product is oe atee one of its fac- 
tors becomes zero and the other infinite for the same value 


of x. 
(1.) Let ¢(#) =0, and log {/(x)} =+4 0; the latter re- 
se either f (#) =o, or f(z) = 0. 
Hence, |, a)}%”) becomes indeterminate when it is of the 
form 0°, or «° 


I ( 
(2,) Tet o(e 4) = +0, and log { /(x)} = 0, or /(w) = 1; this 
_ gives the indeterminate forms 


Ts andeita’. 


Hence, the indeterminate forms of this class are 


0°, co’, and 1°"; 


EXAMPLES, 


I. (sin 2) ” is of the form 0°, when # =0, 


log (sin 2) 


] = log (si = 
Here og u = tan & log (sin x) ae 


The true value of this fraction is that of 


cot x 


—— =-cos# sing, oro when z= 
— cosec*a 


Hence the value of (sin #)#"* = ¢ = 1 at the same time. 
. Tv 
2. (sin x), when # = es 


This is of the form 1°, but its true value is easily found to be unity. 


I 


3. (= *) a BP ae 
z 
leg (S =) 
x 
Here log w= Sore 5 
but = =1 +— + & 
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2 22 
ve log “"* = log (+24 fe.) == + &e. 
xz 3 3 


I : 
Hence, the true value of log w is when =o; and, accordingly, the value of 


is ¢} at the same time. 


a x 
4e w= (1+) , when 4 =0. 
log (I + 
Let w= a then eee iS aha? 
g z 
A a F 
.*. by Art. 92, the true value of log w when z = ce is that of Se or is zero. 


Hence, the value of w is 1 at the same time, 
a x 
Gs u= (r+) , when 4 =o, 


Let = *, then log « = ae 


the true value of which is a when ¢ is zero. . 
Hence, the true value of wis e*; as also follows immediately from Art. 29. 


J \ tanz 

6. : » when # =o. Ans. 1. 
Wo 

av\ tan>T = 

7: aes , when a =a. ye 


94. Compound Indeterminate Forms.—If an in- 
determinate form be the product of two or more expressions, 
each of which becomes indeterminate for the same value of 2, 
its true value can be determined by considering the limiting 
value of each of the expressions separately ; also when the 
value of any indeterminate form is known, that of any power 
of it can be determined. ‘These are evident principles: at 
the same time the student will find them of importance in the 
evaluation of indeterminate functions of complex form. We 
will illustrate their use by a few elementary applications. 


EXAMPLES. 
1. Find the value of 


am (sin x) tan x ( NER? 


ud T 
: , when # =-. 
\ 2 sin 2x 33 


m 
The value of x” is () , and that of (sin x) ™# is unity: see p. 105. 
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a —2 


Again, 


x 
becomes 
2s81n 2% 


eee: : 
; on substituting - — z for #: hence its true 
2 sin 22 2 


ee 4 
value is — when z=0. 
2 


Accordingly, the true value of the proposed expression when # = = is 


am 
amin" 

1) 

Zs 7 when # = 0. 

er 

This fraction can be written in the form = . The true value of =, by the 
om e” 
I 
method of Art. 92, is that of ee but the value of the latter fraction is zero 
Sen 


n 


\ 


when # =00; hence the true value of the proposed fraction is also zero at the 
game time. 


3: u = x" (log x)™, when # =o, and m and » are positive. 
ee 
Here u = (x log x), 
log z. es 
—2— is of the form > when 4 =0; 
22 2 
x m 
I ® 
z — mx” 
its true value is that of een OL c 
Pena | n 
—_ —F m 


Hence, the true value of the given expression is zero. 


This form is immediately reducible to the preceding, by assuming x" = e¥. 


at 
4. & = — when =, 
ge” 
Here ys ( g Vee ; 
ae 
but if > 1, and m>m, be" = 00 when =00. Consequently the value of wis 
of the form o®, or is zero in this case. 


: . —m . 
Again, if m >, d*””" = 0 when z =o, and the true value of w is 0. 
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pF 


v 
a” 


when 4=0. 


5. 4=— 


2” 
Let = a and this fraction is immediately reducible to the form discussed in 


the previous Example. 


(1 — cos #)" {log (1 + Na when = 0, Ans. os 


6. 


gentm 


1 
Driad) ne 
%= caskets %=0, 


vp 


From Art. 29, this is of the form =; to find its true value, proceed by the 
method of Art. 90, and it becomes 


0 ete 


2 
Cae xv (i+ 2) 


oh 
Again, substituting for (I + ~)* its limiting value e, we get 
2—(t+2)log(1+ a, 

S xz?(1 + @) : 
the true value of which is readily found to be — ~ when x=o0. Compare Ex, 29, 
P. 94. 
8. 


Ud er 3 


n 
, when =o, 


asin « — sin ax 
sin 2 


x(cos % — cosaz) 


® 


me — 1 : 
The true value of ———, when z = 0, is log m; 
sin & 


asin « — sinax 


—_————,, when # = 
2(cos%—cosaz)’ be 


and that of 


has been found in Example 6, Art 89, to ber hence the true value of the given 


a _ a n 
expression when x = 0, is (: log m. 
3 


‘ 
wae 
«vole, y 


LO=S(@) 


10, 


{f, 


12, 


13. 


Hea 


(2) - 9(4) 


cos 78 — cos n8 
(nije? 

Sata fr 

J a+ 30-2fa 


gntt i qn 


Rani 


et —e% — 24 


net — ao 


I —sinw+ cos# 
sin# + cose—1? 


tan x — sing 
sina 


qsnr_q 


log sin” 


2 — cot (), 
x n 


“4+ 2cosu—2 


? 
at 


4 . x\2 
(«+ sin 20 - 6sin 2) 


3° 
(4+ Cosa — 5 cos 5) 


Examples. 


EXAMPLES. 


when =a 


Ans. F(a) 
p 
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(4) 


n™, 


a log a. 


IIo 


15 


16, 


pe 


19. 


20. 


21. 


22. 


26: 


24. 


25. 


20. 


276 


28. 


29. 


/ 2+ 608 24 — sing 
: gsin 2” + #cos 2’ 


a¢ sin na — n*sin ra 


tan na — tan ra 


Examples. 
T 
when ##=-. 
2 


rn. 


Ans. 


J 10 


37 


nt) (n cosna — sin na) cos*na. 


ie tanne —n tan x ae 
I —cosme nsing — sinna’ SS 
(2 sina — sin 2x)? 
oo Z=0 
(sec 2 — cos 2x)? 
al-z, e=1. 
(a - y){9"(2) + $'(W)} = 29 (a) + 29(y) 
(w—y)§ Oe 
zlog (1+ 2) ee 
I—cosz ’ cage 
pe 
a. eh, %=0. 
er ~ g@ 
er z“=0. 
log (x + 2)’ 
Te — I m vw mae 
ane (et — 1) x? ie 
log (tan 22) ax 
log (tan a) ” mae 
ex + lo ee 
aE SNS ve 
tanw -— x 
ee tae Var m cos p - ads 
(1-1) /y 2 _—m 
log (I + # + #?) + log (1 — # + 2) 
= z ? z=0. 
sec % — Cos a 
(= + A%+.. 2 Apn™ e 
ake es Bi zs=o0, 


Cos p, 


4 


ae 
m* 


2. 


I. 


A1 a2 «wo Ane 


Examples. 


1 
Ay (“2 *) = 


1 ex 
(I+ z)*-e gtr 


31. Po ? 


sin e — log (e” cos #} 


> 


. 


a2 


Revs tue (: + ;) -# log (: 1 ‘) 
. z fo} £ , 


ey 1—x4+loge 
; r= 4/ 29 — at 


v2 
1—a+log2’ 


35- 


gt — x 


6, ————— 
3 1—a#+log2’ 


cosa — log(r +4) +sing -1 


3. we (rt a) : 


e+ sing —I1 


3 log(r +2) ” 


ev —e% — 2% 


39 “tang —a@” 
in d aad 
4% de ac+d, /’ 


a 
a-% —alog (*) 


41. oN) 
a—r/ 200 — 2 


tan (a + #) — tan (a — #) 
tan? (a¢ +) — tan! (a— x)? 


42. 


e— 3a+2 


43- oa 6a? + 8a — Be 


when # =o. 


%=0- 
z=0 
Yo) 
r= 1. 
w= 
“=I, 
#=0 
%=0 
z=0. 
r=, 
“=a 
v=o. 
%=1 


11é 


iw 


C1 © 


—-2. 


I. 


We 


bra Examples. 


44. (sin z)sinz, when #=0. Ans, 1. 

45. (sec x) secz, t=O. I. 
tang 

46. (sinw) , ye zs 3, 


47. Find the value of 


(7 — y) a + (y—a)a" + (a@— x)y” NN — I gn? 
(z — y) (y - 4) (@-#) : I. 2 


‘when #=y=4@. 


Substitute a+ / for w, and a + k for y, and after some easy transformations we 
get the answer, on making 4= 0, and k=o0, 


, & + tana — tan 24 oe 7 
So Z=0 8. = 
4 2¢ + tan # — tan 32” tes 
x + sin # — sin 2% -7 
AQ y, a oe) v=0. _—. 
2¢ + tan#— tan 3% 52 
fa-Sat /u—a I 
oe tT=@ ° 


oO. : = 
: / @— & V 2a 


Dae I 
wz — —sing —- tang 
3 3 


si. . ~ 9 20 


Certs» 4s) 


CHAPTER V. 


PARTIAL DIFFERENTIAL COEFFICIENTS AND DIFFERENTIATION 
OF FUNCTIONS OF TWO OR MORE VARIABLES. 


95. Partial Differentiation.—In the preceding chap- 
ters we have regarded the functions under consideration as 
depending on one variabie solely; thus, such expressions as 


e*”, sin ba, a, &e., 


have been treated as functions of z only; the quantities 
a, b,m,... being regarded as constants. We may, however, 
conceive these quantities as also capable of change, and as 
receiving small increments; then, if we regard « as constant, 
we can, by the methods already established, find the differen- 
tial coefficients of these expressions with regard to the quan- 
tities, a, b, m, &e., considered as variable. 

In this point of view, e is regarced as a function of a as 
well as of 2, and its differential coefficient with regard to a 
d (e*) 

da 
of which z is regarded as a constant. 

In like manner, sin (av + by) may be considered as a 
function of the four quantities, 2, y, a, 6, and we can find its 
differential coefficient with respect to any one of them, the 
others being regarded as constants. Let these derived functions 
be denoted by 


is represented by ,or ve” &, Art. 30; in the derivation 


du du du du 

dx dy da dy 
respectively, where wu stands for the expression under con- 
sideration, and we have 


du du 
Tp 7% 098 (ax + by), ae b cos (ax + by), 
du 


du 
7a 7% 008 (ax + by), ap = ¥ 08 (ax + by). 


if 
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These expressions are called the partial differential coef- 
ficients of w with respect to 2, y, a, 6, respectively. 
More generally, if 


SJ (@; Ys ®) 


denotes a function of three variables, z, y, , its differential 
coefficient, when x alone is supposed to change, is called the 
partial differential coefficient of the function with respect to x; 
and similarly for the other variables y and z. If the function 
be represented by w, its partial differential coefficients are 
denoted by 

du du du 


Grae de 


‘and from the preceding it follows that the partial derived 
functions of any expression are formed by the same rules as 
the derived functions in the case of a single variable. 


EXAMPLEs, 
1 u = (ax? + by? + ca), 
du 
Here = = 2nax (ax? + byt + et)", 
a 
We An CDI 2) a~1 
oe + by* + cz?)n-}, 
du n 
ag 7 2hee (aa + by® + es*)r-t, 
2 uw = sin-} Ls 
Y 
du a I du —-2“ 
de fp a WY W/y-2 
du , 
3 U= xX, ra hides — = 2 log”. 
4. w= ap (wy). 


du ; 
aa = 2h (wy) + xy" (ay). 


Differentiation of a Function of Two Variables. . 115 


96. Differentiation of a Function of Two Vari- 
ables.—Let u = @ («, y), and suppose # and y to receive the 
increments h, k, respectively, and let Aw denote the corre- 
sponding increment of u, then 


Au=9 («+h,y +k) - > (2%, y) 
=¢ (+h yt+kh)-¢ (@y+kh)+o(ay+h) -¢(%y) 


xd PE es (wyth), ¢ eee, 


If now / and k be supposed to become infinitely small, 
by Art. 6 we have 
g(ethy+h)-o(@my+h) _d.¢ (, y+h) 
h . da 3 
¢ (7 y+kh)-o(%y)_ 4.9 Y) 
k all 


In the limit, when & is infinitely small, ¢ (a, y + k) 
becomes @ (x, y), and 


d. $ (@, y “ky becomes 
daz 


hence we get, veglecting infinitecy small quantiti3 of the second 
order, 


and 


dp (£,Y), 
dx $ 


where / and & are infinitely small. 
If dx, dy, be substituted for A and 4, the preceding 

becomes 
du du 


du = a dx + a 


In this equation du is called the total differential of u, 
where both 2 and y are supposed to vary. 

The student should carefully observe the different mean- 
ings given to the infinitely small quantity du in this equation. 


dy. (1) 


Thus, in the expression 2 dx, du stands for the infinitely 


eZ 
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small change in ~ arising from the increment dz in «, y being 
regarded as constant. Similarly, in dy, du stands for the 


infinitely small change arising from the increment dy in y, # 
being regarded as constant. If these partial increments be 
represented by d,u, dyw, the preceding result may be written 
in the form 

du = dz + dytt. 


That is, the total increment in a function of two variables is 
found by adding its partial increments, arising from the 
differentials of each of the variables taken separately. 


EXAMPLES. 


1. Let # = rcos6, in which 7 and @ are considered variables, to find the 
total differential of x. 


dz dx 
Here —_— = —_—_—=- 1 
7 C08 4, 70 r sin 8. 
Hence dx = cos@ dr —r sing dé. 
ay? 
2. “= zp R 
Here Gen 22 ds a 
dz a dy 38° 
. _ 2% 2y 
o*. du = ge + 75 dye 
3 x 
° 4#=>o ma Let — = z, then u = 9 (2), 
(2 
du du dz A y 
dx da dx y 


dy dedy ye ’ 
-. du = o' (<) Lada] ; 
y y 
Again, multiplying the former of the two preceding equations b , 
latter by y, and adding, we get P § eq ms by #, and the 


pit du 
dx Vay ee 
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97. Differentiation of a Function of Three or 
more Wariables.—Suppose 


u= > (2, Y, 8), 
and let h, k, / represent infinitely small increments in 2, y, 3, 
respectively ; then 


Au=9o(@+h,y +k, 2+) -¢ (a, y, 8) 


goth yt+hs+l) - o(%y+h +i), 
a i ae Oa a air 
a a i, 


which becomes in th< limit, &y the same argument as before, 
when dz, dy, dz, are substituted for h, k, J, 


du du du 
du = ta Yt ae dz. (2) 
Or, the infinitely small increment in wis the sum of its 
infinitely small increments arising from the variation of each 
variable considered. separately. 
A similar process of reasoning can be easily extended to 
a function of any number of variables; hence, in general, if 
u be a function of m variables, %, a2, Way... Wns 


du 
Gt get seg hep Te din. (3) 


du 
du = de, dx, + dit, de, 


98. If 
u =f @, Ww), 
where 2, w, are both functions of x; then, from Art. 96, it is 
easily seen that 
du _ df (v,w) dv M Of (v, w) dw 
de dv de dw du’ 
This result is usually written in the form 


ld ( 

dx dvdx« dwdxr 4) 
In general, if 

UU = $(%/, Yay vs Yn), 
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where 41, Yo). - « Yny are each functions of z, we have 
dus du dy. du dyr du dyn 
dz dy, de * dy, de” ae da” (5) 


Also, if 7/1, 2 &¢., Yn) be at the same time functions of 
another variable z, we have 
dus dudy, dudy,p du dyn 
ie I a ae aa 


and so on. 
4:4 MPLES, 
1. Let u= o(X, ¥Y), 
where X = au + by, Y=a44+0'y; 
du dudX dudY 
then Be a ie 
di aXde« ay d« 
au du BOK wats du dY 
dy a@Xdy aY dy’ 
ax ax ay, ay 
but ——| — = — = q’ == = §§ 
Pag) dy b, da"? dy : 
Hence i Prasad a gee 


2. More generally, let 
o(X; ¥, 2), 


ax + by + cz, 


s 
I 


where Xx 
Y=avu+d'y+ c's, 
Z= alert bly + e's. 


When these substitutions are made, w becomes a function of w, y, z, and we 
have 


ll 


du du grat gt 
de > aX" a¥ 
du , du ,au 
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98*. Differentiation of a Function of Diffe- 
rences.—If uw be a function of the differences of the vari- 
ables, a, B, y: to prove that 


du du du 


Leta - BP =2,8-y=4%,y-a=8; then, wis a function 
of x, y, 3; and, accordingly, we may write 


u= > (#, Y; B). 
du dude dudy duds du du 


ORO Saracens ha a ear memes 
Similar] du du ut du du du. 
Be aR dy onde ay Ee ay? 


_ du LN A 
“da dp dyn 


This result admits of obvious extension to a function of 
the differences of any number of variables. 


i Te Gh RS 


re Abe A= i ove that 
en Buys oy 
a, 8, 7°, 3, 
dA dA ada an 
— + — + — =0, 
da ap dy dé 
I, T, I, I, 
2. If BAe es se OD , prove that 
? 


da da da da _ Cp Tout, ge 
dae dors dy ae TLS ee Be, yp 192, 
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99. Definition of an Implicit Function.—Suppose 
that y, instead of being given explicitly as a function of 2, 1s 
determined by an equation of the form 


SF (@, y) =O, 


then y is said to be an implicit function of 2; for its value, or 
values, are given implicitly when that of z is known. 

100. Differentiation of am Implicit Function. 
Let & denote the increment of y corresponding to the incre- 
ment / in x, and denote f(x, y) by wu. 

Then, since the equation f(z, y) = 0 is supposed to hold 
for all values of w and the corresmonding values of y, we 
must have 

Sarh y+ k) =0. 


Hence du=0; and accordingly, by Art. 96, we have, 
when / and & are infinitely small, 


ie h dy k=0 3 
du 
noah: . k dy de 
hence in the limit i ae ae (6) 
dy 


This result enables us to detexzaine the differential 
coefficient of y with respect to « whenever the form of the 
equation f(#, vy) = 0 is given. 

In the case of implicit functions we may regard 2 as 
being a function of y, or y a function of x, whichever we 
please—in the former case y is treated as the independent 
variable, and, in the latter, x: when y is taken as the inde- 
pendent variable, we have 


du 
dx dy 1 
dy du dy 
da da 


This is the extension of the result given in Art. 20, and 
might have been established in a similar manner, 
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EXAMPLEs. 
d 
ibs Abe 2+y3—3axy = ¢, to find a 
dz 
du du 
ke Ss DS prAye 
Here cE 3 (2* — ay), ay 3 (y? — an) ; 
dy x*—ay 
dx ac—yr* 
See Art. 38. 
am Y 
2. If pate = I, to find — 
du mam due myn) dy x\ m-1 /5\m 
Here >= > SS Ga sa Hel al le 7 at 
da qm dy bm da y a 
- dy _ ¥(elogy—y 
zh zlogy~ylog¢ =o. ives ARererie 


101. If uw = (x, y), where x and y are connected by the 
equation f(x, y) = 0, to find the total differential of « with 
respect to x; y being regarded as a function of z. 

Here, by Art. 98, we get 


du_ dp  dpzy 

dx dx dy dx’ 
Also 

af df dy _ 

dt dy da 


Hence, eliminating - we get 


dy df _ af ay 
du dedy dwdy (7) 
de a 


dy 
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This result can also be written in the following deter- 
minant form : 


dp do 
du’? dy 
df df 
du de’ dy 
da df : 
dy 


More generally, let wu = $(z, y, s), where 2, y, s, are con- 
nected by two equations, 


Silt, Ua 8) = 0, Ia, Y,&) = 03 


then, as in the preceding case, we have 


du _ dy, dp dy , dlp de 

dz de dydx ds dz’ 
and also ; 
Mi  aidy  dfids | 


de dydx dsdz 


Ua Ss Ue 
da dydx dzdz 
Hence, we get 


dp dp do 
dx’ dy dsb 
dh dy df; 
dx’ dy’ ds 


de in ae (8) 
dy’ Fs 
dy’ —s dz 


This result easily admits of generalization. 
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102. Euler’s Theorem of Homogeneous Funce- 
U = Ag? y1 + Bur’ yt + CaP” yt” + &e,; 
where 
ptgq=pr gap +7 =. =n, 
to prove that 


d 
Here aw - = Apa? y2 + By x yY + &e.3 


d 
Yay = Ager e+ BY oP y+ &e. ; 


du du ‘ 
) — yY—- = - q ny’ anya 
a Ie A(p + y)a? y2 + Bip’ + 7) at yt + &e. 


=n Avy? +n Bo yV + &. = nu. 


Hence, if w be any homogeneous expression of the ni 
degree in # and y, not involving fractions, we have 


Again, suppose uw to be a homogeneous function of a 


pu 


fractional form, represented by —; where ¢:, ¢2, are homo- 


2 
geneous expressions of the n* and m* degrees, respectively, 
in # and y; then, from the equation 


unt 
pz 
pe — ge 
Piews du wk * da da 
dz (ip2)” 3 
dy dbs 
du dy Oy 
“ du _ Py ay. 
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accordingly we get 


dp: doy dps Ube 
La sag Fl (ota) (eee 
de” dy (pu)? 
but, by the one 
Apr _ Gps 12 _ nan 
oe Bil Ce ide ep lela 
du du Ndi 92 — Mp. p2 
hence x G wy dy oa (42)? 


= (pm) ee (n —m) U3 
dz 
which proves the theorem for homogeneous expressions of a 


fractional form. 
This result admits of being established in a more general 


manner, as follows: 

It is easily seen that a homogeneous expression of the 
degree in # and y, since the sum of the indices of # and of y 
in each term is », is capable of being represented in the 


general form of 
am ald. 
x (%). 


Accordingly, let un aro (!) = 2"0, 


h ee 
where v=o (2) 
du dv 
aeeoe n-1 eee 
Then ap 7 tate + a, 
du dw 
and dy =v dy . 


multiply the former equation by a, and the latter by y, and 


add; then 
ae Wy Ss rll ey 
"ae 9 dy de ” dy)? 
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but (by Ex. 3, Art. 96), 


Side Viggo? 
hence ee 2 @ =ne"v = nu 
dx Yay Pa 


which proves the theorem in general. 


In the case of three variables, z, y, 3, 
suppose u= Ag? y1 2", 
then we have 


ne au du 
w= Apo ys st, ee Bo = Arar y?s’ ; 


5 Re le : +r)aPyls=(ptatr)u; 
ee a i ee ee 
and the same method of proof can be extended to any homo- 
geneous function of three or more variables. 

Hence, if u be a homogeneous function of the n degree 
in wz, y, 8, we have 


du 
eT +Y TD +B = Mth. (10) 


It may be observed that the preceding result holds also 
if n be a fractional or negative number, as can be easily seen. 

This result can also be proved in general, by the same 
method as in the case of two variables, from the considera- 
tion that a homogeneous function of the n™ degree in a, y, 2 
admits of being written in the general form 


Y 8 
u = xu" (2 =) 


g 
u =x" > (v, w), where v = t, and w=-. 
@ 


or in the form 


Proceeding, as in the former case, the student can show, 
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without difficulty, that we shall have 
dey 8 
arty ; 


dy ds 
Another proof will be found in a subsequent chapter, along 
with the extension of the theorem to differentiations of a 
nigher order. 


EXAMPLES. 
Verify Euler’s Theorem in the following cases by direct differentiation :— 
Cea ies du du 5u 
I. @+y! prove i =a 
+ any + by du du 
2. % = Wet ie ine fea a 
ee es du du 
3 uw = sin e+ yt ” See ay 
eo (eae ote er 
- si P+ pl" 9 ~ de Vy a 


103. Wheorem.—If U = uw + m+ U2... + Uny 


where w% is a constant, znd 2m, Us, ... Un) are homogeneous 
functions of x, y, zs, &., of the ist, 2nd, ... n* degrees, 
respectively, then 


a0, aa, 4 
da y dy “Sl eS vee = Uy tH 2U2 + 3Ug + eee + NUn. 
For, by Euler’s Theorem, we have 


a us +y a +2 sal 
dat dy ds 
since w, is homogeneous of the x" degree in the variables. 
Cor. If U = 0, then 
pee ree, ooo 20S (Una t 2Une toe. + MU}. (12) 
dx dy dz 


This follows on subtracting 


+ &. = Urs 


NUy + NU +. oo + My =O 


from the preceding result. 
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104. Remarks on Euler’s Theorem.—In the appli- 
cation of Euler’s Theorem the student should be careful to 
see that the functions to which it is applied are really 
homogeneous expressions. or instance, at first sight the 


: ; v+ ° 
expression sin™ (54 might appear to be a homogeneous 


function in and y; but if the function be expanded, it is 
easily seen that the terms thus obt«ined are of different 
degrees, and, consequently, LHuler’s Theorem cannot be 
directly applied to it. However, if the equation be written 


3 2+ 4 : 
in the form wae = sin wu, we have, by Huler’s formula, 
wa + yf 
dsinw, d sin w sin w 
dx” dy 2° 
AO de du\ sinu 
or 08 ul e—+4— )= —-; 
dz’ ” dy a? 
du du *3nu 1 “+ 
hence e—+y—= = uo 


y ——. = = 
da" dy 2 28/(e AP wry) 


When, however, the degrees in th4 numerator and the 
denominator are the same, the function is of the degree zero, 
and in all such cases w3 bsve 


pt! oe tod . 
de” dy 
._, (a+ aty = 
For example, sin” (5-4) tan“ oak ? eY, &e., may be 


treated as homogeneous expressions, whose degree of homo- 
geneity is zero. The same remark applies to all expressions 


which are reducible to the form ¢ (2) ; as already shown in 
Ex. 3, Art. 96. ; 
105. Ef zx=rcos 6,y=rsin 0, 


to prove that ady — ydx = 7'd0. (13) 


128 
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In Bx. 1, Art. 96, we found 
Md 


similarly 
Hence 


dz = cos 0dr — r sin 040; 

dy = sin 0dr + r cos 040. 
ady =r cos 9 sin 9dr + 1° cos? 649, 
yde =r cos 6 sin Odr — 7° sin’ 0d0 ; 


*, ady — yde = 7° dé. 


106. If z and y have the same values as in the last, to 


prove that 


(dx)? + (dy)? = (dr)? + r* (d0)?. (14) 


Square and *cd the expressions for dz, dy, found above, 
and the required resuit follows immediately. 

The two preceding formule are of importance in the 
theory of plane curves, and admit of being easily established 
from geometrical considerations. 


Toy! AT 


u= ax? + by’? + cz’ + 2fyz + 2gzu + 2hxy, 


to find the condition among the constants that the same values of 
x, y, % should satisfy the three equations 


Here 


Dh Ts Ms Te 
de’ dy ~~ ie 
ae + 2h 

ime ax + 2hy + 29% =0, 
du 

Gone ean 


du 
Te 7 29% + 2Sy + 208 = 0. 


Hence, eliminating a, y, s between these three equations, 
the required condition is 


abe — af” — bg — ch’ + 2fgh=o3 


or, in the determinant form, 


a 
en!) 
Cie i 
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The preceding determinant is called the discriminant of the 
quadratic expression, and is an invariant of the function; it 
also expresses the condition that the conic represented by 
the equation «=o should break up into two right lines, 
(Salmon’s Conic Sections, Art. 76.) 

The foregoing result can be verified easily from the latter 
point of view; for, suppose the quadratic expression, w, to be 
the product of two linear factors, X and Y; 


or u= XY, 
where X=le¢+mytns, Y=last my tne; 
then ee Aad, Bie Kay 

dx dat 


Mg ans a 1Y T= wX+mY, 
dy dy 


Wy, Dx yS -WX 4 n¥. 
dz ds 


Here the expressions at the right-hand side become zero for 
the values of x, y, 2, which satisfy the equations X = 0, Y=o, 


or le + my + n& = 0, Va+my+vz=0. 
Hence in this case the equations 


ae duo at 
de dy dg. * 


are also satisfied simultaneously by the same values. 

We shall next proceed to illustrate the principles of 
partial differentiation by applying them to a few elementary 
questions in plane and spherical triangles. In such cases we 
may regard any three* of the parts, a, 6, c, A, B, C, as being 


* The case of the three angeles of a plane triangle is excepted, as they are 
Gauivalent to only two independent data. 
I 
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independent variables, and each of the others as a function of 
the three so chosen. 

108. Equation connecting the Wariations of the 
three Sides and one Angle.—lIf two sides, a, 6, and the 
contained angle, C, in a plane triangle, receive indefinitely 
small increments, to find the corresponding increment in the 
third side c, we have 


e =a +h? - 2ab cos C; 


. ede = (a-b cos C) da + (h -acosC) db + ab sin CdC; 
but a=bcosC+ccosB, F=acosC+ccosA. 


Hence, dividing by c, and substituting ¢ sin B for d sin C, 
we get 
dc =cos Bda+ cos Adb+asin BAC. (15) 


Otherwise thus, geometrically. 
By equation (2), Art. 97, we have 


de de de 
de= 7 da + = db + 7 dC. 


: eae de 
Now, in the determination of 7a We must regard } and C as 
ad 


constants; accordingly, let us sup- 


Fe 
pose the side CB, or a, to receive a / 
small increment, BB’ or Aa, as in Pa 
the figure. Join 4D’, and draw B’D y 
By 
—) 
A 


perpendicular to AB, produced if 
necessary; then, by Art. 37, AB’ D 
= AD when BB’ is infinitely small, ,, 
neglecting infinitely small quanti- 
ties of the second order. Ms 

Hence Bigs 4: 


Ac = AB’- AB= AD - AB= BD; 


B 


= limit of ne = Bu 


(6 
ie BR = 008 8. 
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Similarly, — cos.4; which results agree with those arrived 


at before by differentiation. 


de 


Again, to find 0" Suppose the angle C to receive a 


small increment AC, represented by 
BCB' in the accompanying figure ; 
take CB’ = CB, join AB’, and draw 
BD perpendicular to AB’. 


hen 
Ac = AB’ —- AB = B’D (in the limit) 
= BB’ cos AB B= BB sin ABC(q.p.). 


Also, in the limit, BB’ = BC sin BOB’ =a AC. 


de. 


dO 


nha: Ac 
limit 1 —_=asin B; 
imiting value of AG asin i. 
the same result as that arrived at by differentiation. 
In the investigation in Fig. 5 it has been assumed that 
AB - AD is infinitely small in comparison with BD; or that 


Hence 


the fraction ead vanishes in the limit. For the proof 


of this the student is referred to Art. 37. 

When the base of a plane triangle is calculated from the 
observed lengths of its sides and the magnitude of its vertical 
angle, the result in (15) shows how the error in the computed 
value of the base can be approximately found in terms of the 
small errors in observation of the sides and of the contained 
angle. . 


dO 2 
109. To find oe when a and 0 are considered 


Constant.—In the preceding figure, BAB’ represents the 
change in the angle 4 arising from the change AC in C; 
moreover, as the angle A is diminished in this case, we must 
‘denote BAB’ by - AA, and we have 


ps 
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Also, BB =anec; 
Le Vi OR anes c 
"em tO (in the limit) = - angi (16) 
This result admits of another easy proof by differentiation. 
For asin B=bsin A; 


hence, when a and 0 are constants, we have 
acos BdB=bcos AdA; 
also, since 4 + B+ O = 7, we have 
dA+dB+dC=o0. 


Substitute for dB in the former its value deduced from the 
latter equation, and we get 


(a cos B + b cos A) dA =-—acos BdC; 
or cdA =-—acos Bd, as before. 


110. Equation connecting the Wariations of two 
Sides and the opposite Angles.—In general, if we take 
the logarithmic differential of the equation 


asin B=6sin A, 
regarding a, b, A, B, as variables, we get 


da dB db a 
a fas Bbw stand: (17) 


111, Manden’s Transformation.—The result in equa- 
tion (16) admits of being transformed into 


but 
c= /a' + B= 2ab cos C, and a cos B= fa? — & sin®A; 
hence we get 
his BNI. ee 
/@-Vsin?d ~ fa + 0 — 2ab cos O 
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If O be denoted by 180° — 2¢,, the angle at A by ¢, and 
by &, the preceding equation becomes 


dp 2d, 2dq, 
AI = fe sin’ @ ¥ Bye + 2k cos 29g, + kh? = eG +k)? — 4k sin’ ¢, 
dp 
org Be Pg ea 
GEE t= Adin’ dy Ge 
where is 2k 
I1+k 


Also, the equation a sin B = 6} sin A becomes 
sin (26, —- ¢) =/ sing. 


The result just established furnishes a proof of Landen’s* 
transformation in Elliptic Functions. 

We shall next investigate some analogous formule in 
Spherical Trigonometry. 

112. Relation connecting the Variations of Three 
Sides and One Angle.—Differentiating the well-known 
relation 


cosc = cosa cos b + sina sin 6 cos CO, 
regarding a and 6 as constants, we get 


de _ sinasind sin C_ Se 
aC sin ¢ ° he 
‘ de 
Again, the value of Ta when 0 and C are constants, can 


be easily determined geometrically as follows :— 


* This transformation is often attributed to Lagrange; it had, however, been 
previously arrived at by Landen. (See Philosophical Transactions, 1771 and 


1775+) 
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In the spherical triangle ABC, making a construction 
similar to that of Fig. 4, Art. 108, we have 


G 
BB = aa; & = limit of 2 = 22 ea 
(in the limit) = cos B. a / a 
Similarly, when a and C are con- ae 
stants ire cos A. E a 
a 
Hence, finally, ee 
de = cosBda + cos A db + sina sin B dC. (19) 


This result can also be obtained by a process of diffe- 
rentiation. This method is left as an exercise for the 
student. 

As, in the corresponding case of plane triangles, we 
have assumed that AB’ = AD in the limit; ze. that 
AB’ - AD 

BD 
limit ; this assumption may be stated otherwise, thus :— 

If the angle A of a right-angled spherical triangle be 


is infinitely small in comparison with 4D in the 


very small, then the ratio oe becomes very small at the 


same time, where ¢ and b have their usual significations. 
This result is easily established, for by Napier’s rules we 
have 


tanb sin b cose 
cos A = —— = —————; 
tane cosd sine 


1-cosA sinc cosb—cose sind sin(e— 8) 
“1+cosd sinecosb+cosesind  sin(c+ 6)’ 


or 
sin (c - 6) = tan’ zi sin (c+ 6); .°. seme sin (¢ + 6) ei 
2 ves 2 
tan > 


But the right-hand side of this equation becomes very small 
along with A, and consequently c - 6 becomes at the same 
time very small in comparison. with that angle. 


> 
s 
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The formula (19) can also be written in the form 


re de da db 
~ ginasin B sinatan B sind tan/A 


(20) 


The corresponding formule for the differentials of A and B 
are obtained by an interchange of letters. 

Again, from any equation in Spherical Trigonometry 
another can be derived by aid of the polar triangle. 

Thus, by this transformation, formula (19) becomes 


dO =— cosh dA — cosadB + sin A sin b de. (21) 


These, and the analogous formule, are of importance in 
Astronomy in determining the ervors in a computed angular 
distance arising from small errors in observation. They also 
enable us to determine the most favourable positions for 
making certain observations; viz., those in which small errors 
in observation produce the /east error in the required result. 

113. Remarks on Partial Differentials.—The be- 
ginner must be careful to attach their proper significations to 


: Ta : 
the expressions ab aoe &e., in each case. Thus when a and 
da’ dC 

d ‘ : 

o are constants, we have a =sinasin B; but when A and a 
de. fan c. «, 

, age 5 PE ; . 
are constants, we have WO Ba? these are quite different 
quantities represented by the same expression ws 


dC : 

. The reason is, that in the former case we investigate the 
ultimate ratio of the simultaneous increments of a side and 
its opposite angle, when the other two sides are considered as 
constant ; while in the latter we investigate the similar ratio 
when one side and its opposite angle are constant. 

Similar remarks apply in all cases of partial differentia- 
tion. 

When our formule are applied to the case of small errors 
in the sides and angles of a triangle, it is usual to designate 
these errors by Aa, Ab, Ac, AA, AB, AC; and when these 
expressions are substituted for da, db, &c., in our formule, 
they give approximate results. 
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For instance (19) becomes in this case 
Ac = Aa cos B + Ab cops. 4 + AC sing sin B; (22) 


and similarly in other cases. 

It is easily seen that the error arising in the application of 
these formule to such cases is a small quantity of the second 
order; that is, it involves the squares and products of the 
small quantities Aa, Ad, Ac, &c. This will also appear more 
fully from the results arrived at in a subsequent chapter. 

114. Theorem.—If the base c, and the vertical angle C, 
of a spherical triangle be constant, formula (19) becomes 


ABs SL 
cos A cosB 


Now, writing ¢ instead of a, ~ instead of b, and & for 


sung this equation becomes 


: sind sinB 
since k = ——— = 


sin ¢’ 


sina sind 
dp ab 
ar eG a ee (23) 
where ¢ and y are connected by the following* relation :— 
COSC = COS p COS + sin ¢ sin ~ cos OC, 
or cose = cos cosp + sing sind /1 — k’ sin? c, 
115. Ima Spherical Triangle, to prove that 


da : db & de , 
Gosed. -coske cn ae (24) 


sin 
when 


C 
is constant, 
C 


__* This mode of establishing the connexion between Elliptic Functions by 
aid of Spherical Trigonometry is due to Lagrange. 
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Let sin C =k sine, and we get 
k cos ¢ sin A cose 


Nok cos C Ue sin @ cos ee 


substitute this value for dC in (19), and it becomes 
cose sin A sin B 


cos OC 


cose sin A sin B 
— dc 
cos C 


aur 


de = cos A db + cos B da + 


or cos Ad + cos B da =(1 


cos A cos B 
cos C 


de; 


since sin A sin B cose = cos C + cos A cos B. 
da db de 


Sf et = 
cos 4 cosB cosC 


Hence 


Again, since cos A = fi-—sintd = /1—# sinta, &., 
the preceding result may be written in the form 


da db dc 
/1—k? sin?a y Ji — kh sin®d - /i-k sina ° 


where a, 0, c, are connected by the equation 


(25) 


cos ¢ = cosa cosh + sina sind \/1-F sin’c. 
116. Theorem of Legendre.—We get from (24) 
cos B cos Oda + cos A cos Odb + cos B cos Ade = 0, 

or (cos A —sin Bsin C'cos a) da+ (cos B- sin A sin C cos 6) db 

+ (cos C - sin A sin B cose) de =0; 

*. cos Ada + cos Bdb + cos Cde 

= sin B sin Cd (sin a) + sin A sin Cd (sin 0) + sin A sin Bd (sin ¢) 
=? {sind sincd (sin a) + sin asincd (sin ’) + sin a sin bd (sin ¢)} 


= i'd (sina sin 0 sin ¢) ; 
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or o/1—# sin’ ada+./1 — k? sin’ b db +,/1 —k' sin? e de 
= k’d (sina sin} sine). (26) 
This furnishes a proof of Legendre’s formula for the compa- 
rison of Elliptic Functions of the second species. 
The most important application of these results has place 


when one of the angles, ( suppose, is obtuse; in this case 
cos Cis negative, and formula (25) becomes 


L1G Me waa! " db a de 
fi-k sina /1-Khsin®b /1—-sinte 


where the relation connecting a, 8, ¢ is 


cos c = cosa cos b - sina sin b 4/1 — k’ sin’e. 
In like manner, equation (26) becomes, in this case, 
J i—# sin?adat/1— & sind db 
= /1-#sin®ede + kd (sina sind sinc). 


117. Ef u = o(v + at, y + Bt), where z, y, a, 3, are in- 
dependent of 7, and of each other, to prove that 


du du, du 
dt de Pay’ ce) 
Let #=e+at, y=y+ Bt; 
then u=9(e,y), 
di’ di dit! di’ 
d a ae ee —S = re 
- de dy ae | dt ss 
Also, since 7’ is independent of x, we have 
du du da’ du du du 
ae) an at ar 


de dui de de dy dy” 


du du da dudy du du 


ize Be kc ice nt ai a 
CUO dh = eg Cinder 
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In like manner, if 2’, 9’, 2’, be substituted for a + at, y + Bt, 
2+ yt, in the equation ® 
u=o(et+at, y+ Bt, 2+ 7%), 

it becomes w= o(¢,¥,2)3 


du du dx du dy du de 


_ da da da * dy’ da * de de’ 
da’ dif dz 
but Te ak ae OF 
du du di du du du 
. —=—, also—=—, —=—. 


** dae det” dy dy’ ds dz 
du dudx du dy’ du dz’ 


et a i ae ae 
da! = ds 
but a — Gs =, a re 
ent du du du du (28) 


i In dy * da’ 


This result can be easily extended to any number of variables. 
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EXAMPLES. 
da di 
Teli — sine! (*) + sin} (5) » prove that du = —— + i Ads 
a b SA ee J bP 
If y Mh a +4 Lae 2% 
7 Oe 9 oe Yay . 


3. Find the conditions that w, a function of w, y, 2, should be a function of 
T+Y+2. 


di 
4. If f (ax + by) =e, find =. ”» —-F 


5. If f(u) = o(v), where wu and v are each functions of x and y, prove that 


di a 
o. Find the values of = £4 = 


(raat axh + byt 


TN = ee 
ma? + ny” 


(8) w= tan (S= 2) 
at+y 


7. Ifw=sin ag + sin by + tan (*) » prove that 


edy — ydz 


du = a cos ax du + b cos by dy + pte” 


du I dus — log 


du du 
Sele tele find — and —. SS, SS SS 
Se nes Rei ated me de zxlogy dy y (logy)? 


Onli 6—=\tane? 7 prove that 


(a? + y*) d0 = ydau — xdy. 
10. If w = y**, prove that 


du = y**" (wedy + yz log ydz + xy log ydz). 
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Ney 
II, Ifat+f@—y=ye @ , prove that 
Ts | 
ia Jane 
12. In a spherical triangle, when a, 4 are constant, prove that 


dA = tan A on de is sin 0 
dB tan B’ dB sosin B cos A 


13. Ina plane triangle, if the angles and sides receiye small variations, 
prove that 
cAB + bcos AAC=0; 4, b being constant, 
cos CAb+cos BAc=0; 4, A being constant, 
tan AAb = JAC; a, B being constant. 
14. The base ¢ of a spherical triangle is measured, and the two adjacent 
base angles 4, Bare found by observation. Suppose that small errors dA, dB 


are committed in the observations of 4 and B; show that the corresponding 
error in the computed value of Cis * ; 


-- cos adB — cos bd A. 


15. Ifthe base ¢ and the area of a spherical triangle be given, prove that 
b 
sin? “dB + sin? 5 adA=o. 


16. Given the base and the vertical angle of a spherical triangle, prove that 
the variation of the perpendicular y is connected with the variations of the sides 
by the relation 


sin Cdp = sin s’da + sin sdb, 

sand s’ being the segments into which the perpendicular divides the vertical 
angle. 

17. Ina plane triangle, if the sides a, 6 be constant, prove that the variations 
of its base angles are connected by the equation 

aA ~ aB 
fe@—PsntA /P-@ sin2B 

18. Prove the following relation between the small increments in two sides 

and the opposite angles of a spherical triangle, 


da | dB dA at 
tana’ tanB tanA  tand 


Ig. In a right-angled spherical triangle, prove that, if A be invariable 
sin 2cdb = sin 2bde; and if ¢ be invariable, tan ada + tan ddb = o, 
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20. If a be one of the equal sides of an isosceles spherical triangle, whose 
vertical angle is very small, and represented by dw, prove that the quantity by 
I 
which either base angle falls short of a right angle is 5 008 adw. 
21. In aspherical triangle, if one angle C be given, as well as the sum of 


the other angles, prove that 


da ab 
7 ae 
sina sind 


22. If all the parts of a spherical triangle vary, then will 
cos Ada + cos Bdb + cos Cde = kd (i sin a sin 6 sin ¢); 


sind sinB sind 
where k=———=- = 
sina sind sine 


da db 


Also + et : 
cos4 cosB cos? 


= tan A tan B tanC'd (;) : 
These theorems can be transformed by aid of the polar triangle ?—M‘Cullagh, 
Fellowship Examination, 1837. 

These are more general than the theorems contained in Arts. 115 and 116, 
and can be deduced by the same method without difficulty. 


23. Ifz= (a — y?), prove that 


I 
24, liz =P (2), prove that 


pei iy 
dn’ gy 


,. dy dz 
25. Find a and eA when 2, y, 2 are connected by two equations of the 
form 
S (%, Y, 2) =0, (x, y, #) = 0. 
Udy aag 
dy dads _ dz dst 
dx afdp af dd’ 


Ans, 


dz _dyd« dz dy 
” de dfdp af ap 
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26. Prove that any root of the following equation in y, 


y” + vy =1, 
satisfies the differential equation 


ay dy ae 
PEE + (m — 1) ag t (m 3)y¥ 


Y 
='0, 
du? 


27. How can we ascertain whether an expression such as 


(a, y) +\/=1 (2, 9) 


admits of being reduced to the form 


f(e+yf-1)? 


d di 
Ans. Sage He. iba =— ad 
de dy dy ax 


28. If(X+mYV4 nZ, UX +m’ V+ WZ, 1”X + mV + nZ, be substituted 


for 2, y, , inthe quadratic expression of Art. 107; andifa’, b, c,d’, e, f’, be 
the respective coefficients in the new expression, prove that 


COU Sia Le @afire 
f' Ww ad 4=0,whenever| f & ad | =o. 
LCS Ce ne 


29. If the transformation be orthogonal, i.e. if a2 4+ y2+2= X24 Y?4 2, 
prove that the preceding determinants are equal to one another. , 


30. If w be a function of é, 7, ¢ andg=y+ * Rees 


I 
x 
show that 


at ey du . en z du us ¢ E du n du du 
eS 2 = : 
de dy dz é 3 : 


( 144 ) 


CHAPTER VL. 


SUCCESSIVE DIFFERENTIATION OF FUNCTIONS OF TWO OR MORE 
VARIABLES. 


118. Suecessive Partial Differentiation.— We have in 
the preceding chapter considered the manner of determining 
the partial differential coefficients of the first order in a func- 
tion of any number of variables. 

If wu be a function of 2, y, 2, &e., the expression 


du du du 


— & 
da’ dy ds’ v3 


being also functions x, y, s, &c., admit of being differen- 
tiated in the same manner as the original function; and the 


: : : ; du : : 
partial differential coefficient of Ta when wz alone varies, is 
xe 


denoted by 
d ral ad*u 
de & » ON a”? 


as in the case of a single variable. 
Similarly, the partial differential coefficient of = when y 


alone varies, is represented by 
ad (du oe au 
dy \dx J ~ dydx’ 
MIN 


and, in general, —_—— ay de denotes that the function w is first 
differentiated » times in succession, supposing 2 alone to 
vary, and the resulting function afterwards differentiated m 
times in succession, where y alone is supposed to vary; and 
similarly in all other cases. 
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We now proceed to show that the values of these partial 
derived functions are independent of the order in which the 


variables are supposed to change. 
119. Ifu be a Function of v and 1, to prove that 


d (du\_ d (du E du du : (1) 
dy a ~ de\dyy ~~ dydu dady’ 


where x and y are independent of each other. 


Let u = ¢ (a, y), then = represents the limiting value of 


h 


when / is infinitely small. 
This expression being regarded as a function of y, let y — 


ae d (du . 
become y + k, w remaining constant; then cf (=) is the 


limiting value of 


oth ythk)-o@y+h)-go(athy)+o(2,y) 
hk 


when both / and & become infinitely small, or evanescent. 


: 1U . ee 
In like manner . is the limiting value of 


g(z,y +k) - o(%y) 


k 
ey as ad (du. cee ys 
when / is infinitely small ; hence — {| — is the limiting value 
dx \dy, 


of 


g(z+h, yt+h) - o(@ th, y)- ole yt+h)+ oy) 
hk 


when both / and & are infinitely small. 
Since this function is the same as the preceding for all 
L 
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finite values of h and &, it will continue to be so in the limit; 


‘ hence we have 
BES ae 
dx\dy) dy\daJ 


ue au . d*u 
n like manner da dy = ade 
au au 


f i sin ee oe 
or by the preceding Fer TERRY 
Pea GUN a dod 

"* de\dedy) ~~ de 


~ da’ dy 
similarly in all other cases. Hence, in general, 


du 


Os cE 


dy dx 


du 
dx 


au 
dydx 


dit 


atin aPau 
dx? dy? dy%da?” 


Again, in the case of functions of three or more variables, 
by similar reasoning it can be proved that 
au a ee 
dsdedy  dadyds’ s 
Hence we infer that the order of differentiation is in all cases 


indifferent, provided the variables are independent of each 
other. 


EXAMPLES FoR VERIFICATION. 


x au au 
_Ifu=o[- i —— = : 
I “=o (=\, verify that igs ee 
2. Ii¢ = tan? (:) . Lge = soe 
y}? > adyrdx”— dady? 
: d‘u dtu 
3. Ifw=sin (ax + dy”), : 


dx* dy” i. dy? da? 


120. Condition that Pdr + Qdy shall be a total 
itferential.—This implies that P dz + Q dy should be the 
exact differential of some function of # and y. Denoting this 
function by u, then 


du= Pdx+ Qdy, 
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and, by (1), Art. 95, we must have 
du du 
P= dx’ Q= dy’ 
dP du dQ_ du 
“dy dyd« de dady 
Hence the required condition is 


ie c dQ 


oe ae (2) 


21. If uw be any Function of v and y, to prove that 


ae “) i)" rat ) ay (3) 


where w and y are independent variables. 
Here each side, on differentiation, becomes 


E d. 
Plu au du U 


Ss u 
dady A iad dy’ 
122. More generally, to prove that 


4 (4%) _ @ (4 
dy\" de) de ay (4) 


where uw and w are both functions of g, and s is a function of 
2and y. 


K £ (ue a Cis aaa aie 
- dy\ de) dyde’  dydx’ 
du duds dv dv dz | 
but —=—-, 
dy dsdy dx ~ de de? 
’ d (us du do ds dz ay 
* dy\ de) ds dz dx y "dyde? 
and a ee <) has evidently the same value 
oF oer as evidently the : 


L 2 
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123. Euler’s Theorem of Homogeneous Func- 
tions.—In Art. 102 it has been shown that 


© a $y =U 
dae Cigye eG 
where wu is a homogeneous function of the n degree in 


vand y. 


du du 
Moreover, as mF and | — are homogeneous functions of the 


degree n — 1, we have, - the same theorem, 


Ge a= Cae ace oe 
"de \dee YQy da)” dx’ 


a +4 asus = (n ee 
” de dy Y dy dy) dy” 


multiplying the former of these equations by «, and the 
latter by y, we get, after pint 


vu ve au Pome ithe - ee du 
de a dey * 4 dy dy 
=(n—- “ (5) 


This result can be readily extended to homogeneous 
functions of any number of independent variables. 

A more complete investigation of Huler’s Theorems will 
be found in Chapter VIII. 

124. Wo fimd the Successive Differential Coefii- 
cients with respect to 7, of the Function 


p(x +at, y + Bd), 


where @, ¥, a, (3, are independent of ¢, and of each other. 
By Art. 117 we have in this case, where @ stands for the 
expression (7 + at, y + nha 


an pe 
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ap dp d (dp 
eee dé at Ata ple (2) 


“ela EPS, dy = (a) 
+Be 


Z aot dg | 
ar “de er se are “da ae A 
ih 
eek AA INS @ 
24 ad? 12 fone 8 5 Sie (6) 
This result can also be written in the form 
Pen laa 6) Cie d ; 
de et Bal en lag t Bal (7) 
in which C a +B =) is supposed to be developed in the 
usual manner, and 4 , &e., substituted for & at p, &e. 
: dd 
Again, to find Ts 


aka) a Gaeta) 
-(a54 Ba)" («5+ 8 a y\eas? po) 


d ad 
(a dix +Bo)e. 


By induction from the preceding it can be readily shown 


that 
ap _[( a a\" 
We = (oF is Bs) Q- 


This expression, when expanded by the Binomial Theorem, 
gives the n™ differential coefficient of the function in terms of 
its partial differential coefficients of the n’ order in # and y. 
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EXAMPLES. 
au au 
= 2 i i —_ = —. 
1, If w=sin (2), verify the equation bid ieee 


2. If w=sin (y + ax) + (y ~ am)*, prove that 
au au 
——— fe 
dx* dy* 


3. In general, ifw = f(y + ax) + (y — ax), prove that 


Pu du 
—=/v—, 
an dy* 
4. If u=y*, prove that 
au au 
es = TL ey)= 
dady Y (I as # log Y) dyaa 
Y 
5. If v= a ees find the values of 
an + by + cz 
au du au 


da?” ay? ON" Gee 


6. If w= (2 +y°)4, prove that 


ptt he oN 
aa OO dea teas o 
7. Iiw = (a+ 45)3, prove that 


au ee au ‘uy Pu 3 
dx "Y tady ‘ap 4 


8. If V = Ay + 3 Bye + 3Cyx® + Da, prove that 


@V ave = PV avav  @V ay? ah, — ty, ¥° 
BF ap dnty ie ay t ap wT |S Bo 
a" dy ady du dy y* ax BOD 


and show that the left-hand side of this equation vanishes when V is a perfect 
cube. 


g. Ifu= Z at prove that 


(a + y? +2 
au : Pu 3 ay 
da?" dyt ” dx 


/ 


(arsr) 


CHAPTER VII. 
LAGRANGE’S THEOREM. 


125. Lagrange’s Theorem.—Suppose that we are given 
the equation 


s=a+y9(s), (1) 


in which 2 and y are independent variables, and it is required 
to expand any function of g in ascending powers of y. 

Let the function be denoted by F(z), or by wu, and, by 
Maclaurin’s theorem, we have 


y (du y (au y” d"u 
U =U += L(+ 4(G ere here + &e., (2) 


h du 
a 
zero is substituted for y after differentiation. 

It is evident that « = F(z). 

To find the other terms, we get by differentiating (1) with 
respect to x, and also with respect to y, 


d 
&c., represent the values of w, = &e., when 


3 dz dz pelle 
wit ¥¢®) Ze Gat Yt 
dz dz F Seen 
oo Flr-¥6 l= FE lr-y8'@))-9@) 
dz dz 
hence iene 


Also, since wv is a function of z, we have 


du a du dz du 4 du dz 
de dedx dy dz dy’ 
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hence we obtain 


i o(s)e (3) 


Again, denoting $(s) by 4, we have by Art. 121, since 
Z is a function of w, 


d du ad du eu 
(2%) ay 2 ae) ge om 


du a ([,,dur 
er pe 5 (2 a (4) 
au i , du 
Hence also ay : ise \Z 7) 


since and y are independent variables ; 


df,,du\ d/,,du\_ ad , lu 
put dy € z) det [Zz =) 7 al a} by (3), 


ad? » du pA ad\* [ , du : 
indy? ae) ~ (ia) (Fae) 


d®u d\? du 
dS oe 
hence a ( ma (z zy (5| 
To prove that the law here indicated is general, suppose 
du Nee du 
h Me Ne 
gaat dy" -(5) (2 =) : 


. ad du d du d du 
th SS A SS eal So Veron Mt 
en, since a ( i) 7 (z a) -- [z =) 
a n du =s a Mtl du\ | 


m+ n 
and hence i = (=) (a a) (6) 
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This shows that if the proposed law hold for any integer 
n, it holds for the integer n +1; but it has been found to hold 
for n=2 and n= 3; accordingly it holds for all integral values 
of n. 


2, 

It remains to find the values of a, ae 
dy” dy? 

make y =o. Since on this hypothesis 7 or $(s) becomes 


&e. when we 


p(x), and = becomes ae or F’(x), it is evident from (3), 
(4), (5), (6), that the values of 


du du du ay 
dy’ dy” dys mgs dyn? 


become at the same time 


FeO, Z[oePrel, Sloorre|, 


ge Om re |, 


Consequently formula (2) becomes 


Fe) =F) +%g@r@+ % | (o(@)) () | + &, 


1.2 du 


Sei Sos oa (60) yor F(| + &e. (7) 


This expansion is called Lagrange’s Theorem. 


If it be merely required to expand z, we get, on making 
(8) = 8, 


ete) 
saa+t (a) +2 {p(w)}? + &e. 


oy qd” P 
pS Fri 90)" + bo. (8) 


154 Laplace’s Theorem. 


126. Laplace’s Theorem.—More generally, suppose 
that we are given 


z=f{v+y9(s)}, (9) 


and that it is required to expand any function F'(z) in ascend- 
ing powers of y. 
Let ¢ =x + y¢(z), then zs = f(t), and we have 


t=a+y{f(d}. (10) 


Also F(z) = F{f(t)}; and the question reduces to the 
expansion of the function #{/(f)} in ascending powers of y 
by aid of (10); accordingly, formula (7) becomes in this case 


F@) = F{¢()) = FU@)} +2 {4 @) FAS@)} + &. 


+ aw Ol FLO} +& Gn 


OR aes a aoe 


This formula is called Laplace’s Theorem, and is, as we 
have seen, an immediate deduction from the Theorem of 
Lagrange. These theorems evidently only hold when the 
expansions are convergent series. 


Examples. 155 


EXAMPLES. 
1. Expand z, being given the equation 
z=a+ b2, 
Here z=4a,y =}, oz) =2, 
and we get, from formula (8), 
2= a4 ba + 307054 1208 a7 + &e, 


Lagrange has shown that this expansion represents the least root of the pro- 
posed cubic, and that a similar principle holds in like cases. 


2. Given z= a + bz”, find the expansion of z. 


ed 2 
Ans. 2=a+ ard + 2na®"! —— 4+ 3n(3m — 1) an? ——— + &e. 
ee 1.23 
3. Given z= 4 + ye*, find the expansion of z. 
y* 
te e3 


Ans. 2=2+ yer+ yr eet = 368 + gree + &e. 
2 


4. 2=4 + esin z, expand (1) z, (2) sinz. 


: ea é a\? 
as nS ee ON ee 2 
(1). Ans. z @+esing + — ra (ints) + —“— (7) (sin’a) + &e 


: é ; Ce dare, 
(2). ,, sing=sin @ + esin @ cos a 4+ —— — (sina cos a) + &e. 
I da 


5. Ife=a+ = (22 — 1), prove that 


2_ J a d {a—1\? 
snap Oud SF (Sy ee. 
I 2 1.2da 


On 


. Hence prove that 


ace ead [a—-tI a ON 25 / ae — iN ee 
ee aera 2 za) 2 ) te 


(1562) 


CHAPTER VIII. 


EXTENSION OF TAYLOR'S THEOREM TO FUNCTIONS OF TWO 
OR MORE VARIABLES. 


127. Expansion of ¢(v+h,y+k). Suppose w to be a func- 
tion of two variables x and y, represented by the equation 


w= ¢(a, y); then substituting 2+ for x, we get, by Taylor’s 
ine Os 


d ed, 
6(e+ hy) = en) + (6 DI+— TS [9 M)} + ko 
Again, let y become y + &, and we get 


p(u+hy+hk) = o(@,y +h) +h (play +) 


2 a F 
a {o(a,y+hk)}+&o. (1) 
But 
alte y)} + &e. 


ley +B) = 92,9) +k 19(6, 0) 


ke? du 
=U a oe dy? &e 
Also 
d du d’u he au 
Ip b= aa’ 
dat any ear a ae 1.2 dedy? ° 
and 
lie OF he du Wk du 
eee, Lie 
1. 20x" gto, y +) 1 ade i er 
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Substituting these values in (1), we get 


du du 
* ras ks 
- (@t+h, y+hk) gas om 
lh? du du du 
Sie fas 12a) ee 


128. This expansion can also be arrived at otherwise as 
follows :—Substitute w + at and y + (¢ for x and y, respectively, 
in the expression ¢ (w, y), then the new function 


¢ (& +at, y+ (2), 


in which 2, y, a, 3, are constants with respect to ¢, may be 
regarded as a function of ¢, and represented by F’(¢); thus 


¢ (w+ at, y + Bt) = F(Z). 


The latter function #'(¢), when expanded by Maclaurin’s 
Theorem, becomes, by Art. 79, 


F(t) = F() + 2 F'(0) + Fo) +... 


¢? 
+ — A(r) 
in EF) (02), (3) 


where #(o) is the value of F(t) when t=0, 1.6. (0) = ¢ (a, y) 
=u; also L”(o), #” (0), &c. are the values of 


dp do 


db WE? &e., 


when t=0; wheré stands for (w+ at, y + Bt). 
Moreover, by Art. 117, we have 
dp ap 


=a 


dt dx 


dy’ 


* Since it is indifferent whether we first change x into # + h, and afterwards 
change y into y + k, or vice versa ; the expansion given above furnishes an in- 
dependent proof of the results arrived at in Art. 11g. 
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but, when ¢ = 0, (a + at, y + Bt) becomes wu, or F(o), and — 


becomes a ia +p a at the same time. 
dx dy 


Hence F’(o) =a—+pPp—. 
Also, by the same Article, 


io a4 ao 
rr oa + 2a3 


which, when ¢ = 0, reduces to 


et au au 


fF (0) = ERE +2 71S lee dxdy ee (4) 


&e. &e. &e. 


These equations may also be written in the symbolic 
form 


; ONG eu 
Again, ( a =) waa" at &e., since a, 3, are independent 


of x and y: and hence the general term in the expansion of 
F’(é) can be at once written down by aid of the Binomial 
Theorem. 
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Finally, we have, on substituting / for at, and & for 3, 


du du un eu du 
h k) = — a 
p(a+h, yt+k) uth a; ea PERT 


RP Pu 1 d aN 
peter ae a) b (7 + Oh, y + OK). (5) 


129. Expansion of ¢(¢+h, y +k, s+ /).—A function 
of three variables, «, y, s, admits of being treated in a similar 


manner, and accordingly the expression 
(x + at, y + Bt, z+ yt), 


when w is substituted for g(x, y, z), becomes 
hell k Mud vor ed 
o(a+at, y+ Bt, s+ yt) =u i (ar + Bae ya) 


r d d d\* 
+ (af +Be ry Eu be, 


or 


d ad d 
plerhytherdaus (bE ert ele) 


Bia yes a4 I Cu ke Tu We OF) 
dx ‘dy dz 1.2 de DT . 207 Yo 08. 


Cu au au 
+ hk sdhy +h ites kj —— ae + &o. (6) 


The general term in this expansion, and also the re- 
mainder after » terms, can be easily written down. 
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These results admit of obvious generalization for any 
number of variables. 


Also, by making a, y, z each cypher in (6), we have 


di d d 
p (hy ky 2) = (u)o + (e+ k eau (3), 


where (2 y ( ie ,. +. denote the values which the functions 
da 0 dy 0 


du du : 
—, —,... assume on making # =o, y = 0, and 8 =o. 
da dy ; 

This result may be regarded as the extension of 
Maclaurin’s Theorem. 

130. Symbolic Expression for preceding Results.— 


Since 


d d 


eles! d d Lf ed ad\? 
da * “dy — iy = = y 
e ers (Ae ent )s ae one) 


I d ave 
St wae =f i=) Si &e., 


equation (5) may be written in the shape 


ad 
east han 4 (—y, y) = o(a th, y +h). (7) 


This is analogous tothe form given for Taylor’s Theorem 
in Art. 67, and may be deduced from it as follows :— 


d 
We have seen that the operation represented by e”# 
when applied to any function is equivalent to changing « 
into 2 + / throughout in the function. 
d 


Accordingly, ¢’ » (2, y) = (a +h, y), since y is indepen- 
dent of «. 
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In like manner, the operation oes, when applied to any 
function, changes y into y +k; 


1. da dag (0, y) = ehg (+ hy y) = gle yy +8) 


or ohiv* haz (7, y)=o(e@t+h, y+h), 


assuming that the symbols oS and be are combined ac- 


cording to the same laws* as ordinary algebraic expressions, 
In an analogous manner we obtain the symbolic formula 


d d d 
ghia *bay' la wig, y, 8) = ola th, y +k, 841). (8) 


131. If in the development (2), dv be substituted for h, 
and dy for k, it becomes 


d d. 
gle + dx, y + dy) = 9 + Fae + a 


mi i U9 | dp U6 | . 
(Be A +2 oF Tye Ga iy?) + (9) 


If the sum of all the terms of the degree n in dz and dy 


be denoted by d"%, the preceding result may be written in 
the form 


i? ° 
pe + dey +dy)=g+ Fs Plas ll Eaten 


AP eS oe 


celal oh 


ia 


Since dz, dy, are infinitely small quantities of the first 


Pu du 


* That this is the case appears immediately from the equations —— sada Br Te? 


Bu Bu 


dx* dy 7 dy dx” 
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order, each term in the preceding expansion is infinitely small 
in comparison with the preceding one. 

Hence, since d’p is infinitely small in comparison with 
dq, if infinitely small quantities of the second and higher 
orders be neglected in comparison with those of the first, in 
accordance with Art. 38, we get 

dq d 
dp = o(u + du, y + dy) — $(#, y) = Pde z dy, 
which agrees with the result in Art. 97. 

132. Euler’s Theorems of Homogeneous Func- 
tions.—We now proceed to give another proof of Euler’s 
Theorems in addition to those contained in Arts. 102 and 123. 

If we substitute gx for’ and gy for / in the expansion (5), 
it becomes 


(e+ gt, y+ gy) =ut ri Sand = 
Tail Bit = Sete ee Oe 
OT. \3 da? 279 tedy a dy” Sg 
where wu stands for (2, y). 
But gw + ge, y + gy) = o{(1 + ge, (1+ 9)y}5 
and, if $(#, y) be a homogeneous function of the n degree 
in # and y, it is evident that the result of substituting (1 + g)« 


for z, and (1 + g)y for y in it, is equivalent to multiplying it 
by (1 +9)". Hence, we have for homogeneous functions, 


piv + gxytgy)=(1+9)"o(@y) =(1+9)"4, 


or (1+g)"w=u+g pees 
dx dy 


+ g ieee fo sale + “li & 
Lica Ne ee Y dedy Y ay yes 


where u is a homogeneous function of the n degree in « 
and y. 
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Since the preceding equation holds for all values of g, if 
we expand and equate like powers of g, we obtain 


oe 
a. Jee nu, 

ae 2a sil + es ( 1) wu 
dt " Gedy Yap" ‘ 


su 3 


eae + ee 2 
ers 3 ay 30 Tap Yap n(n — 1) (n - 2) u, 
&eo. &e. &e. 


The foregoing method of demonstration admits of betiiy 
easily extended to the case of a homogeneous function of three 
or more variables. 

Thus, substituting gx for h, gy for k, gz for J, in formula 
(6) Art. 129, and proceeding as before, we get 


ve + ue g nu 
de “dy. @ ‘ 
uh fas ot gre +2 Gs 
de 4 ay * ast OY Gedy * 7” Gade 
ad? 
+ 2Y2% iden n(n — 1)u, 
&e. &eo. &e. 


These formule are due to Euler, and are of importance 
in the general theory of curves and surfaces, as well as in 
other applications of analysis. 

The preceding method of proof is taken from Lagrange’s 
Mécanique Analytique. 

M 2 
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CHAPTER IX. 
MAXIMA AND MINIMA OF FUNCTIONS OF A SINGLE VARIABLE. 


133. Definition of a Maximum or a Minimum.—I{ any 
function increase continuously as the variable on which it de- 
pends increases up to a certain value, and diminish for higher 
values of the variable, then, in passing from its increasing to its 
decreasing stage, the function attains what is called a maximum 
value. 

In like manner, if the function decrease as the variable 
increases up to a certain value, and increase for higher values 
of the variable, the function passes through a minifum Dag 

Many cases of maxima and minima can be best determined 
without the aid of the Differential Calculus; we shall com- 
mence with a few geometrical and algebraic examples of this 
class. 

134. Geometrical Example.— To find the area of the 
greatest triangle which can be inscribed in a given ellipse. Sup- 
pose the ellipse projected orthogonally into a circle; then any 
triangle inscribed in the ellipse is projected into a triangle 
inscribed in the circle, and the areas of the triangles are to 
one another in the ratio of the area of the ellipse to that of 
the circle (Salmon’s Conics, Art. 368). Hence the triangle in 
the ellipse is a maximum when that in the circle is a maxi- 
mum ; but in the latter case the maximum triangle is evidently 
equilateral, and it is easily seen that its area is to that of the 


circle as 4/27 to 47. Hence the area of the greatest triangle 
inscribed in the ellipse is 


3ab.f 3 
4 b] 
where a, 6 are the semiaxes. 


Moreover, the centre of the ellipse is evidently the poiut 
of intersection of the bisectors of the sides of the triangle. 
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EXAMPLES, 


1. Prove that the area of the greatest ellipse inscribed in a given triangle is 
wv 


Es (area of the triangle). 


2. Find the area of the least ellipse circumscribed to a given triangle. 


3. Place a chord of a given length in an ellipse, so that its distance from the 
centre shall be a maximum. 


The lines joining its extremities to the ventre must be conjugate diameters. 
4. Show that the preceding construction is impossible when the length of 


the given chord is >a4/ 2 or <b4/2; where a and 4 are the semiaxes of the 
ellipse. Prove in this case that if the distance of the chord from the centre be 
a maximum or a minimum the chord is parallel to an axis of the curve. 


5- A chord of an ellipse passes through a given point, find when the triangle 
formed by joining its extremities to the centre is a maximum. 
6. Prove that the area of the maximum polygon of n sides, inscribed in a 


: . : n Be ee 
given ellipse, is represented by — ad sin —. 
2 n 


‘2 35. Algebraic Examples of Maxima and Minima. 
—Many cases of maxima and minima can be solved by ordi- 
nary algebra. We shail confine our attention to one simple 
class of examples. 

Let f(x) represent the function whose maximum or mini- 
mum values are required, and suppose u = /(v), and solve 
for «; then the values of w for which 2 changes from seal to 
imaginary, are the solutions of the problem. ‘This method is, 
in general, inapplicable when the equation in w is beyond the 
second degree. We shall illustrate the process by a few ex- 
amples :— 


EXAMPLes. 
1. To divide a number into two parts such that their product shall bea 
maximum. 
Let a denote the number, # one of the parts, then x (a — #) is to be a maxi- 
mum, by hypothesis. 
Here u=2z(a-—2), Or#-ar+u=o; 
solving for z we get 


Pa teen 
accordingly, the maximum value of w is —, since greater values would make z 
4 


imaginary. 


166 Maxima and Minima of Functions of a Single Variable. 


5 es ’ z 
2. To find the maximum and minimum values of the fraction ——-. 


a+ 
x I 1— 2u)(1 +24 
Here yr POL ect k ae pe Soc A )( ) 
re+1 U 2u 2u 


” a rd) I 
In this case we infer that the maximum and minimum values of u are = and 


cone e I 
- 5 and the proposed fraction accordingly lies between the limits : and — - 


for all real values of x. 
These results can be also easily established, as follows. We have in all cases 


(c+ y) =(@—-—y)? + 4ry. 


Accordingly, if z+y be given, xy is greatest when z— y= 0, or when g=y. 
Conversely, if zy be given, the least value of a+ y is when 7=y. 
: Ae a. of 
Hence, denoting xy by a?, the minimum value of z+ — is 2a, for positive 
x 
values of z. 


Again, it is evident that when a function attains a maximum value, its in- 
verse becomes a minimum; and vice versd. 


Accordingly, the max. value of za 


ate eye 
ree eo under the same condition. 
a 2a 


3. Find the greatest value of areas 


a+a) (b+). ae b : F arr 
Hore +) 0+ 7) ist, be a minimum, or— + visa min.; w= Sab, 


P ae I 
and the max. value in question is —-————_— 


(Jat) 
(x + a) (w + 3) 
“toy: 


4. 


(e+ a—c)(2+5-—c) 
z ° 
_ In order that this should have a real min. value, (a —) (b — c) must be posi- 
tive; i.e. the value of ¢ must not lie between those of @ and 8, &c. 


Let # + ¢ =z, and the fraction becomes 


5. Find the least value of a tan 6 + 4 cot @. Ans. 26f ab, 


z+a 
w+ ba+eé 
finite limits if a2 + c? > ab and J? <4c?; that there will be two limits between 
which it cannot lie if a? + c? > ab and 0? > 4 ¢*: and that it will be capable of all 
values if a + c? < ab. 


6. Prove that the expression will always lie between two fixed 


Y 136. Ko find the Maximum and Minimum values 
of 


ax’ + 2bay + cy’ 
ce + 2Vay+ cy 
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Let « denote the proposed fraction, and substitute s for 73 


then we get 
i, az’ + 2be +e (1) 
ax’ + 2V's+0’ 
or (a-du)2’ + 2(b-Vu)st+e-Cuso. 


Solving for gz, this gives 
(a-a'u)s+b-Vu=z/(b-Vu)?—(a-du) (ecu). (2) 
There are three cases, according as the roots of the equation 
(6? —a'c’) uw? + (ac +ca’ — 260’) w+  -ac=0 (3) 


are real and unequal, real and equal, or imaginary. 

(1). Let the roots be real and unequal, and denoted by 
a and £ (of which # is the greater) ; then, if 0” — ac’ > 0, we 
shall have 


(a-du)e+b—Vu=+t/(U?-ad¢) (u—a) (w—). 


Here, so long as wis not greater than a, z is real; but 
when w > a and < (3, zs becomes imaginary ; consequently, the 
lesser* root (a) is a maximum value of wu. In like manner, it 
can be easily seen that the greater root ((3) is a minimum. 

Accordingly, when the roots of the denominator, a’a’ + 2b’x 
+¢=0, are real and unequal, the fraction admits of all pos- 
sible, positive, or negative values, with the exception of those 
which lie between a and (3. 

If either a = 0, or ¢ = 0, the radical becomes 


Bf 6/(u — a) (u - B), 


and, as before, the greater root is a minimum, and the lesser 
@ maximum, value of wu. 


* In general, in seeking the maximum or minimum values of y from the 
equation, y = (x), if for all values of y between the limits a and 8, the corne- 
sponding values of # are imaginary, while z is real when y =a, ory=8; then 
it is evident that the lesser of the quantities, a, 8, isa maximum, and the greater 
a minimum, value of y. This result also admits of a simple geometrical proof, 
by considering the curve whose equation is y = $(#). 
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(2.) When a = 3, the expression under the radical sign is 
positive for all values of w, and consequently u does not admit 
of either a maximum or a minimum value. 

(3.) When the roots a and (3 are imaginary, the expres- 
sion under the radical sign is necessarily positive, and w in 
this case also does not admit of either a maximum or a mini- 
mum value. 

Hence, in the two latter cases, the fraction admits of all 
possible values between + co and —-. 

In the preceding, the roots of the denominator are sup- 
posed real; if they be imaginary, i.e. if 6? — ac’ < 0, we have 


(a-du)s+b—lu=+,/ (de —b") (w-a) (B-w). 


It is easily seen that s is imaginary for all values of u 
except those lying between a and (3. Accordingly, the greater 
root 1s a maximum, and the lesser a minimum, value of w. 

Hence, in this case, the fraction represented by w lies be- 
tween the limits a and £ for all real values of z and y. 

137. Quadratic for determining z.—Again, the value 
of z, corresponding to a maximum or a minimum value of u, 
must satisfy the equation 


(a-du)e+b-Uu=o. 


Substituting for uv in (1) its value derived from this latter 
equation, we obtain the following quadratic in s: 


(ab! — ba’)z? + 2(ac’ — ca’) + be’ — cb’ =0. (4) 


This equation determines the values of s which correspond 
to the maximum and minimum values of uv. It can be easily 
seen that if the roots of equation (3) are real so also are those 
of (4); and vice versa. 

The student will observe in the preceding investigation 
that when w attains a maximum or a minimum value, the 
corresponding equation in s, obtained from (2), has equal 
roots. This is, as will be seen more fully in the next Article, 
the essential criterion of a maximum or a minimum value, in 
general. 
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Find the maximum or minimum values of w in the follow- 
ing cases :— 


EXAMPLES. 


24+ 2N+11 


S eee Ans. 4 = 2,0 max., 4= >a min. 
“+ 4%+ 10 


6 
w—a+i 2-24 


Qe = eit t= 
Y+ua-1 v+e-1 


1— 2 , : é a+u-1, E : 
——— 18 a4max. Or 2 min. according as) ———————18 a201n.0r & max., 1.0. 
e+ae—1 I-2 


— «is a maximum or a minimum. 


.. ©=0, or =2; the former gives a maximum, the latter a minimum solution. 


We now proceed to a general investigation of the condi- 
tions for a maximum and minimum, by aid of the principles 
of the Differential Calculus. 

138. Condition for a Maximum or Minimum.—If 
the increment of a variable, z, be positive, then the corre- 
sponding increment of any function, f(x), has the same sign 
as that of /’(«), by Art. 6; hence, as @ increases, / (x) increases 
or diminishes according as /’() is positive or negative. 

Consequently, when f(x) changes from an increasing to a 
decreasing state, or vice versd, its derived function f’(a) must 
change its sign. Leta be a value of x corresponding to a 
maximum or a minimum value of f(x); then, in the case of 
a maximum we must have for small values of A, 


f(a >S(a+h), and f(a) >f(a-h); 
and, for a minimum, 
f(a) <f(ath), and f(a) < f(a-h} 
Accordingly, in either case the expressions 
F(a+h) f(a), and f(a-H)-f (a), 
have both the same sign. 
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Again, by formule* (29), Art. 75, we have 
uae. 
P(a+ h) — f(a) = If") + f(a + ), 


fa-h) -f(@) =- fo) += "a 8). 


Now, when / is very small, and f”(a) finite, the second 
term in the right-hand side in each of these equations 1s very 
small in comparison with the first, and hence f(a + h) — f(a) 
and f(a — h) — f(a) cannot have the same sign unless 

NG) #0. 
ms Hence, the values of « which render f(a) a maximum or a 
minimum are in general roots of the derived equation f(x) = O. 

This result can also be arrived at from geometrical 
considerations ; for, let y = f(#) be the equation of a curve, 
then, at a point from which the ordinate y attains amaximum 
or a minimum value, the tangent to the curve is evidently 
parallel to the axis of x; and, consequently f(x) =0, by 
Att, 10. 

Moreover, if w be eliminated between the equations 
J (x) =u and f(x) = 0, the roots of the resulting equation in 
uw are, in general, the maximum and minimum values of /(@). 

This is the extension of the principle arrived at in 
Art. 134. 


Again, since /’(a) = 0, we have 
h? v/ 
J(a+h) - f(a) = ee (a + 0h), 


- ‘ (5) 
SAGER) = FG) ee PG ih) 


* In the investigation of maxima and minima given above, Lagrange’s form 
of Taylor’s Theorem has been employed. For students who are unacquainted 
with this form of the Theorem, it may be observed that the conditions for a 


maximum or minimum can be readily established from the form of Taylor’s 
Series given in Art. 54, viz., 


h? 1 fi 
F(a +h) — f(a) = hf" (a) + ire Sle) paecR ie! + &e.; 


for when / is very small and the coefficients f(a), f” (a), &c. finite, it is evident 
that the sign of the series at the right-hand side depends on that of its first 


term, and hence all the results arrived at in the above and the subsequent 
Articles can be readily established. 
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But the expressions at the left-hand side in these equations 
are both positive for small values of 4 when /”(a) is positive ; 
and negative, when /”’(a) is negative; therefore (a) ts a 
maximum or a minimum according as f(a) ts negative or 
positive. 

If, however, f”(a) vanish along with f(a), we have, by 
Art. 75, 


§ ht 
F(ab) ~ f(a) = St) + a Pla + ON), 
J (a—-h) - f(a) = sr + eT — 0,h). 


Hence it follows that in this case, f(a) ts neither a 
maximum nor a minimum unless f(a) also vanish ; but if 
f(a) =0, then f(a) is a maximum when /"(a) is negative, 
and a minimum when /‘"(a) is positive. 

In general, let f(a) be the first derived function that 
does not vanish ; then, if m be odd, f(a) is neither a maximum 
nor a minimum; ifn be even, f(a) is a maximum or a mini- 
mum according as f() (a) is negative or positive. 

The student who is acquainted with the elements of the 
theory of plane curves will find no difficulty in giving the 
geometrical interpretation of the results arrived at in this 
and the subsequent Articles. 


ExaMPtes, 
I. w=asing +b cosa. 
Here the maximum and minimum values are given by the equation 


du 2 a 
—=acos¢—bsinx=0,ortanz=-. 
dz b 


Hence, the max. value of u is vA a@ + 62, and the min. is — WA a’ +6, This is 
also evident independently, since # may be written in the form 


VM a+ 6? sin (4 + a), 
where tan a=—. 
a 


2. u#=2—sing. 


nye): a 
= $810 2, a ae 


% du ay 
In this case oe I — cos &, a 
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; p at au Bu 
Accordingly, if wer have — =o, and — aya = 


Consequently, the function x — sinz does not admit of either a maximum or a 
minimum value. 


This result can also be easily seen from geometrical considerations. 


3. w=acos# + bcos 22, a and b being both positive. 


du 

Here —=—@sn#— 20 sin 27, 
du 
a? j 
— =— a cose — 4b cos 2. 
dx* 4 


The maximum and minimum yalues are given by the equation a sing + 2) 
sin 27 = 0: 


.*. we have, (1), sinz=0; or(2), cos¢= es 
4 


The simplest solution of (1) is g =0, in which case 


d? 
u=a+d, = -a— 455 


consequently this gives a maximum solution. 


au 


Again, let = 7, and we have w=6- a, 7 


= @ — 4); consequently this 


gives a maximum or a minimum solution, according as a is < or > 40. 
au 
dae 


If a = 40, we get when z=7, 


On proceeding to the next differentiation we have 
Bu 
a a(sin # +2 sin2z), =o when z=. 


. ay 
Again, acd (cos % +4 cos 2x) = 3a. Consequently the solution is a 
nuinimum in this case. 
Again, the solution (2) is impossible unless @ be less than 45. In this case, 
2 


au 
i.e. when a < 4), we ees find 73 ze Positive, and accordingly this gives a min. 


lue of eS 
value of u, viz 5 4 


4. Find the value of 2 for which sec # — is a maximum or a minimum. 


Sams 
a 


Ans. sing = 
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139. Application to Rational Algebraic Expres- 
sions.—Suppose /(v) a rational function containing no 
fractional power of x, and let the real roots of f(x) =0, 
arranged in order of magnitude, be a, 3, y, &c.; no two of 
which are supposed equal. 


Then (wv) = (w@-a)(w~-B){e-y)... 
and I’(a)=(a-B)(a-y)... 
But by hypothesis, a - 8, a—-y, &c. are all positive; hence 


f(a) is also positive, and consequently a corresponds to a 
minimum value of /(z). 

Again, f'(B) = (B-4)(B-y)--- 
here 6 — a is negative, and the remaining factors are positive ; 
hence f” (3) is negative, and /((3) a maximum. 

Similarly, f(y) is a minimum, &c. 

140. Maxima and Minima Walues occur alter- 
nately.— We have seen that this principle holds in the case 
just considered. 

A general proof can easily be given as follows :—Suppose 
J (#) a maximum when # = a, and also when w = 6, where 0 is 
the greater ; then when w = a + h, the function is decreasing, 
and when « = 6 —- h, it is increasing (where / isa small incre- 
ment); but in passing from a decreasing to an increasing 
state it must pass through a minimum value; hence between 
two maxima one minimum at least must exist. 

In like manner it can be shown that between two minima 
one maximum must exist. 

141. Case of Equal Roots.—Again, if the equation 
J’ (e) = 0 has two roots each equal to a, it must be of the form 


S'(@) = (@ - a) $2). 

In this case f”’(a) = 0, f(a) = 20 (a), and accordingly, 
from Art. 138, a corresponds to neither a maximum nor a 
minimum value of the function f(z). 

In general, if /’(z) have ” roots equal to a, then 


S'(@) = (© - a)" P (2). 
Here, when » is even, f(a) is neither a maximum nor a 


minimum solution : and when 7 is odd, f(a) is a maximum or 
a minimum according as ia) is negative or positive. 
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142, Case where /’(r) = o. The investigation in 
Art. 138 shows that a function in general changes tts sign in 
passing through sero. 

In like manner it can be shown that a function changes 
its sign, in general, in passing throug gh an infinite value ; 1.¢. if 
p(a) =o, AG —h) and o(a+h) have in general opposite signs, 
for small values of h. 


: I F : ; 
For, if w and — represent any function and its reciprocal, 
u 
they have necessarily the same sign; because if wu be positive, 
De ee : : 
= e€ . 
is positive, and if negative, negative 


Ses Uy, Uz, Us, three successive values of u, and 
Wray 
—, —, —, the corresponding reciprocals. 
Uy Us Us. 

Then, if w= 0, by Art. 138, um and us have in general 
opposite signs. 


I 
Hence, fee oO, — and — have also opposite signs; and 
U2 ete U3 


we infer that the values of x which satisfy the equation /’(2) 
= o may furnish maxima and minima values of /(2). 


143. We now return to the equation 


(2) =(@-a)"P(), 


in which » is supposed to have any real value, positive, nega- 
tive, integral, or fractional. 

In this case, when #=a, f(x) is zero or infinity according 
as n is positive or negative. 

To determine whether the corresponding value of f(z) is 
areal maximum or minimum, we shall investigate whether 
/’(@) changes its sign or not as w passes through a. 


When w=ath, f(at+h) =h (ath), 
. w=a-h, f'(a—h)=(-h)"Y(a-h): 


mow, when / is infinitely small, ~(a +h) and ~ (a - h) become 
re ultimately equal to w(a )' and therefore /’(a +h) and 

}’(@ — h) have the same or opposite signs according as (—- 1)” 
is positive or negative. 
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(1). If n be an even integer, positive or negative, /’ (x) does 
not change sign in passing through a, and accordingly a cor- 
responds to neither a maximum nor a minimum solution. 


(2). [fn be an odd integer, positive or negative, f(a + h) 
and f’(a — h) have opposite signs, and a corresponds to a real 
maximum or minimum. 


or 


(3). Ifn be a fraction of the form + a then ( - ee 


r 

+- 
=1”=1, and a corresponds to neither a maximum nor a 
minimum. 


2r+1 


- 


(27 + *~) 


1) =e 
(4). If be of the form + _—* 5 , then (-1)  =(=1) ; 


this is imaginary if p be even, but has a real value (— 1) when 
pisodd. In the former case, /’(a —h) becomes imaginary ; in 
the latter, /’(a+h) and f’(a—h) have opposite signs, and /(a) 
is a real maximum or minimum. 

Thus in all cases of real maximum and minimum values 
the index » must be the quotient of two odd numbers. 


EXAMPLES. 
t Sf (2) = aa? + 2be +0. 
b 
Here S (2) = 2(ae + 6) = 0; hence x = — = 


SJ’ (&) = 2a. 
ac— 0b, é my aun : 
And is a maximum or a minimum value of az* + 2b%+¢, according 


as @ is negative or positive. 


ae SF (a) = 20 — 152? + 36% + 10. 
oe f! (2) = 6(a? — 50 + 6) = 6(0 — 2) (2 — 3). 
(1.) Let = 2; then f’”(z) is negative ; hence f(z) or 38 is a maximum 


(2.) Let = 3; then f (2) is positive; hence f (3) or 37 isa minimum. 
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It is evident that neither of these values is an absolute maximum or mini- 
mum; for when r=, f(z)=~, and whenz=—~, f(z) =—o ; accord- 
ingly, the proposed function admits of all possible values, positive or negative. 

Again, neither +o nor— is a proper maximum or minimum value, because 
for large values of #, f(x) constantly increases in one case, and constantly dimi- 
nishes in the other. 

It is easily seen that as # increases from — o to + 2, f(x) increases from —.cc 
to 38; as # increases from 2 to 3, f(x) diminishes from 38 to 37; and as # in- 
creases from 3 to, f(x) increases from 37 tooo. When considered geome- 
trically, the preceding investigation shows that in the curve represented by the 
equation 


y = 248 — 15a” + 36x + 10, 
the tangent is parallel to the axis of z at the points = 2, y = 38; and x =3, 
y = 37; and that the ordinate is a maximum in the former, and a minimum in 
the latter case, &c. 
3. f(t) =a + b(@ — 08. Ans. «=e. Neither a max. nora min. 
4. f(t) =b + e(u — a)? + d(x — a). 
Substitute @+ h for x, and the equation becomes 
S(ath)=b+ch8 + ald; 
also S(a—h) =b + ch3 + dh; 


but when / is very small 48 is very small in comparison with 43, and accordingly 4 
is a minimum or a maximum value of f(2) according as ¢ is positive or negative. 


& SF (#) = 548 + 1245 — 1524 — 4oa3 + 1507 + 60x + 17. 
Ans. «=+1 gives neither a max. nora min,; « =— 2 gives a min. 
2 —1)(¢—6 
6. oe. Let « — 10 =z, and the fraction becomes 
2+) (e+ 36 
ee!) as 4) orz+13 +2, 
z 


d yl ; : 6 
The maximum and minimum values are given by the equation 1 - = =0;3 
z 


. 2=+6, and hence #= 16 or 4; the former gives a minimum, the latter 
a maximum value of the fraction. 


(= oP 
7: J (2) 7 (a ee 1)?" 
; (a — 1)? 
Hence f'(@= ie i (% + 5). 
If «= 1, f(#) is neither a maximum nor a minimum; if ¢ = — 5, f(x) isa 


maximum. 


: ax* + zbxry + cy’ 177 
Max. and Min. of ee ae 7 
axe + 2Vay+ cy 

(@ +1)? 
(@ — 1)8 
for if we substitute for 7, —1+4+h, and—1—h, successively, the resulting 
values are both negative ; and consequently the proposed function is a minimum 
in this case. 

This furnishes an example of a solution corresponding to f’(~) =o0. See 
Art. 142. 


Again, the reciprocal function 


is evidently a max. when x=— 1; 


144. We shall now return to the fraction 
an’ + 2bxy + cy? 
Ax? + 2V'ay + cy” 


the maximum and minimum values of which have been already 
considered in Art. 136. 
Write as before the equation in the form 


(a — au) + 22(b - Wu) + (ec - cu) = 0, 
where =~ 
Y 


: : : du : 
Differentiate with respect to z, and, as 72° for a maxi- 
(46 
mum or a minimum, we have 
s(a — au) + (b- bu) =0. 


Multiply this latter equation by s, and subtract from the 
former, when we get 


3(b — bu) + (e- cu) =0. 
Hence, eliminating z between these equations, we obtain 
(a - du) (e- cu) = (b- Vu)’, 
or = Wace’ — B”) — u(ac’ + ea’ — 200’) + (ac — B*) =03 (3) 
the same equation (3) as before. 
The quadratic for s, 
°(ab’ — ba’) + s(ac’ — ca’) + be’ — cb’ = 0, (4) 


is obtained by eliminating w from the two preceding linear 
equations. 
N 
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This equation can also be written in a determinant form, 
as follows :— 


I -2 ex: 
a b Cc =O 
a v’ ce 


It may be observed that the coefficients in (3) are in- 
variants of the quadratic expressions in the numerator and 
denominator of the proposed fraction, as is evident from the 
principle that its maximum and minimum values cannot be 
altered by linear transformations. 

This result can also be proved as follows :— 


POP MiG NEE (3) Ae 


Let ae Oe 1 0. GOES Ge 


where X, Y denote any functions of x and y; then in seeking 
the maximum and minimum values of w we may substitute 


x , 
s for —, when it becomes 


Me 


asx’? + 2bs+e 
dete 20e +o? 
and we obviously get the same maximum and minimum values 
for u, whether we regard it as determined from the original 
fraction or from the equivalent fraction in s. 
Again, let X, Y be linear functions of x and y, i. e. 
X=le¢+my, Y=lx+my, 
then w becomes of the form 
Ax? + 2Bry + Cy’ 
Ae? + 2Bay + Cy” 
where A, B, C, A’, B’, C’, denote the coefficients in the trans- 
formed expressions ; hence, since the quadratics which deter- 


mine the maximum and minimum values of « must have the 
same roots in both cases, we have 


AQ -— B= X(ac - 0°), AC’ + CA’ - 2BB = X(ac’ +a’ — 2b0’), 
A’C’ — B? =X(a'e — b”), Q.E.D. 
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It can be seen without difficulty that 
d = (Un! - mI’). 


We shall illustrate the use of the equations (3) and (4) by 
applying them to the following question, which occurs in the 
determination of the principal radii of curvature at any point 
on a curved surface. 


145. Wo find the Maxima and Minima Walues of 
r cOs’a + 28 cosa cos + ¢ cos’, 
where cosa and cos 3 are connected by the equation 
(1 +p’) cos’a + 2p9 cosa cos B + (1 + g’) cos’B = 1, 


and p, q, 1, 8, ¢ are independent of a and 3. 

Denoting the proposed expression by wu, and substituting 
s for ——° et 

cos [3’ Me 
Renn Hote EEE TE 
(1 + pp)? + 2pgs + (1 + 9°)’ 

The maximum and minimum values of this fraction, by 

the preceding Article, are given by the quadratic 


wi{rt+p?+Q*)-u{(1+9@’)r - apgs t+ (1+p*)t} +r¢-8 =03 (6) 


while the corresponding values of s or —— 3 are given by 
v{(1+p’)s—por} +a{(1+p*)t-(14+¢)r} 
+ {pgt - (1 + g’)8} = 0.* (7) 


The student will observe that the roots of the denominator 
in the proposed fraction are imaginary, and, consequently, the 
values of the fraction lie between the roots of the quadratic 
(6), in accordance with Art. 136. 


* Lacroix, Dif. Cal., pp. 575, 576. 
N 2 
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146. To find the Maximum and Minimum Radius 
Wector of the Ellipse 


au? + 2bey + cy? =1. 

(1). Suppose the axes rectangular; then 

=o? +7 is to be a maximum or a minimum. 

2 
Let — =z, and we get 

y 

Sat 
az’ +2be+e¢ 


Hence the quadratic which determines the maximum and 
minimum distances from the centre is 


m(ac-B)-r(a+e)+1=0. 
The other quadratic, viz. 
ba? — (a - c) xy - by’ =0, 
gives the directions of the axes of the curve. 


(2.) If the axes of co-ordinates be inclined at an anglew, 
then 


r=e+y? + 2xy cosSw 


2°? + 22 cosSw + 1 
av+2be+e ’ 


and the quadratic becomes in this case 
r (ac — 6?) — 7° (a+ — 2b cosw) + sin’w = 0, 


the coefficients in which are the invariants of the quadratic 
expressions forming the numerator and denominator in the 
expression for 7”, 

The equation which determines the directions of the axes 
yi the conic can also be easily written down in this case. 
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147. To investigate the Maximum and Minimum 
Walues of 


ax + 3bx’y + 3cay’ + dy? 
Ax? + 30 xy + 3¢ay? + d’y® 


Substituting s for 7 and denoting the fraction by wu, we have 


_ as + 368 + zea +d 

~ as + 30's? + 3¢8 +a" 
Proceeding, asin Art. 144, we find that the values of wu ands 
are given by aid of the two quadratics 


az’ + 2b8 +¢ = (v2? + 2's+c)u, 
bz? + 208 + d= (0's? + 2¢8 + d’)u. 


Eliminating « pourere these ; SEB ERSS we get the following 
biquadratic in s 


s‘(ab’ — ba’) + ROP — cad’) +38°*{ad’ — ad + 3(be — cb’)} 
+ 28(bd’ — db’) + (ed’ — cd) =0. (8) 


Eliminating s between the same equations, we obtain a 
biquadratic in wv, whose roots are the maxima and minima 
values of the proposed fraction. Again, as in Art. 144, it 
can easily be shown that the coefficients in the equation in u 
are invariants of the cubics in the numerator and denominator 
of the fraction. 

148. Wo cut the Maximum and Minimum Ellipse 
from a Right Cone which stands on a given circular 
base.—Let AD represent the axis of 
the cone, and suppose BP to be the 
axis major of the required section; O 
its centre; a, b, its semi-axes. Through 
O and P draw LW and PR parallel to 
ie. el jen OP 20,6) =O... OM 
(Euclid, Book 11., Pr. 35) but LO 


pat One! =-. BC. PR. 
2 4 


ne BP? . PR isto be a maximum 
or a minimum. 
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Let 2 BAD =a, PBC = 0, BC =e. 


sin BCP ecosa 


Then ss ee ae BPC cos (0 - a)” 


sn PBR ccos(0+a)_ 
PE ee eee cos (0 — a)’ 


_ c08 (8 + a) 


“. w= — ~~’ is a Maximum or a minimum. 
cos* (0 — a) 


du sin20-2sin2a 3 4 
Hence — = ——_,—— =0;3 .*. sin26 = 2s8in2a. 
do cos‘ (0 — a) 


The solution becomes impossible when 2sin2a > 1; ie. if 
the vertical angle of the cone be > 30°. 

The problem admits of two solutions when a is less than 
15°. For, if 0; be the least value of 9 derived from the 


equation sin20 = 2sin2a; then the value : - 0, evidently 


gives a second solution. 
Again, by differentiation, we get 


Pu _ 2 cos 20 ’ 
dl? cos‘ (0 — a) 


This is positive or negative according as cos26 is positive or 
negative. Hence the greater value of @ corresponds to a 
maximum section, and the Jesser to a minimum. 

In the limiting case, when a = 15°, the two solutions 
coincide. However, itis easily shown that the corresponding 
section gives neither a maximum nor a minimum solution of 


the problem. For, we have in this case 0= 45°; which value 
2, 


gives ies o. On proceeding to the next differentiation, we 


when sin 20 = 2 sin2a). 


dg? 
find, when 0 = 45°, 
fu =a 
de® cost(45°-a) 9 


Hence the solution is neither a maximum nor a minimum. 
When a > 15°, both solutions are impossible, 
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149. The principle, that when a function is a maximum 
or a minimum its reciprocal is at the same time a minimum 
or a maximum, is of frequent use in finding such solutions. 

There are other considerations by which the determina- 
tion of maxima and minima values is often facilitated. 

Thus, whenever uv is a maximum or a minimum, so also 
is log (wv), unless w vanishes along with - 

Again, any constant may be added or subtracted, ie. if 
J (wv) be a maximum, 80 also is f(x) + ¢. 

Also, if any function, v, be a maximum, so will be any 
positive power of uw, in general. 

150, Again, if s = f(u), then ds = f’(u)du, and conse- 
quently s is a maximum or a minimum; either (1) when 
du = 0, 1.e. when u is a maximum or a minimum; or (2) when 
F(4) = 0: 

In many questions the values of u are restricted, by the 
conditions of the problem,* to lie between given limits; 
accordingly, in such cases, any root of /’(w) = o does not 
furnish a real maximum or minimum solution unless it lies 
between the given limiting values of w. 

We shall illustrate this by one or two geometrical 
examples. 

(1). In an ellipse, to find when the rectangle under a pair of 
conjugate diameters is amaximum oraminimum. Let r be any 
semi-diameter of the ellipse, then the square of the conjugate 
semi-diameter is represented by a? + 0’ - r’, and we have 


w= (a? + 0? —7*) a maximum or a minimum. 


Here - = 2(a + b - 29°). 


Accordingly the maximum and minimum values are, 
(1) those for which 7 is a maximum or aminimum ; i.e.7 =a, 
or r = 6; and, (2) those given by the equation 


r(a@’? + 0’ - 27°) =0; 


* See Cambridge Mathematical Journal, vol. iii. p. 237. 
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a+ 
or f= 0,-ender = d 


The solution 7 = 0 isinadmissible, since r must lie between 
the limits @ and 0b: the other solution corresponds to the 
equiconjugate diameters. It is easily seen that the solution 
in (2) is the maximum, and that in (1) the minimum value 
of the rectangle in question. 

151. As another example, we shall consider the following 
problem* :— 

Given in a plane triangle two sides (a, b) to find the 
maximum and minimum values of 


I A 
—. cos —, 
Cc 2 


where A and c have the usual significations. 

Squaring the expression in question, and substituting 2 
for c, we easily find for the quantity whose maximum and 
minimum values are required the following expression : 

Ty 20 pe 
ae ee 
neglecting a constant multiplier. 

Accordingly, the solutions of the problem are—(1) the 
maximum and minimum values of wz, i.e. a+ 6 and a- 0. 


(2) the solutions of the equation a Le. of 


or aw + 4bu - 3(a@ - 0) =0; 
whence we get # = »/ 3a + Bb’ — 2b, 


neglecting the negative root, which is inadmissible. 


Again, if b >a, J/ 30 + 0 — 2b is negative, and accord- 
ingly in this case the solution given by (2) is inadmissible. 


_* This problem occurs in Astronomy, in finding when a planet appears 
brightest, the orbits being supposed circular. 
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If a > 6, it remains to see whether ,/3a’ + 0? — 26 lies 
between the limits a+ 6 and a—0. It is easily seen that 


f/ 30+? —2bis>a-—b: the remaining condition requires 


Cn tes bikiete/, fa te Dez eas 


or TER SY 37 

or a + 6ab+ 9b? > 3a’ + 0, 
i.e. 40? + 3ab-a@ > Oo, 

or (4b - a) (b+ a)>0; 

or, finally, b> ; 


We see accordingly that this gives no real solution unless 
the lesser of the given sides exceeds one-fourth of the 
greater. 

When this condition is fulfilled, it is easily seen that the 
corresponding solution is a maximum, and that the solutions 
corresponding tow=a+ 0, and e=a-— 48, are both minima 
solutions. 

152. Maxima and Minima Walues of an Implicit 
Funetion.— Suppose it be required to find the maxima or 
minima values of y from the equation 


S(®, y) = 0. 
Differentiating, we get 
du dudy 


dz” dy dx = 
where w represents f(x, y). But the maxima and minima 


values of y must satisfy the equation = =o: accordingly the 
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maximum and minimum values are got by combining* the 
ae 
equations ee and u = 0. 


153. Maximum and Minimum in case of a Func- 
tion of two dependent Wariables.—To determine the 
maximum or minimum values of a function of two variables, 
« and y, which are connected by a relation of the form 


F(t, Y) =O 


Let the proposed function, ¢(2, y) be represented by w; 
then, by Art. 101, we have 


dodf d¢df 

du dedy dy de 

dx (ia 
dy 


But the maxima and minima values of wu satisfy the 
equation = =o, hence the values of x and y derived from 
the equations f(x, y) = 0, and 

dp df dodf 


dx dy dyda- 


furnish the solutions required. To determine whether the 


solution so determined is a maximum or a minimum, it 
2 


is necessary to investigate the sign of = We add an 
example for illustration. 

154. Given the four sides of a quadrilateral, to find when its 
area is a maximum. 

Let a, 6, c, d be the lengths of the sides, ¢ the angle 
between a and 0, y that between c and d. Then ad sin 
+ ed sin y is a maximum; also 


av + 0 — 2ab cos $= + a — 2cd cosy 
being each equal to the square of the diagonal. 


* This result is evident also from geometrical considerations. 
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Hence ab cos p + cd cos ve =0 


for a maximum or a minimum; also, 


ab sin $ = ed sin vm 


*. tan ¢ + tan p =0, or 6 + fp = 180% 


Hence the quadrilateral is inscribable in a circle. 

That the solution arrived at is a maximum is evident 
from geometrical considerations; it can also be proved to be 
so by aid of the preceding principles. 


For, substitute as Coe ® instead of z and we get 


ay 
du _ ab oe (p + Wp) 
do 2 snp 
Hence a = a gee) (x + =) + a term which 
dp® sin p dp 


: a” 
vanishes when ¢ + y = 180°; and the value of Ah becomes 


sat eee 
~ sin p cd)’ 


which being negative, the solution is a maximum. 


in this case 


+ 
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EXAMPLES. 


~—-14 


1. Prove that @ sec @ + 6 cosec @ is a minimum when tan 9 = 2] z 


2. Find when 423 — 152" + 12% — 1 is a maximum or a minimum. 
Ans. 2 =%4, a max.; z= 2, a min. 


3- Ifa and 4 be such that f(a) = f(b), show that f(z) has, in general, a 
maximum or a minimum value for some value of x between a and 8. 


4. Find the value of « which makes 


sin “. cos 
cos? (60° — z) 
ANS. 2 = 40m 


maximum, 
J (x) + o(@) : : : f (2). ae 
. f+“ be a maximum, show immediately that —~is aminimum. 
5" F@)— 90) ve ola) 


sin? x 
6. Find the value of cos « when ———————-_is a maximum. 
Y reTT 5 —4cosx 


Ans. cos¢=5 = eae 


° eee A ad : 12 = 
7. Find when 3” _ ig a maximum. my eee 
4+ 5x? $ 
x*+ar+b 


$. Apply the method of Ex. 5 to the expression ae | 
g. What are the values of x which make the expression 
248 — 21%? + 36a — 20 


a maximum or a minimum? and (2) what are the maximum and minimum 
values of the expression ? Ans. ©=1,amax.; = 6, amin, 


ma : 
Ans. = , & Maximurs 
m+n 


<0. U=2M(a — 7)”. 


11. Given the angle C of a triangle ; prove that sin’ + sin?B isa maximum, 
and cos?4 + cos?B a minimum, when 4 = B. 


12. Find the least value of act + Le-*#, Ans. 2f ab 


(a + x)(b + x) ss 
1 @= 20-2) nS ae 
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14. Show that 6 + ¢ (z — a)?, when « =a, is a minimum or a maximum 
according as ¢ is positive or negative. 


15. 4=2% COSz. Ans.  =cot x. 


i . . 
16. Prove that 2* is a maximum when # =e. 


: 2 n—m 
17. Tan™« . tan"(@ — #) is a maximum when tan (4— 22) = ie tan a P 
m 


x 


is aminimum when z =e. 
log « 


18. Prove that 


19. Given the vertical angle of a triangle and its area, find when its base is 
a minimum. 


20. Given one angle 4 of a right-angled spherical triangle, find when the 
difference betweeen the sides which contain it is a maximum. 


; : : de 
Here tan ¢ cos -4 = tan 4; and since c — 4 is a maximum, Ta Ts 


Hence we find tan b = 4/ cos A. 


This question admits of another easy solution ; for, as in Art. 112, we have 


i —b 
min. (9 320) = tan? 3 
sin (¢ + d) 3 


consequently sin (¢ — 6) becomes a maximum along with sin (¢ + 4), since A is 
constant; and hence ¢ — d is a maximum when ¢ + 6 = go’. 
This problem occursin Astronomy, in finding when the part ofthe equation 
~ of time which arises from the obliquity of the ecliptic is a maximum. 
A 


7 


21. Prove that the problem, to describe a circle with its centre on the 
‘circumference of a given circle, so that the length of the are intercepted within 
the given circle shall be a maximum, is reducible to the solution of the equation 
/ = cot é. 
22. A perpendicular is let fall from the centre on a tangent to an ellipse, 
find when the intercept between the point of contact and the foot of the perpen- 


dicular is a maximum. Prove that p = / ad, and intercept = a — b. 


23. A semicircle is described on the axis-major of an ellipse ; draw a line from 
one extremity of the axis so that the portion intercepted between the circle and 
the ellipse shall be a maximum. 


24. Draw two conjugate diameters of an ellipse, so that the sum of the 
perpendiculars from their extremities on the axis-major shall be a maximum. 


25. Through a point @ on the produced diameter 4B of a semicircle draw a 
secant ORR’, so that the quadrilateral ABR’ inscribed in the semicircle shall 
be a maximum. 

Prove that, in this case, the projection of RR’ on AB is equal in length to 
the radius of the circle. 


26. If sing@=siny, andw+w =a, where a and & are constants, prove 
that cosy’ cos ¢ is a maximum when tan’ = tany tan y’. 
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27. Find the area of the ellipse 
ax + 2hay + by? =e 
in terms of the coefficients in its equation, by the method of Art. 146. 
TC 
oS 
J ab — I 
me sin w 


28. A triangle inscribed in a given circle has its base parallel to a given line, 
and its vertex at a given point; find an expression for the cosine of its vertical 
angle when the area is a maximum. 


(1) for rectangular axes. An 


(2) for oblique. 


29. Find when the base of a triangle is a minimum, being given the ver- 
tical angle and the ratio of one side to the difference between the other and a 
fixed line. 


30. Of all spherical triangles of equal area, that of the least perimeter is 
equilateral ? 


31. Let «3+ #3 —3ax%u = 0; determine whether the value =0 gives ua 
maximum or minimum. Ans. Neither. 


32. Show that the maximum and minimum values of the cubic expression 


ax + 3b2? + 30x +d 
are the roots of the quadratic 
az? —2Gz2+A=0; 


where G = ad — 3abe + 208, and A = a*d? + 4ac + 4db3 — 30°? — 6abed. 


33. Through a fixed point within a given angle draw a line so that the 
triangle formed shall be a minimum. 
The line is bisected in the given point. 


34. Prove in general that the chord drawn through a given point so as to 
cut off the minimum area from a given curve is bisected at that point. 


35. If the portion, 42, of the tangent to a given curve intercepted by two 
fixed lines 0.4, OB, be a minimum, prove that PA = NB, where P is the point 
of contact of the tangent, and VV the foot of the perpendicular let fall on the 
tangent from 0. 


36. The portion of the tangent to an ellipse intercepted between the axes is 
a minimum: find its length. Ans. a+b. 


37. Prove that the maximum and minimum yalues of the expression, Art. 147, 
are roots of the biquadratic 


(a—wua')? (d — ud’)? + 4 (a—ua') (e—ue')3 + 4 (d - ud’) (b — ub’) 
— 3(b - ud’)? (c— we’)? — 6 (a — ua’) (b — ub’) (e— ue) (d - ud’) = 0. 
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CHAPTER X. 


MAXIMA AND MINIMA OF FUNCTIONS OF TWO OR MORE IN- 
DEPENDENT VARIABLES. 


155. Waxima and Minima for Two Wariables.—In 

accordance with the principles established in the preceding 

chapter, if ¢(z, y) be a maximum for the particular values 

% and yo, of the independent variables # and y, then for all 

small positive or negative values of h and hk, ¢ (a, yo) must 

ie greater than (a+, Yo +); and for a minimum it must 
e less. 

Again, since # and y are independent, we may suppose 
either of them to vary, the other remaining constant; 
accordingly, as in Art. 138, it is necessary for a maximum 
or minimum value that 

du du 

Fae ante 2 (1) 
omitting the case where either of these functions becomes 
infinite. 

156. Magrange’s Condition.— We now proceed to 
consider whether the values found by this process correspond 
to real maxima or minima, or not. 

Suppose a, yo to be values of w and y which satisfy the 


equations 


OU es bad eae 
aie dy 


-, wu du du 
and let A, B, C be the values which iat? dey? dy 


when 2 and y are substituted for 2 and y; then we shall 
have 


(tot hy Yot kh) — b(@oy Yo) = 


assume 


it 
Ta2 


(Ah? + 2Bhk + Ch’) + &e. (2) 
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But when / and & are very small, the remainder of the 
expansion becomes in general very small in comparison with 
the quantity Ah’? + 2Bhk + Ok; accordingly the sign of 
$(% +h, yo +k) - (&o, Yo) depends on that of 


(Ah + Bh)? + (A0-B’) 
A 


Now, in order that this expression should be either always 
positive or always negative for all small values of / and &, 
it is necessary that 4C — B* should not be negative; as, if 
it be negative, the numerator in the preceding expression 
would be positive when k=0, and negative when 4h+Bhk=o. 


Hence, the condition for a real maximum or minimum is 
that AC should not be less than B’, or 


du au [ @u\* 
da dy ~*~ (sem) 

and, when this condition is satisfied, the solution is a maxi- 

mum or a minimum value of the function according as the 

sign of A is negative or positive. 

If B? be > AC the solution is neither a maximum nor a 
minimum. 

The necessity of the preceding condition was first estab- 
lished by Lagrange ;* by whom also the corresponding con- 
ditions in the case of a function of any number of variables 
were first discussed. 

Again, if 4d =0, B=0, C=o0, then for a real maximum 
or minimum it is necessary that all the terms of the third 
degree in f# and & in expansion (2) should vanish at the same 
time, while the quantity of the fourth degree in # and k 
should preserve the same sign for all values of these quan- 
tities. See Art. 138. 

The spirit of the method, as well as the processes em- 
ployed in its application, will be illustrated by the following 
examples. 

157. To find the position of the point the sum of the 
squares of whose distances from n given points situated in 
the same plane shall be a minimum. 


Ah? + 2Bhk + Ok’, i.e. of 


* Théorie des Fonctions. Deuxiéme Partie. Ch. onziéme. 
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Let the co-ordinates of the given points referred to 
rectangular axes be 


(a1, 01), (dz, bz), (ds, Os) « . » (ny bn), respectively ; 
(x, y) those of the point required ; then we have 
u=(@- Mm)? + (y—-b)? + (we -— a)? + (y—- br)? +... 


+ (w a! Gn) + (y =, bn)? 
@ minimum ; 


du 
6 BUA H ~ Ay t ove $ @— y= NU (dy + dat... + An) =O; 
Lae 
du 
aa. t+y-b, +, wot y—d, =ny—-(d, + bo +...+bn)=0. 
Yy 
Bt Gy bin oH Diet Op terbenests OF 
Hence Cat rang ae aa ; 


and the point required is the centre of mean position of the 
n given points. 

From the nature of the problem it is evident that this 
result corresponds to a minimum. 

This can also be established by aid of Lagrange’s con- 
dition, for we have 

du d*u au 

iy ~ Gedy © Ode a 

In this case AC - B’ is positive, and A also positive; 
and accordingly the result is a minimum. 

158. To find the Maximum or Minimum Walue 
of the expression 


ax’ + by’ + 2hay + 29x + afy +e. 


Denoting the expression by w, we have 


Sap tt g=% 


fie ge so. 


O 
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Multiplying the first equation by 2, the second by y, and 
subtracting their sum from the given expression, we get 


u=ge+ fy +e; 


whence, eliminating « and y between the three equations, 
we obtain 
ah g 


u(ab-h’)=| h b f 4. (3) 
Velo’ 
This result may also be written in the form 


dA 


where A denotes the discriminant of the proposed expression. 
au au du 


pial? dy 7” dedy 


Again, 

Hence, if ab — h® be positive, the foregoing value of w is a 
maximum ora minimum according as the sign of a is negative 
or positive. 

If ? > ab, the solution is neither a maximum nor a 
minimum. 

The geometrical interpretation of the preceding result is 
evident ; viz., if the co-ordinates of the centre be substituted 
for w and y in the equation of a conic, w= 0, the resulting 
value of w is either a maximum or a minimum if the curve 
be an ellipse, but is neither a maximum nor a minimum for 
a hyperbola; as is also evident from other considerations. 

159. To find the Maxima and Minima Values 
of the Fraction 


aa? + by? + 2hay + 2ge + 2fy +0 
We + Vyr+ 2Way+ 2a 2f'yr+e™ 


Let the numerator and denominator be represented by 
p, and ¢.; then, denoting the fraction by u, we get 


a (a) 


Kzamples for Two Variables. 


Differentiate with respect to w and y separately, then 


dp, . du do, dd, ¥ du dps | 
ea ES Dies dy dy ae yo 


but for a maximum or a minimum we must have 


hence, the required solutions are given by the equations 
axthy+g=u(de+hy+ 9’), 
he -- by +f =u(at+ Vy +f’). 
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Multiplying the former by 2, the latter by y, and subtracting 


the sum from the equation (a), we get 
get+jfutresulge+fy +c). 
These equations may be written 
(a-du)e+ (h-Wulyt+g-gu=o, 
(h-Wu)e+ (6-vujy+f—-fu=o, 
(g - fue t+ (f-fu)y+e-cu =o. 
Eliminating x and y, we get the determinant 
a-du h-hu g-gu 
h-hu b-Uu f-fule=o. 
g-gu f-fu e-cu 


(4) 


The roots of this cubic equation in w are the maxima and 


minima required. 


This cubic is the same as that which gives the three 


systems of right lines that pass through the points 
intersection of the conics ¢: = 0, ¢: = 0.* 


* Salmon’s Conic Sections, Art. 37¢. 
02 


of 
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The cubic is written by Dr. Salmon in the form 
A’ + OW? + Cu+ A=0, (5) 


where A, A’ denote the discriminants of the expressions ¢, and 
g2, and O, ©’ are their two other invariants. 

On the proof of the property that the coefficients are in- 
variants compare Art. 144. 

The cubic reduces to a quadratic if either the numerator 
or the denominator be resolvable into linear factors; for in 
this case either A = 0, or A’ =o. 

If both the numerator and denominator be resolvable into 
factors, the cubic reduces to the linear equation 


O’u + O =0, 


and has but one solution, as is evident also geometrically. 
160. Wo find the Maxima or Minima Walues of 
2 +y' +2, where 


az’ + by? + cx’? + 2hay + 2g0% + 2fsy = 1. 
2 2 ee afore ae , x Y 
Let wu = 2 +4? +8’; substitute a’ and 7’ for — and“, and 
z Fs 
we have 


an i he 
av” + by* +04 2ha'y + 29a" + 2fy” 


Accordingly the cubic of formula (4) becomes in this case 
a-uo h g 
h b-w ff |=o. (6) 
g June =e 
This is the well-known cubic* for determining the axes of 


a surface of the second degree in terms of the coefficients in 
its equation : when expanded it becomes 


we—(at+b+c)ur+ (abt+be+ac-f?-g -h’)w 


+ (af? + bg’ + ch? — abe — 2fgh) =0. 


* See Salmon’s Geometry of Three Dimensions, 3rd ed., Art. 82. 
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161. Applieation of Lagrange’s Condition.—In 
. applying this condition to the general case of Art. 159, we 
write the equation in the form 


gi — Uday 
from which we get, on making oe = 0, and du | o 
a'p a pea eu 
da Sahiee oe 
Por _ Fh, 4 eu 
dady — “ dedy* ** Gedy’ 
apr ie au 
Ee ee 
doy = do ra , Por 
but dx’ aa 2a, dx? — 2a, dady [— 2h, &o. 
Hence 
(Vudu (au) _ ; a 
: las a - ae) | = 4{(a- du)(b - Wu) - (h - Wu)’}. 


Accordingly, the sign of 4C - B? is the same as that of 
the quadratic expression 


(ab — h?) — (ab! + ba’ - 2hh’) u+ (dd’ - h”)w’, (7) 


where w is a root of the cubic (4) or (5). 

If A, represent the determinant in (4), the preceding 
quadratic expression may be written in the form re 

Again, t1, U%, U; representing the roots of the cubic (4) ; 
a, 2, those of the quadratic (7); if m be a real maximum or 
minimum value of uw, we must have (# — a)(w — 3)(d0'— h’”) 
a positive quantity. 

Accordingly, if ab’ — kh be positive, u, must not lie be- 
tween the values a and 3. Similarly for the other roots. 
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If all the roots of the cubic lie outside the limits a and B, 
they correspond to real maxima or minima, but any root, 
which lies between a and 3 gives no maximum or minimum. 

In the particular case discussed in Art. 160 the roots of 
the cubic (6) are all real, and those of the quadratic 
a-w, h 
= o are interposed between the roots of the 


h, bt-w 
cubic. (See Salmon’s Higher Algebra, Art. 44). Accord- 
ingly, in this case the two extreme roots furnish real maxima 
and minima solutions, while the intermediate root gives 
neither. This agrees with what might have been anticipated 
from the properties of the Ellipsoid; viz., the axes a and ¢ 
are real maximum and minimum distances from the centre to 
the surface, while the mean axis 0 is neither. 

It would be unsuited to the elementary nature of this 
treatise to enter into further details on the subject here. 

162. Maxima or Minima of Functions of three 
Wariables.—Next, let u = ¢(z, y, 8), and suppose 2, Yo, %o 
to be values of w, y, z, which render uv a maximum or a mini- 
mum ; then, if z, y, z be independent of each other, by the 
same reasoning as before, it is obvious that a, y , % must 
satisfy the three equations 


du du du 


omitting the case of infinite values. 
Accordingly we must have 


h* ik? 2 
p(m +h, York, % +1) - (ay Yos %0) = A —— bell a Ox 


+ Fki+ Ghi+ Hhk + &e. 
where A, B, O, F, G, H, are the values that 
Pu au au au au au 
da” dy” ds’ dyds’ dadz’ dady 


respectively assume when 2%, Yo, % are substituted for a, y, 3 
in them. 
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Now, in this, as in the case of two independent variables, 
it is necessary for a real maximum or minimum value that 
the preceding quadratic function should be either always 
ig or always negative for all small real values of h, k, 
and /. 

Substituting a/ for h, and (/ for *, and suppressing the 
positive factor /*, the expression becomes 


Aad’ + BB’? + C+ 2FB + 2Ga + 2HaB, (8) 
or Al a+ 20 SETS) + opt + 2mB +6. 


Completing the square in the first term, and multiplying by 
A, we get 


(da + HB + G)*+ (AB-H’)B? + 2(AF- GH)B +(AC- G@). 


Moreover, since the first term is a perfect square, in order 
that the expression should preserve the same sign, it is neces- 
sary that the quadratic 


(AB - H’)3’? + 2(AF- CH)B + AC- @ 
should be positive for all values of 3: hence we must have 
AB - H’>o, (9) 
and (AB - H’\(AC - G’) > (AF - GH)’, 
or A(ABC + 2FGH - AF’ - BG? - CH*)>0, (10) 


i.e. 4 and A must have the same sign, A denoting the dis- 
eriminant of the quadratic expression (8), as before. 

Accordingly, the conditions (9) and (10) are necessary 
that 2, Yo, 2. should correspond to a real maximum or mini- 
mum value of the function w. 

When these conditions are fulfilled, if the sign of A be 
positive, the function in (8) is also positive, and the solution 
is a minimum; if A be negative, the solution is a maximum. 

163. Maxima and Minima for amy number of 
Wariables.—The preceding theory admits of easy extension 
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to functions of any number of independent variables. The 
values which give maxima and minima in that case are got 
by equating to zero the partial derived functions for each 
variable separately, and the quadratic function in the ex- 
pansion must preserve the same sign for all values; i.e. it 
must be equivalent to a number of squares, multiplied by 
constant coefficients, having each the same sign. 

The number of independent conditions to be fulfilled in the 
case of n independent variables is simply” - 1, and not 2”—1, 
as stated by some writers on the Differential Calculus. A 
simple and general investigation of these conditions will be 
given in a note at the end of the Book. 

164. To investigate the Maximum or Minimum 
Walue of the Expression 


aa? + by’ + cz’ + 2hay + 292u+ 2fyz + 2px + 2Gqy + 2re+d. 


Let w denote the function in question, then for its maxi- 
mum or minimum value we have 

du 

dx 

du 


ape ae ae 


= 2(ax + hy + 9s +p) =0, 


d 
== 2(gu+fy +cs+r) =05 


hence, adopting the method of Art. 158, we get 
uU=petqyt+re+d, 


Eliminating 2, y,z between these four equations, we obtain 


ah g p 
ah g 
hin blpep o¢ 
CVs street 
alone 
6 Dae ota wie 
uta, au d*u 
Again, since Wn 2% a 2b, &e., 
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the result is neither a maximum nor a minimum unless 


h 
ah . g 


h b 


| is positive, and! h 6b /f|has the same sign as a. 
Ge ae 


The student who is acquainted with the theory of surfaces 
of the second degree will find no difficulty in giving the 
geometrical interpretation of the preceding result. 

165. To find a point such that the sum of the 
squares of its distamces from 7 given points shall be 
a Minimum.—Let (qa, d, c), (a, ', ¢), &e., be the co-ordi- 
nates of the given points referred to rectangular axes; @, y, 2, 
the co-ordinates of the required point; then 


(w - a)? + (y -— b)? + (s - ¢)? 
is equal to the square of the distance between the points 
(a, 6, c), and (a, y, 3). 
ence 
w= (e—a)? + (y — b)? + (g—¢)? + (x-a P+ (y — 0)? +(8 - 0)” 
+ &. = X(v- a)? + Sy — 6)? + Bs - 0c)’, 


where the summation is extended to each of the n points. 
For the maximum or minimum value, we have 


du 
eo 22 (a -— a) = 2nv - 234 =0, 
du 
ag 7 228 ~ 6) = 2ne — 220 = 0} 
>a =) =e 
ch Samer a (Rael ls Soe ie 


1.€. 20) Yo) & are the co-ordinates of the centre of mean posi- 
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tion of the given points. This is an extension of the result 
established in Art. 157. 
du du Ou au 


Again qi = 2M oe 2m, a = 2M, ‘ane 


The expressions (10) and (11) are both positive in this case, 
and hence the solution is a minimum. 

It may be observed with reference to examples of maxima 
and minima, that in most cases the circumstances of the prob- 
lem indicate whether the solution is a maximum, a minimum, 
or neither, and accordingly enable us to dispense with the 
labour of investigating Lagrange’s conditions. 
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EXAMPLES. 


Find the maximum and minimum values, if any such exist, of 


ax+ by +e e+ f@e+tet oe 
f. Se Ans, ——_____—_. 
V+yt+r 2 
ax+by+e ne ES 
Os Sy 24 $2 4. ¢2, 
f/w+y+tr yt Va + 


Stitt — ot ay — 9", 


(a). =0, y=0, amaximum. 


I 2 
(8). ¢=y= t>a minimum. 


(7). #=-y=H+ . a minimum. 


4. ax? + bay + dz? + lez + myz. 


%=y=2=0, neither a maximum nor a minimum. 


5. If w= any? — ety? — a3y3, prove that # = <, TS : makes « a maximum. 


6. Prove that the value of the minimum found in Art. 165 is the “th part of 


the sum of the squares of the mutual distances between the » points, taken two 
and two. 


4. Find the maximum yalue of 


-a.2¢2-B2y2oy2e2 VE GN 
(az + by + cz) e ee. Ans. ]2(S+ ay 


26 
8. Find the values of # and y for which the expression 
(aye + diy + 61)? + (age + bay + c2)2 +... 4+ (ane + buy + On)? 


becomes a minimum. 
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CHAPTER XI. 


METHOD OF UNDETERMINED MULTIPLIERS APPLIED TO THE 
INVESTIGATION OF MAXIMA AND MINIMA IN IMPLIVIT 
FUNCTIONS. 


166. Method of Undetermined Multipliers.—In many 
cases of maxima and minima the variables which ‘enter into 
the function are not independent of one another, but are con- 
nected by certain equations of condition. 

The most convenient process to adopt in such cases is 
what is styled the method of undetermined* multipliers. We 
shall illustrate this process by considering the case of a func- 
tion of four variables which are connected by two equations 
of condition. 

Thus, let tt = (a1, Loy Vay 2), 


where 21, 22, 73, 2; are connected by the equations 
Fi, (@1y Wa Xa) %4) = 0, F(a, Vay Wa, %) = O. (1) 


The condition for a maximum or a minimum value of u 
evidently requires the equation 


Te gO ane Ba 
de, day Biker Fe datz ar Was dats ar ae, dis =O. 


Moreover, the differentials are also connected by the rela- 
tions 


dF, dF, af, dF, 


We. dt, 1s Ce Ait, ee dats =0, 
ak, dF, ak, ak, 
a, da, fe di, Ax, - Was dats =f Ge da, =O. 


Multiplying the first of the twolatter equations by the arbitrary 


* This method is also due to Lagrange. See Méc. Anal., tome 1., p. 74. 


Method of Undetermined Multipliers. 205 


quantity Ai, the other by Az, and adding their sum to the pre- 
ceding equation, we get 


Cae ea 


d. Ly dit, ey d. XL dh 02) 
dp aF, dF, dp = 
(4 NA hms ae NG in) to (Ber5 i = + Ny Ga) anno. 


As A, Az are completely at our disposal, we may suppose 
them determined so as to make the coefficients of dz, and dx, 
vanish. ‘Then we shall have 


(anus + a) de (Be ee H+ dy FE) deo. 
Ls dat, 


Again, since we may regard 2, 2, as independent variables, 
and a, x, a8 dependent on them in consequence of the equa- 
tions (1), it follows that the coefficients of dz, and da, in the 
last equation must be separately zero, for a maximum or a 
minimum ; consequently, we must have 


dp ah wi 


dit, dit, te hae 
dp = ak, 
ae + AZ +A, ae, =O, 


These, along with equations (1) and 


do ak, aF, 
ei Sars + de Te, =0, 
dp a dF, 
ee tA <a abe Oe. =0, 


are theoretically sufficient to determine the six unknown 
quantities, %, %2, Vs, Xs, Aa, Az; and thus to furnish a solution 
of the problem in general. 

This method is especially applicable when the functions 
F, F,, &c., are homogeneous ; for if we multiply the preceding 
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differential equations by 7, a, %, a, respectively, and add, 
we can often find the result with facility by aid of Huler’s 
Theorem of Art. 103. 

There is no difficulty in extending the method of undeter- 
mined multipliers to a function of n variables, 2, a, %,... 
tp, the variables being connected by m equations of condition. 


Lh =O, a= Gy by = Oe «va Lg =O; 


m being less than n; for if we differentiate as before, and 
multiply the differentials of the equations of condition by the 
arbitrary multipliers, Ay, Ax, . . - Am Tespectively; by the same 
method of reasoning as that given above, we shall have the 
following equations, 


do : aF, AE in 


Fae da, t <0 t Ang, = 
dp dF’, AE 'y, 
day At An Tit, > 
dp dt, ane 
Frey Ae tan Ge = 


These, combined with the m equations of condition, are 
theoretically sufficient for the determination of the m + n 
unknown quantities 


By V2y » « o Uny Nw Aa ems Nee 


EXAMPLES. 


1. To find the triangle of maximum area inscribed in a given circle, 
Let & denote the radius of the circle, 4, B, C, the angles of an inscribed 
triangle, w its area; then 


b 
u = = oR? ain A sin B ain 0, 
4h 


Also, A+B+C= 180°; ».d4+dB+dC=0; 
and, taking logarithmic differentials, we get 
cot AdA + cot BdB + cot CdC=0, 
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and consequently 
tan A = tan B= tan C; hence d= B=C= 60°; 
and therefore the triangle is equilateral. 


2. Find a point such that the sum of the squares of the perpendiculars 
drawn from it to the sides of a given triangle shall be a minimum. 


Let x, y, « denote the perpendiculars: a, 4, ¢ the sides of the triangle; then 
“=a? +y%+ 2 is to be a minimum; 
also az + by + cz = double the area of a triangle = 2A (suppose) ; 
.. “dz + ydy + 2dz=0, ade + bdy+ cde=o, 


.“.@=da, y=Ad, 2=dAc: multiplying these equations by a, 2, c, respectively, 
and adding, we obtain 


2A 
ax+b = 24 G2 2 es er 
+ by + cz =A (a? + b? + 0), or PaPae 
2Aa 2Ab 2Ac¢ 


“. t= ——__. 
@+Pre 4 


“Prete eRe 
which determine the position of the point. The minimum sum is obyiously 
4a° 
a+ 4% 
3- Similarly, to find a point such that the sum of the squares of its distances 
from four given planes shall be a minimum. Suppose A, B, C, D to represent 
the areas of the faces of the tetrahedron formed by the four planes; 2, y, 2, w, 


the perpendiculars on these faces respectively; then, as in the preceding 
example, we have 


Az+ By+ Cz + Dw = three times the volume of the tetrahedron = 3 V (suppose), 
and =e? +y*4+2 4 2, a minimum; 
-*. cde + ydy + 2az + wdw =o, 
Adz + Bdy + Cdz + Ddw=0; 
hence =AA, Y=AB, Z=AC, W=AD; 
ee la 
A2 + B24 C24 DY 


4. To prove that of all rectangular parallclepipeds of the same volume thecuhe 
has the least surface. 


Let z, y, z represent the lengths of the edges of the parallelepiped; then, if 
A denote the given volume, we have 


and proceeding as before, we get «= 


cys = A, and wy + wz + yz a minimum; 
°. ysda + azdy + xydz = 0, 
(y +2) da+(a+2) dy+(e+y) d=0; 
hence yo=r (Y+2), =A (@4+2),2Y=A (UT)? 
from which it appears immediately that « = y =z. 
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167. To find the Maximum and Minimum 
Walues of 


ax’ + by’ + cz’? + 2hay + 2920 + 2fys, 
where the variables are connected by the equations 
Ia+ My + Ne=0,and#@+y7+e2=1,. 
In this case we get the following equations: 
ax+hy+g92+rAL+rAsw=0, 
ha + by + fet+ AI + rQw =0, 
ge + fy +¢c8 + AN + Ags = 0. 


Multiply the first by z, the second by y, the third by s, and 
add; then 


“u +A,=0, orrA,=— 4. 
Hence (a-u)athy+gs+AL =o, 

he +(b-u) y+7+rAM=0, 

gz + fy + (e-u) s+A WN =0, 


Tx + My + Nz =O: 
eliminating 2, y, s and A,, we get tho determinant equation 
a-u, h, Pe 
h, b-u f, MU 
a f eH IE oO. (2) 


I, M, N, fe) 


The roots of this quadratic dotermine the maximum and 
minimum values of w. 

The preceding result enables us to determine the principal 
radii of curvature at a given point on a surface whose equa- 
tion is given 1n rectangular co-ordinates. 
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Again, the term independent of w in this determinant is 
evidently 


Gye bs Oe BE 
pe =a 
0; oe Del 
LM, Ne O 


and the coefficient of uw’? is Z* + I/? + N*. Accordingly, the 
product of the roots of the quadratic (2) is equal to the frac- 
tion whose numerator is the latter determinant, and denomi- 
nator L’?+ I’ +N’. From this can be immediately deduced 
an expression for the measure of curvature* at any point on a 
surface. 


# Salmon’s Geometry of Three Dimensions, Art. 295. 
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EXAMPLES. 


1. Find the minimum value of 
be Oe 2a ee ee ae 
1 2 3 n 
where #1, £2, ... %n are subject to the condition 
pe 


AX, + Agha treet Antn =k. Ans, ——— ; 
17} ete + n&n ota...4+a 


2. Find the maximum value of 
zP y/9 Zt, 
where the variables are subject to the condition 
an+by+cz=pt+atr. 
Pp q r 
se) Gem 
a b € 
6. ; Se- : 
3. If tan : tan ae, find when sin ¢ - » sin ¢ is a maximum. 


4. Find the maximum value of (% + 1) (y + 1) (2 + 1) where a* bv c? = A. 


= 8 
Ans. ___{leg (Aabde)}? 
27 loga .logd. loge 
5. Find the volume of the greatest rectangular parallelepiped inscribed in 
the ellipsoid whose equation is 


Lh Ans. = 


ar oe 33 


a yt eB 8 abe 
@ 


6. Find the maximum or the minimum values of #, being given that 
w= + yr +2, a2+yt+e2=1, andle+ myt+nz=0, 
Proceeding by the method of Art. 167, we get 
Ce+rAt+ulso, By+taytuma=o, z+ Azs+pn=o. 
Again, multiplying by w, y, 2, respectively, and adding, we get A =— u. 
oe (4U-@)e=pnl, (Uu-—-?)y=pm, (u—c*)c=pn. 
Hence, the required values of w are the roots of the quadratic 


12 m* ne 


Seer in See eo == 
this s,s 0b ae hoe tee Oe 


a. 
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oan 
tat 
maximum or San: Petceeading. asin the last example, we get the quadratic 


Given = = = 1, and 7 + my + nz =0, find when 2? +4? + 2? isa 


a’? 82m? On 


w—-a u- u-e& 


=0, 


This question can be at once reduced to the last by substituting in our equations 
az, by, and cz, instead of x, y, % 


8. Of all triangular pyramids having a given triangle for base, and a given 
altitude above that base, find that whose surface is least. 


at+tb+c¢) ,— 
— r® + p*, where a, 3, ¢ repre- 


sent the sides of the triangular base; 7, the radius of its inscribed circle; and p, 
the given altitude. 


Ans. Value of minimum surface is 


g. Divide the quadrant of a circle into three parts, such that the sum of the 
products of the sines of every two shall be a maximum ora minimum; and 
determine which it is. 


10. Of all polygons of a given number of sides circumscribed to a circle, the 
regular polygon is of minimum area? For, let 1, ¢2,. . . $n be the external 
angles of the polygon, then the area can be easily seen to be in general 


ra (tan & + tan 4... 4 tan 2), 


where git $2.-++¢n= 27. 
Hence, foraminimum, ¢1=¢2=¢3=-+..=on» 


1r. Of all polygons of a given number of sides circumscribed to any closed 
oval curve which has no singular points, that which has the minimum area 
touches the curve at the middle point of each of the sides. 


12. Given the ratio sin @: sin w, and the angle @, find when the ratio 
sin (? + @): sin( + @) is a maximum or a minimum. Ans. p+ v=. 


13. Required the dimensions of an open cylindrical vessel of given capacity, 
so that the smallest possible quantity of material shall be employed in its con- 
struction, the thickness of the base and sides being given. 

Ans. Its altitude must be equal to the radius of its base. 


14. Show how to determine the maximum and minimum values of #?+y?+2? 
subject to the conditions 


(x? ae y? ak gr\2 = an? + by? + og, 


le+ my +nz=0. 
E2 


( S2i2e) 


CHAPTER XII. 
TANGENTS AND NORMALS TO CURVES. 
168. Equation of the Tangent.—lIf (z, 7), (a, 7), be the 


co-ordinates of any two points, P, Q, taken on a curve, and 
if (X, Y) be any point on the y 


line which joins P and Q; then g 
the equation of the line PQ is’ , PF OIL 
Gre ee o 2 
Y-y=(X LTE, ’ 
in which X and Y represent the ° BD acapttn We x. 
current co-ordinates. Fig. 8. 


If now the point Q be taken infinitely near to P, the line 
PQ becomes the tangent at the point P, and, as in Art. 10, 
we have for its equation 


VY-y=(X-2)— (1) 


where X, Y are the co-ordinates of any point on the line, 
and z, y those of its point of contact. 


For example, to find the equation of the tangent to the 
curve 


an y” = qm, 
Taking the logarithmic differentials of both sides, we get 
n mad net aay ny 


Se SS ee ee 


YO in ang 
and the equation of the tangent becomes 


nX mY 
— +—=min 
@ y 
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If we make X = 0, and Y =o, separately, we get eM vy 


and ~~ "» for the lengths of the intercepts made by the 


tangent on the axes of w and y, respectively. This result 
furnishes an easy geometrical method of drawing the tangent 
at any point on a curve of this class. 
f m = 1, n = 1, the preceding equation represents a 
hyperbola; if m = 2, and » = — 1, it represents a parabola. 
169. If the equation of the curve be of the form 


FT (x, y) = 0, and if f(« By denoted by wu ue haye from 
Art. 100, Lhe iS As ee Pye ; 
bt 
Ox ~ Ow 
oy 
and hence the equation of the tangent becomes 


(X= 2) Hs (V-y) Fao. (2) 


The points on the curve at which the tangents are 


parallel to the axis of « must satisfy the equation =O" 


they are accordingly given by the intersection of the curve, 
wu =0, with the curve whose equation is a =o. The y co- 
ordinates at such points are evidently in general either 
maxima or minima. 

Similar remarks apply to the points at which the tangents 
are parallel to the axis of y. 

To find the tangents parallel to the lines y = mx+n. The 
points of contact must evidently satisfy 


dus du 
—+m— =O. 
dat dy 


The points of intersection of the curve represented by 
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this equation with the given curve are the points of contact 
of the system of parallel tangents in question. 

The results in this and the preceding Article evidently 
apply to oblique as well as to rectangular axes. 


EXAMPLES. 


1. To find the equation of the tangent to the ellipse 


au 2% du zy 


Here aE = aad dy = Be? 


and the required equation is 


or —+—= 4+5=n 


2. Find the equation of the tangent at any point on the curve 


Xz) Yyn-t 
a tie a Ans. — + 3m =e 


3. If two curves, whose equations are denoted by wu = 0, #’ = 0, intersect in 
a point (#, y), and if w be their angle of intersection, prove that 


4. Hence, if the curves intersect at right angles, we must have 


du du! i du dul _ 
da de ' dydy 
5. Apply this to find the condition that the curves 


x? y? Pd y? 


ran T hevt ae ec Si 


should intersect at right angles. Ans, a* — 64 = a? -. 5’, 
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170. Equation of Normal.—Since the normal at any 
point on a curve is perpendicular to the tangent, its equation, 
when the co-ordinate axes are rectangular, is 


dy te 
(Y-y) 7, +X-¢=9, 
du du 
or a, (2 -y) Ray (X — 2). (3) 


The points at which normals are parallel to the line 
y = mex +n are given by aid of the equation of the curve v=o 
along with the equation 


du ah du, 
dy da 
aie taunt 


1. Find the equation of the normal at any point (w, y) on the ellipse 


2 2 2 2 
eo eae Th tig it ES aa eligs 
(UE x y : 


2. Find the equation of the normal at any point on the curve 


y” = ann. Ans. nYy + mXz = ny? + mx, 


171. Subtangent and Subnormal.—In the accom- 


panying figure, let PZ’ repre- y 
Me 


sent the tangent at the point P, 
PN the normal; OM, PI the 
co-ordinates at P; then the 
lines TM and JLN are called 


the subtangent and subnormal 0 T Me SN EX, 
corresponding to the point P. Fig. 9. 
To find the expressions for their lengths, let ¢= 2 PT, 
bE dy aay 
then par = co) ie ee anak 
da 
UN dy dy 
irae wae wth oe ae 


216 Tangents and Normals to Curves. 


The lengths of PZ’ and PN are sometimes called the 
lengths of the tangent and the normal at P: it is easily 
seen that 


ay (i) 
2 Yack Nea 
PN=y Jr (3); ae ae) 
de dy 
da 


EXAMPLEs. 
1. To find the length of the subnormal in the ellipse 


vy 


Here Ce plaalieior koa, 


the negative sign signifies that INV is measured from M in the negative 
direction along the axis of 2, i.e. the point WV lies between If and the centre 0; 
as is also evident from the shape of the curve. 


2, Prove that the subtangent in the logarithmic curve, y = a*, is of constant 
length. 


3. Prove that the subnormal in the parabola, y? = 2ma, is equal to m, 


4. Find the length of the part of the normal to the catenary 


Py i oe 
Sf coat (A+ “Js 


2 

intercepted by the axis of a. avs. ©. 
a 

5. Find at what point the subtangent to the curve whose equation is 
zy? = a (a — 2) 
; : G 
is a Maximum. Ans. t=-, Y=a. 
2 


172. Perpendicular on Tangent.—Let p be the length 
of the perpendicular from the origin on the tangent at any 
point on the curve 


F(a, y) =¢, 


Length of Perpendicular on Tangent. 244 


then the equation of the tangent may be written 
X cosw + Y sinw =p, 


where w is the angle which the perpendicular makes with 
the axis of z. 

Denoting F(z, y) by u, and comparing this form of the 
equation with that in (2), and representing the common value 
of the fraction by A, 


du du ot ry du 
de dy “de "dy 


we get See ee = 7, 
cosSw sInw p 
du\? (du? 
Read a = 
Hence v= ( ie) + (=) - 
and p= DL ene Yr (4) 


[5 
dx dy 

Cor. If F(a, y) be a homogeneous expression of the n 
degree in # andy, then by Kuler’s formula, Art. 102, we have 


shay es Arh 
de widy 


and the expression for the length of the perpendicular 
becomes in this case 
C 


I du a ie 2 
ae a 


173. Hm the curve — 


aim ™ 
el Ee 
a” bm 
to prove that 
m m m 


p™ 2 (a cosw)™ + (b sinw)"™. (5) 
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By Ex. 2, Art. 169, the equation of the tangent is 


Xv yy" 
=1; 
at om 


comparing this with the form 


X cosw + Y sinw =p, 


t cosw = gt sinw 
we ge =— — = 
g p qe ’ p bm ’ 
i te 
a acosw\"" & bsinw\"" y 
Pp a p b 


Hence, substituting in the equation of the curve, we obtain 
the result required. 

174. Locus of Foot of Perpendicular for the same 
Curve.—Let X, Y be the co-ordinates of the point in ques- 


tion, and we have, evidently, cos w = cS sin w = ot substi- 
tuting these values for cosw and sin w in (5), it becomes 


m m 


(+ Vy = a X)™4 (6 Y)™, 


since p? = X?+ Y", 

175. Another Form of the Equation to a Tan- 
gent.—If the equation of a curve of the n* degree be 
written in the form 


$(@, Y) = Un + Unt + Una t... t Ut ty + U = 0, 


where wv, denotes the homogeneous part of the n degree in 
the equation, wp. that of the (n - 1)”, &¢.; then, by Cor. 
Art. 103, we have 


ds 


di 
oF ye fun t 2Un + &C. oe + MU}. 


dy 
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Hence the equation of the tangent in Art. 169 becomes 


di 
EE a tg atlga tee bitty = 0; (6) 
an equation of the (m — 1) degree in z and y. 

176. Number of Tangents from an External 
Point.—To find the number of tangents which can be 
drawn to a curve of then” degree from a point (a, (3), we sub- 
stitute a for X, and § for Y in (6), and it becomes 

dp 


d 
Tet get Mat + Bat oss + Ml = 0. (7) 


This represents a curve of the (nm — 1)” degree in # and y, 
and the points of its intersection with the given curve are the 
points of contact of all the tangents which can be drawn 
from the point (a, (3) to the curve. Moreover, as two curves 
of the degrees » and n — 1 intersect in general in x (n — 1) 
points, real or imaginary (Salmon’s Conic Sections, Art. 238), 
it follows that there can im general be n(n -— 1) real or 
imaginary tangents drawn from an external point to a curve 
of the n™ degree. 

If the curve be of the second degree, equation (7) be- 
comes 


an equation of the first degree, which evidently represents 
the polar of (a, 8) with respect to the conic. 
In the curve of the third degree 


Us + Ug + Uy + Uy = O, 


equation (7) becomes 
d d 
ra + Uz + 2U, + 3%) = 0, 


which represents a conic that passes through the points of 
contact of the tangents to the curve from the point (a, 3). 

This conic is called the polar conic of the point. For the 
origin it becomes 


Uz + 2 + 3% =O. 
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177, Wumber of Normals which pass through a 
Givem Point.—If a normal pass through the point (a, {), 
we must have from (3), 


(a- 2) = B-) Fe 


This represents a curve of the n degree, which intersects the 
given curve in general in n’ points, real or imaginary, the 
normals at which all pass through the point (a, [). 

For example, the points on the ellipse 


at which the normals pass through a given point (a, B), 
are determined by the intersection of the ellipse with the 
hyperbola 

ay (a — 0°) = @ay — Be. 


For the modification in the results of this and the pre- 
ceding article arising from the existence of singular points on 
the curve, the student is referred to Salmon’s Higher Plane 
Curves, Arts. 66, 67, 111. 

178. Differential of the Are of a Plane Curve. 
Mirection of the Tangent.—If the length of the arc of a 
curve, measured from a fixed point A on it, be denoted by s, 
then an infinitely small portion of it is represented by ds. 
Again, if ¢’ represent the angle QPL (fig. 8), we have 


,_P ; 
cos ¢ ==, and sing’ = —>3 


but in the limit, PZ = dv, QL = dy, and PQ = ds,* and also 
p becomes PTX, or ¢ (fig. 9). 


_ .* In Art. 37 it has been proved that the difference between the length of an 
infinitely small arc and its chord is an infinitely small quantity of the second 
order in comparison with the length of the chord; i.e. aan is infinitely 
small of the second order, and therefore this fraction vanishes in the limit. 


are 
Hence 


“al FO™ 1, ultimately. 


Differential of the Arc of a Curve. 


Hence 


de _. dy 
COS d ae sin @ ag? 


squaring and adding, we get 


da\? (dy\’ 
(a) (a) 


Hence, also, we have 


ds* = da’ + dy’, 
and therefore 


es 
aa Ji 5p We da. 
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(8) 


(9) 


(10) 


On account of the importance of these results, we shall 


give another proof, as follows :— 


Let, as before, PR be the tangent to the curve at the 


point P, 

OM = tet May, 
MN=PL=Az, QL= Ay. 
L PTX = 9, are PQ= As, 
Then, if the curvature of 
the elementary portion PQ 


of the curve be continuous, 
we have evidently the line 


PQ<arePQ<PR+QR; 0 T A 


Fig. 10. 


or V Az? + dy? < As < Aw seo + Ay — Av tang; 


AG 


Ay Ay 
Ee ) «5a < seo 9 +58 tan ¢. 


dx 


Mee ee eet Ay\’ 
Again, in the limit eT ae tan g, and ,{1 + (3) 
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dat 
ceding expressions converges to the same limiting value, and 


ds ly? ; : ; 
we have — = ,/1+{—! ; which establishes the required 
dix ax} 


becomes : 1 + (7) or see; accordingly each of the pre- 


result. 

179. Polar Co-ordinates.—The position of any point 
in a plane is determined when its distance from a fixed point 
called a pole, and the angle which that distance makes with a 
fixed line, are known ; these are called the polar co-ordinates 
of the point, and are usually denoted by the letters r and 0. 
The fixed line is called the prime vector, and r is called the 
radius vector of the point. 

The equation of a curve referred to polar co-ordinates is 
generally written in one or other of the forms, 


¢=f(0), or F(r, 0)-= 0, 


according as 7 is given explicitly or implicitly in terms of 6. 
Also, if 0 be positive when measured above the prime vector, 
it must be regarded as negative when measured below it. 

180. Angle between Tangent and Radius Wector. 
Let O be the pole, P and Q two near 
points on the curve, PIV a perpendicular 
on 0Q, OP = r, POX = 6, and w the 
angle between the tangent and radius 
vector. ‘Then 

A A 
tan OQP = a sin OQP aes 
—< Ot — PQ ez 
cos OOP = oN : but in the limit when 
iy QP - 5 Fig. 11. 
Q and P coincide, the angle OQP 
becomes equal to y, and* 
pie ee , at the same time; 


PQ ~ ds? PQ ds 


dre e rd 
or cosy =—-, sin Y=—-, tan py =. (11) 


* These results can be easily established from Art. 37. 


—_———___ 
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2 2 
Also, (=) + (Z) = 1, (12) 


Hence, also, we can determine an expression for the 
differential of an arc in polar co-ordinates; for, since 


Nees tM 
qr -"* qr 
we get, on proceeding to the limit, 


ds J: rd 


rn re 
auger 0? 
or as= fx Todi (13) 


These results are of importance in the general theory of 
curves. ~— —_ a 
181. Application to the Logarithmic Spiral.— 
The curve whose equation is 7 = a is called the logarithmic 
spiral. In this curve we have 


rd0 see 
dr log a’ 


tan yy = 


Accordingly, the angle between the radius vector and the 
tangent is constant. On account of this property the curve 
is also called the eguiangular spiral. 
182. Polar Subtangent and Suabnormat.—Through 

the origin O let S7' be drawn perpendi- g 
cular to OP, meeting the tangent in 7, 
and the normal in 8. The lines O7' and 
OS are called the polar subtangent and 
subnormal, for the point P. To find 
their values, we have : 

OT = OP tan OPT'=r tan y = ae 


OS = OP tan OPS = root =F 7 


if A 
Also, if 4 = s OT = — aa, { 
ie du 
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Again, if ON be drawn perpendicular to PT, we have 
PN = OP cos pan Z. (15) 


183. Expression for Perpendicular on Tangent.— 


As before, let p = ON, then 


p=rany=——; 
3 ee i tom dr* + 7° dG? 7 dy* : a 
a p rd rd rd r? 
i5eK: (ay 6 
or as + ae) (16) 


The equations in polar co-ordinates of the tangent and 
the normal at any point on a curve can be found without 
difficulty : they have, however, been omitted here, as they 
are of little or no practical advantage. 


EXAMPLEs. 


is 1. To find the length of the perpendicular from a focus on the tangent to an 
ellipse. 


The focal equation of the curve is 


a(1 — é) _t—ecosd. 


, Se 


= Oe iS) 
T=ecose © a(i—e) ’ 


du € sin@ 


hence aye aaa 
do a(i — e)’ 


1+¢? — 2¢ cos 9 I (* ) 
“yp @(r—e)? a (1 — &”) ; 


2. Prove that the polar subnormal is constant, in the curve r = a6; and the 
polar subtangent, in the curve 74 = a, 
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184. Emverse Curves.—If on any radius vector OP, 
drawn from a fixed crigin O, a point P’ be taken such that 
the rectangle OP . OP’ is constant, the point P’ is called the 
inverse of the point P; and if P describe any curve, P” 
describes another curve called the inverse of the former. 

The polar equation of the inverse is obtained immediately 


from that of the original curve by i 
2 


substituting instead of r in its 


equation ; see k? is equal to the 
constant OP . OP”. 

Again, let P, Q be two points, 
and P’, Q the inverse points; then 
since OP . OP’ = OQ . OQ, the 
four points P, Q, Q’, P’, lie on a 
circle, and hence the triangles 


OQP and OP’@ are equiangular ; Fig. 13. 
= La OP ez OP . OO -0P- 08 
Bre 00 00700. ar es 


Again, if P, Q be infinitely near points, denoting the 
lengths of the corresponding elements of the curve and of its 
inverse by ds and ds’, the ee ges result becomes 


ds = =i ish ep (18) 

185. Direction of the Tangent to an Inverse 
Curve.—Let the points P, Q belong to one curve, and P’, Q 
to its inverse; then when P and Q coincide, the lines PQ, 
P’Q become the tangents at the inverse points P and P’: 
again, since the angle SPJ” = the angle SQ’Q, it follows that 
the tangents at P and P’ form an isosceles triangle with the 
line PP”. 

By aid of this property the tangent at any point on a 
curve can be drawn, whenever that at the corresponding 
point of the inverse curve is known. 

It follows immediately from the preceding result, that if 
two curves intersect at any angle, their inverse curves intersect at 
the same angle. 

Q 
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186. Equation to the Inverse of a Given Curve.— 
Suppose the curve referred to rectangular axes drawn through 
the pole O, and that # and y are the co-ordinates of a point P 
on the curve, X and Y those of the inverse point P’; then 

DO gORT OP aes ‘uae kis 
x OP  OP* Xea¥2)” a ee 
hence the equation of the inverse is got by substituting 
kre = ee 
v+y e+ y? 


instead of x and y in the equation of the original curve 

Again, let the equation of the original curve, as in Art. 
174, be 

Un + Uni + Un-g +. e ot Ueg + Uy + U = O~- 
kh? k? : 
When 5a and are substituted for x and y, w, 
ISA). 

ve + “eye 
Accordingly, the equation of the inverse curve is 


becomes evidently 


Rg, +B ty, (a? +:y") + yo (a? + JP +... 
+ Up (a? + 7)" =0. (19) 
For instance, the equation of any right line is of the form 
Uy + Uy = 03 
hence that of its inverse with respect to the origin is 
Ruy + Uy (a + y’) =0. 


This represents a circle passing through the pole, as is 
well known, except when «, = 0; i.e. when the line passes 
through the pole 0. 

Again, the equation of the inverse of the circle 

e+ t+ + u,=0, 
with respect to the origin, is 
(At + kay + u(x? + y’)) (a + 9”) =0, 
which represents another circle, along with the two imaginary 
right lines 2? + y*? = o. 
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Again, the general equation of a conic is of the form 
Ue + Ui + Uy = O05 
hence that of its inverse with respect to the origin is 
Kit, + Wy (a? + y’) + Ww (a + 7’)? = 0, 


which represents a curve of the fourth degree of the class 
called “bicircular quartics.” 

If the origin be on the conic the absolute term « vanishes, 
and the inverse is the curve of the third degree represented 


by 
Ku, + (av? + y’) =0. 


This curve is called a “ circular cubic.” 

If the focus be the origin of inversion, the inverse is a 
curve called the Limacon of Pascal. The form of this curve 
will be given in a subsequent Chapter. 

187. Pedal Curves.—If from any point as origin a per- 
pendicular be drawn to the tangent to a given curve, the locus 
of the foot of the perpendicular is called the pedal of the curve 
with respect to the assumed origin. 

In like manner, if perpendiculars be drawn to the tan- 
gents to the pedal, we get a new curve called the second pedal 
of the original, and so on. With respect to its pedal, the 
original curve is styled the first negative pedal, &e. 

188. Tangent at any Point to the Pedal of a 
given Curve.—Let ON, OWN’ 
be the perpendiculars from the 
origin O on the tangents drawn 
at two points P and Q on the 
given curve, and 7’ the intersec- 
tion of these tangents; join VV’; 
then since the angles ONT and 
ON'T are right angles, the qua- 
drilateral ONNV’T is inscribable 


in a circle, 


——— 


Fig. 14. 


“. LON N=2LOTN. 


In the limit when P and Q coincide, 2 OTN =2ZOPN, 
and VN’ becomes the tangent to the locus of NV; hence the 
Q 2 


? 
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latter tangent makes the same angle with ON that the 
tangent at P makes with OP. This property enables us 
to draw the tangent at any point VV on the pedal locus in 
question. 

Again, if p’ represent the perpendicular on the tangent at 
N to the first pedal, from similar triangles we evidently have 


r= Fe 
Hence, if the equation of a curve be given in the form 
r=f(p), that of its first pedal is of the form | = f(p), in 


which p and p’ are respectively analogous to r and p in the 
original curve. In like manner the equation of the next 
pedal can be determined, and so on. 

189. Reciprocal Polars.—If on the perpendicular ON 
a point P’ be taken, such that OP’. OV is constant (/* sup- 
pose), the point P’ is evidently the pole of the line PN with 
respect to the circle of radius / and centre O; and if all the 
tangents to the curve be taken, the locus of their poles is a 
new curve. We shall denote these curves by the letters 4 
and B, respectively. Again, by elementary geometry, the 
point .of intersection of any two lines is the pole of the line 
joining the poles of the lines.* Now, if the lines be taken as 
two infinitely near tangents to the curve A, the line joining 
their poles becomes a tangent to B; accordingly, the tangent 
to the curve B has its pole on the curve 4. Hence A is the 
locus of the poles of the tangents to B. 

In consequence of this reciprocal relation, the curves 4 and 
B are called reciprocal polars of each other with respect to the 
circle whose radius is /. 

Since to every tangent to a curve corresponds a point on 
its reciprocal polar, it follows that to a number of points in 
directum on one curve correspond a number of tangents to its 
reciprocal polar, which pass through a common point. 

Again, it is evident that the reciprocal polar to any curve 
is the inverse to its pedal with respect to the origin. 

We have seen in Art. 176. that the greatest number of tan- 
gents from a point to a curve of the n™ degree is n (m~ 3) ; 


* Townsend's Modern Geometry, vol. i., p. 219. 
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hence the greatest number of points in which its reciprocal 
polar can be cut by a line is n(n — 1), or the degree of the 
reciprocal polar is n(w-1). For the modification in this 
result, arising from singular points in the original curve, as 
well as for the complete discussion of reciprocal polars, the 
student is referred to Salmon’s Higher Plane Curves. 

As an example of reciprocal polars we shall take the curve 
considered in Art. 173. 

If r denote the radius vector of the reciprocal polar cor- 
responding to the perpendicular p in the proposed curve, we 
have F 

i? 
Dis 


Substituting this value for p in equation (5), we get 


(=) ‘= (a cos w)” + (6 sin w) : 
= tt oe 
or Kets (ag) + (by), 


which is the equation of the reciproeal polar of the curve re- 
presented by the equation 
a™ Yes " 
qm - om I. 


In the particular case of the ellipse, 


the reciprocal polar has for its equation 
Kt = az’ + by’. 

The theory of reciprocal polars indicated above admits of 
easy generalization. Thus, if we take the poles with respect 
to any conic section (UV) of all the tangents to a given curve 
A, we shall get a new curve B; and it can be easily seen, ar 
before, that the poles of the tangents to B are situated on the 
curve A. Hence the curves are said to be reciprocal polars 
with respect to the conie U. 

It may be added, that if two curves have a common poin¢ 
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their reciprocal polars have a common tangent; and if the 
eurves touch, their reciprocal polars also touch. 

For illustrations of the great importance of this “ principle 
of duality,” and of reciprocal polars as a method of investi- 
gation, the student is referred to Salmon’s Conies, ch. xv. 

We next proceed to illustrate the preceding by discussing 
a few elementary properties of the curves which are comprised 
under the equation +” = a™ cos m0. 

190. Pedal and Reciprocal Polar of +” = a” cos m. 


We shall commence by finding the N 
angle between the radius vector and ee 
the perpendicular on the tangent. a 

In the accompanying figure we La 

dr 
have tan PON = cot OPN = - =F ¥ 
Fig. 15. 
But m log r = m log a + log (cos m8) ; 
dr 
hence a ead tan m8, 
and accordingly, LPON = m0. (20) 
m+ 

Again, p=ON=r cosmO = a 

or pilin gmp, (21) 


The equation of the pedal, with respect to O, can be im- 


mediately found. 
For, let z AON = w, and we have 


ti = (m+ 1) 0. 


m 


Also, from (21), f ie -(2)". 


a) a 


Hence, the equation of the pedal is 


mon A 
pret = a) cog : (22) 
m+ : 
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Consequently, the equation of the pedal is got by substi- 


tuting i 


ee instead of m in the equation of the curve. 
b+ 


By a like substitution the equation of the second pedal is 
easily seen to be 


m m ) 
pom = qm m ‘ 
- ] 
2m +1 
and that of the n™ pedal 
il ieee mo 


pnd — ayitint. ang 


(23) 


Again, from Art. 184, it is plain that the inverse to the 
curve 7” = a” cos m0, with respect to a circle of radius a, is 
the curve +” cos m@ = a”. 

Again, the reciprocal polar of the proposed, with respect 
to the same circle, being the inverse of its pedal, is the curve 


i m0 i 


r™1 cog ene ie (24) 


mnr+ti 


It may be observed that this equation is got by substitut- 


=e 


ing carOr for m in the original equation. 

Accordingly we see that the pedals, inverse curves, and 
reciprocal polars of the proposed, are all curves whose equa- 
tions are of the same form as that of the proposed. 

In asubsequent chapier the student will find an additional 
discussion of this class of curves, along with illustrations of 


their shape for a few particular values of m. 


EXaMPLes. 
t. The equation of a parabola referred to its focus as pole is 
7 (I + cos @) = 2a, 
to find the relation between 7 and p. 


6 
Here r? cos Ae ai, and consequently p? = ar, 


a well-known elementary property of the curve. 
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2. The equation 7? cos 20 = a* represents an equilateral hyperbola; prove 
that pr = a?. 

3. The equation r? = a? cos 24 represents a Lemniscate of Bernoulli; find 
the equation connecting p and 7 in this case. Ans. 7? = ap. 

4. Find the equation connecting the rddius vector and the perpendicular on 


the tangent in the Cardioid whose equation is 
w= a(t + Cos @). Ans. r= 2ap?. 


It is evident that the Cardioid is the inverse of a parabola with respect to 
its focus; and the Leimniscete that of an equilateral hyperbola with respect to 
its centre. Accordingly, we can easily draw the tangents at any point on either 
of these curves by aid of the Theorem of Art. 185. 


5. Show, by the method of Art. 188, that the pedal of the parabola, p? = ar, 
with respect to its focus, is the right line p = a. 
6. Show that the pedal of the equilateral hyperbola pr =a? is a Lemniscate. 


4. Find the pedal of the circle 7? = 2ap. Ans. A Cardioid, 73 = 2ap*. 


191. Expression for PNV.—To find the value of the 
intercept between the point of 
contact P and the foot WV of 
the perpendicular from the 
origin on the tangent at P. 

“Let p= ON, w =Z2NOA, 
PN=t; thenz NTN’= ZNON’ * 
= Aw, also SN’=7S sin STN’; 


SN’ : 
se hy sin VON”? but in the Fig. 16. 
aif na . SN’ dp 
limit, when P finitel aaa 
imit, when PQ is infinitely small, an WOW’ becomes To’ 
and 7'S becomes PN or t: 
. 4-2 
adn (25) 
Also OP? = ON? + PN’: 
dp \2 
° 2 _- 
“Pap +(2) (26 
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On reference to the last figure we have 


ee ee dt ain t of ON = a 
dw ANT) dw. Aw 
but PT+TQ-QN’+PN=TN- TN’; 
hence eke cL aa aoe = limit of oe 
dw dw Aw Aw 
as, tt 
* dw =P doy 


This result, which is due to Legendre, is of importance in 
the Integral Caloulus, in connexion with the rectification of 
curves. 


thy a be substituted for ¢, the preceding formula becomes 
@ 
aE in eas (28) 


This shape of the resuit is of use in connexion with curva- 
ture, as will be seen in a subsequent chapter. 

193. Direction of Rormal in Wectorial Co-ordi- 
mates.—In some cases the equation of a curve can be 
expressed in terms of the distances from two or more fixed 
points or foci. Such distances are called vectorial co-ordi- 
nates. For instance, if 7, 7. denote the distances from two 
fixed points, the equation 7: + 72 = const. represents an ellipse, 
and 7; — 72 = const., a hyperbola. 

Again, the equation 

1, + Mrz = const. 


represents a curve called a Cartesian* oval. 
Also, the equation 
112 = const. 


represents an oval of Cassini, and so on. 

The direction of the normal at any point of a curve, in 
such cases, can be readily obtained by a geometrical con- 
struction. 


* A discussion ot the principal properties of Cartesian ovals will be found 
in Chapter XX 
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For, let 
EF’ (11, 12) = const. 
be the equation of the curve, where 
EP 27, IGP = Tn 
then we have 


Fy Fe 
Fig 17. 
adFadr, dFdr, 
dr, ds dr, ds 


Now, if PT be the tangent at P, then, by Art. 180, we have 


“ = 008 th, “. =cosy., wherewi=ZLTPHK, 2 =LTPF.. 
fy dF 

Hence le cos Yi + — cos fz = 0. (29) 
dr; dr. 


Again, from any point R on the normal draw RL and 
RM respectively parallel to #,P and /.P, and we have 


PL: DLR=sin RPM: sin RPL = cosy: -— cos yi 
~ adr, * dry 


Accordingly, if we measure on P/F, and PF, lengths 


: aE, dF 
PL and PM, which are in the proportion of a to ee then 
1 ler) 


the diagonal of the parallelogram thus formed is the normal 
required. 

This result admits of the following generalization : 

Let the equation of the curve* be represented by 


PU Pag Pay ne in) Cotas 


* The theorem given above is taken from Poinsot’s Elements de Statique, 
Neuviéme Edition, p. 435. The principle on which it was founded was, how- 
ever, given by Leibnitz (Journal des Savans, 1693), and was deduced from 
mechanical considerations. The term resultant is borrowed from Mechanics, 
and is obtained by the same construction as that for the resultant of a number 
of forces acting at the same point. Thus, to find the resultant of a number of 
lines Pa, Pb, Pc, Pd, ... issuing from a point P, we draw through a a right 
line aB, equal and parallel to Pd, and in the same direction; through B, a right 
line BC, equal and parallel to Pz, and so on, whatever be the number of lines: 
then the line PX, which closes the polygon, is the resultant in question, 


Normals in Vectorial Co-ordinates. 235 


where 7), 2) . . - 1% denote the distances from » fixed points. 
To draw the normal at any point, we connect the point with 
the n fixed points, and on the joining lines measure off 
lengths proportional to 
dB dk. ak ak 
Oe Us Gre ary 
then the direction of the normal is the resu/tant of the lines 


thus determined. 
For, as before, we have 


respectively ; 


ar dry A dF dr, ‘ ak dry ai 
dr, ds .dr.ds °°° dr,ds ~~ 
dk i 
Hence —cosy%,+ COS te +... ut COS Wn = O. (30) 
1 d: arn 
dr ar dF 
Now, ie cos th, Wi COS Wiz, 2% i COS Way 


are evidently proportional to the projections on the tangent 
of the segments measured off in our construction. Moreover, 
in any polygon, the projection of one side on any right line 
is manifestly equal to the sum of the projections of all the 
other sides on the same line, taken with their proper signs. 
Consequently, from (30), the projection of the resultant on 
the tangent is zero; and, accordingly, the resultant is normal 
to the curve, which establishes the theorem. 

It can be shown without difficulty that the normal at any 
point of a surface whose equation is given in terms of the 
distances from fixed points can be determined by the same 


construction. 


EXAMPLrs. 


1. A Cartesian oval is the locus of a point, P, such that its distances, PJZ, 
PM’, from the circumferences of two given circles are to each other in a constant 
ratio; prove geometrically that the tangents to the oval at P, and to the circles 
at M and M’, meet in the same point. 

2. The equation of an ellipse of Cassini is 77’ = ab, where r and 7 are the 
distances of any point P on the curve, from two fixed points, 4 and B. If O 
be the middle point of 4B, and PN the normal at P, prove that 2 APO= 4 BPN. 


3. In the curve represented by the equation 713 + 723 = a, prove that the 
normal divides the distance between the foci in the ratio of 7g to 71. 
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194. In like manner, if the equation of a curve be given 
in terms of the angles 6, 9., .. . 0,, which the vectors drawn 
to fixed points make respectively with a fixed right line, the 
direction of the tangent at any point is obtained by an analo- 
gous construction. 

For, let the equation be represented by 


EF’ (61, O25. « « Gn) = const. 
Then, by differentiation, we have 
dF d0, dF dd, dF d0, 


do, ds Sree ce pa 


Hence, as before, from Art. 180, we get 


wal .. 9 ae I : 

RTS as ae sin f= 0.. 435) 
Accordingly, if we measure on the lines drawn to the fixed 
points segments proportional to 


re GUA se Ge ee 


7140) 1, d0, ~** ry dO,’ 


and construct the resultant line as before, then this line will 
be the tangent required. The proof is identical with that of 
last Article. 

195. Curves Symmetrical with respect to a Line, 
and Centres of Curves.—It may be observed here, that 
if the equation of a curve be unaltered when y is changed 
into - y, then to every value of x correspond equal and oppo- 
site values of y; and, when the co-ordinate axes are rect- 
angular, the curve is symmetrical with respect to the axis ofa. 

In like manner, a curve is symmetrical with respect to 
the axis of y, if its equation remains unaltered when the sign 
of x is changed. 

Again, if, when we change « and y into — x and — y, re- 
spectively, the equation of a curve remains unaltered, then 
every right line drawn through the origin and terminated by 
the curve is divided into equal parts at the origin. This 
takes place for a curve of an even degree when the sum of 
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the indices of 2 and y in each term is even; and fora curve 
of an odd degree when the like sum is odd. Such a point is 
called the centre* of the curve. Esr instance, in conics, when 
the equation is of the form 


ax’ + 2hay + by’ =, 


the origin is a centre. Also, if the equation of a cubict be 
reducible to the form 


Us + Uy, = O, 


the origin is a centre, and every line drawn through it is bi- 
sected at that point. 

Thus we see that when a cubic has a centre, that point 
lies on the curve. ‘This property holds for all curves of an 
odd degree. 

It should be observed that curves of higher degrees than 
the second cannot generally have a centre, for it is evidently 
impossible by transformation of co-ordinates to eliminate the 
requisite number of terms from the equation of the curve. 
For instance, to seek whether a cubic has a centre, we substi- 
tute X+a for wv, and Y + 3 ior y, in its equation, and equate 
to zero the coefficient’ of X*, XY and Y’, as well as the abso- 
lute term, in the new equation: as we have but two arbitrary 
constants (a and (3) to satisfy four equations, there will be 
two equations of condition among its constants in order that 
the cubic should have a centre. The number of conditions is 
obviously greater for curves of higher degrees. 


* For a general meaning of the word “centre,”’ as applied to curves of 
higher degrees, see Chasles’s “Apercu Historique, p. 233, note. 

tT This name has been given to curves of the third degree by Dr. Salmon, 
in his Higher Plane Curves, and has been generally adopted by subsequent 
writers on the subject, 
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EXAMPLES, 


~ 1. Find the lengths of the subtangent aud subnormal at any point of the 
curve 
. ’ y* 
y* = arly, Ans. nx, a 


_/2. Find the subtangent to the curve 


gyn = qn, Ans. — — 
m 
/ 3. Find the equation of the tangent to the curve 
6x 2 
5 — gry, ee acer 
25 — aby Ans > ; 3 


me Show that the points of contact of tangents from a point (a, 8) to the 
curve 


gmyn = qmrn 
are situated on the hyperbola (m + n\ay = uBx + may. 


5. In the same curve prove that the portion of the tangent intercepted be- 
tween the axes is divided at its point of contact into segments which are to each 
other in a constant ratio. 


“6. Find the equation of the tangent at any point to the hypocycloid, x8 + 48 
= a%; and prove that the portion of the tangent intercepted between the axes is 
of constant length. 

DA In the curve 2” + y= a, find the length of the perpendicular drawn 
from the origin to the tangent at any point, and find also the intercept made by 
the axes on the tangent. 

an t an 
Ans. p = ———————— ; intercept = ———.. 
z Jf on? 2 yrnn : P pan-lyn-l 
8. If the co-ordinates of every point on a curve satisfy the equations 
%=csin 20(I + cos 20), y =e cos 20(1 — cos 26), 

proye that the tangent at any point makes the angle 6 with the axis of a. 

V 9 The co-ordinates of any point in the cycloid satisfy the equations 
z=a(@-—sin6), y=a{i — 2086): 
prove that the angle which the tangeni at the point makes with the axis of y 


en W 
isi. 
2 
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dy 
ad de 0 
Here a Ne 0b =. 
x ak 2 

“9 


10. Prove that the locus of the foot of the perpendicular from the pole on 
the tangent to an equiangular spiral is the same curve turned through an angle, 


11, Prove that the reciprocal polar, with respect to the origin, of an equi- 
angular spiral is another spiral equal to the original one. 


12. An equiangular spiral touches two given lines at two given points ; prove 
that the locus of its pole is a circle. 


13. Find the equation of the reciprocal polar of the curve 


pecs, 
3 


6 
with respect to a circle with radius a. Ans. The Cardioid rt = at cos — 
14. Find the equation of the inverse of a conic, the focus being the pole of 
inversion. 
15. Apply Art. 184, to prove that the equation of the inverse of an ellipse 
with respect to any origin O is of the form 


2ap = OF, . pi t+ OF2. py 


where 7; and F» are the foci, and p, pi, »2 represent the distances of any point 
on the curve from the points O, fi and fo, respectively ; fi and f2 being the 
points inverse to the foci, 2 and Fp. 


16. The equation of a Cartesian oval is of the form 
rt+kr=a, 
where 7 and »” are the distances of any point on the curve from two fixed points, 
and a, & are constants. Prove that the equation of its inverse, with respect to 
any origin, is of the form 


api + Boz + 23 = 0, 


where pi, p2, p3 are the distances of ary point on the curve from three fixed 
points, and a, B, y are constants. 


17. In general prove that the inverse of the curve 
api + Bp2 + Yp3 = 


with respect to any origin, is another curve whose equation is of similar form. 


18. If the radius vector, OP, drawn from the origin to any point Pona 
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curve be produced to P;, until PP; be a constant length; prove that the normal 
at P; to the locus of Pj, the normal at P to the original curve, and the perpen- 
dicular at the origin to the line OP, all pass through the same point. 


This follows immediately from the value of the polar subnormal given in 
Art. 182. 


19. If a constant length measured from the curve be taken on the normals 
along a given curve, prove that these lines are also normals to the new curve 
which is the locus of their extremities. 


2 fe 


20. In the ellipse atpoh ifz=asin®g, 


prove that 


21. If ds be the element of the arc of the inverse of an ellipse with respect 
to its centre, prove that 


ar/t—e@sinro at BP 
ds = kt — ——_______— J h = ; 
2 r+ansinrd *’ —* 6? 
22. If w be the angle which the normal at any point on the ellipse 
a Be 
- + a =I makes with the axis-major, prove that 
a 2 


Bb dw 
dg = — - =e 
a jt — esin®)8 


23. Express the differential ofan elliptic are in terms of the semi-axis major, 
u, of the confocal hyperbola which passes through the point. 


Ans. pi pees dp. 
ee — we 
24. In the curye 7™ = a™ cos mé, prove that 
are ds ee 
ae asec ™ mé. 


25. If F(x, y) =o be the equation to any plane curve, and ¢ the angle be- 
tween the perpendicular from the origin on the tangent and the radius vector to 
the point of contact, prove that 


dF dF 
Y en ay 
a aT RET 
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CHAPTER XIII. 


ASYMPTOTES. 


196. Intersection of a Curve and a Right Line.— 
Before entering on the subject of this chapter it will be ne- 
cessary to consider briefly the general question of the inter- 
section of a right line with a curve of the n™ degree. 

Let the equation of the right line be y = ux + v, and sub- 
stitute ux + v instead of y in the equation of the curve; then 
the roots of the resulting equation in x represent the abscissee 
of the points of section of the line and curve. 

Moreover, as this equation is always of the n” degree, it 
follows that every right line meets a curve of the n® degree in n 
points, real or imaginary, and cannot meet it in more. 

If two roots in the resulting equation be equal, two of the 
points of section become coincident, and the line becomes a 
tangent to the curve. 

Again, suppose the equation of the curve written in the 
form of Art. 175, viz. : 


Un + Unt + Une +. . Ut uy t+Uu=O0;5 
then, since wv, is a homogeneous function of the n degree in 


2 and y, it can be written in the form z”/) Gr similarly 
Un-1 == aa fe (2), Un-2 Sa Cae (4), &e. 


And accordingly, the equation of the curve may be written, 


ust 2 Peitios OR a ee et CAN " 
w(t) +a Nile +2 A(¥)+ ko. =0. (r} 


Substituting p+ = for : in this, it becomes 


ofo(u + *) Dy hes (. + *) + aarAC + *) + &, = D. 


R 
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Or, expanding by Taylor’s Theorem, 
at" folu) + a" (uf"olu) + A(u) i+ ert fe"(u) + of (n) + Alu), 


+ &. = 0. (2) 


The roots of this equation determine the points of section in 
question. 

We add a few obvious conclusions from the results arrived 
at above :— 

1°, Every right line must intersect a curve of an odd de- 
gree in at least one real point; for every equation of an odd 
degree has one real root. 

2°. A tangent toa curve of the n’* degree cannot meet it 
in more than n — 2 points besides its points of contact. 

3°. Every tangent to a curve of an odd degree must meet 
it in one other real point besides its point of contact. 

4°. Every tangent to a curve of the third degree meets 
the curve in one other real point. 

197. Definition of an Asymptote.—An asymptote is 
a tangent to a curve in the limiting position when its point 
of contact is situated at an infinite distance. 

1°. No asymptote to a curve of the n™ degree can meet it 
in more than » — 2 points distinct from that at infinity. 

2°. Hach asymptote to a curve of the third degree inter- 
sects the curve in one point besides that at infinity. 

198. Method of finding the Asymptotes to a Curve 
of the n Degree.—If one of the points of section of the 
line y = ux + v with the curve be at an infinite distance, one 


root of equation (2) must be infinite, and accordingly we 
have in that* case 


Jo(u) = 0. (3) 
Again, if two of the roots be infinite, we have in addition 
ufo (u) +Ai(u) = 0. (4) 


* This can be easily established by aid of the reciprocal equation; for if we 
substitute - for # in equation (2), the resulting equation in z will have one root 


zeru when its absolute term vanishes, i.e., when fo(u) = 0; it has two roots 


zero when we have in addition yfo'(u) + fi(u) =0; and so on. 
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Accordingly, when the values of u and v are determined 
so as to satisty the two preceding equations, the correspond- 
ing line i 
OS VAP NY 


meets the curve in two points in infinity, and consequently is 
an asymptote. (Salmon’s Conic Sections, Art. 154.) 
Hence, if «x; be a root of the equation /y(u) = 0, the line 


ji (m1) 
Jot) 


is in general an asymptote to the curve. 

If f\(u) =o and f.(u) =o have a common root (mu suppose), 
the corresponding asymptote in general passes through the 
origin, and is represented by the equation 


Y = pe — (5' 


Y = [te 


In this case %é and w%,_1 evidently have a common factor. 

The exceptional case when /;(u) vanishes at the same 
time will be considered in a subsequent Article. 

To each root, of f)(u) = 0 corresponds an asymptote, and 
accordingly,” every curve of the n degree has in general n 
asymptotes, real or imaginary. 

From the preceding it follows that every line parallel 
to an asymptote meets the curve in one point at infinity. 
This also is immediately apparent from the geometrical 
property that a system of parallel lines may be considered 
as meeting in the same point at infinity—a principle intro- 
duced by Desargues in the beginning of the seventeenth 
century, and which must be regarded as one of the first 
important steps in the progress of modern geometry. 

Cor. No line parallel to an asymptote can meet a curve 
of the n” degree in more than (n — 1) points besides that 
at infinity. 

Since every equation of an odd degree has one real 
root, it follows that a curve of an odd degree has one real 


* Since fo(u) is of the n* degree in w, unless its highest coefticient vanishes, 
in which case, as we shall see, there is an additional asymptote parallel to the axis 
of 

R 2 
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asymptote, at least, and has accordingly an infinite branch 
or branches. Hence, no curve of an odd degree can be a closed 
curve. 

For instance, no curve of the third degree can be a finite 
or closed curve. 

The equation f\(u) = 0, when multiplied by «#, becomes 
Un = 03 consequently the » right lines, real or imaginary, 
represented by this equation, are, in general, parallel to the 
asymptotes of the curve under consideration. 

In the preceding investigation we have not considered 
the case in which a root of f)(u) =o either vanishes or is 
infinite; i.e., where the asymptotes are parallel to either 
co-ordinate axis. ‘This case will be treated of separately in a 
subsequent Article. 

If all the roots of fi(u) = o be imaginary the curve 
has no real asymptote, and consists of one or more closed 
branches. 


EXAMPLES. 


To find the asymptotes to the following curves :— 
ie y = ax? + 28, 


Substituting wx + v for y, and equating to zero the coefficients of #3 and 2%, 
separately, in the resulting equation, we obtain 


A — 1 =10; and 3u°v = 4; 
. — = a . 
* w=T, v= 3? 
hence the curve has but one real asymptote, viz., 
ce a 
y=at ; 


re yt — 24 4 2an2%y = 0722, 
Here the equations for determining the asymptotes are 
pA-I=o, and 4u5y + 2qn=0; 


accordingly, the two real asymptotes are 
=a—“, andy+a4" 
i ry Y +2 + a =0, 


3° w+ 3024 — wy” — 34° + a? — rey + 3y? + 4x + 5 = 0. 


er IT 3 
Ans, yYy+—-+-=0 ="x7+- +H#=-, 
3° 4 » Y 4° y F 
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199. Case in which w, = o represents the n Asymp- 
totes.—If the equation of the curve contain no terms of 
the (n — 1) degree, that is, if it be of the form 


Un + Uno + Ung + &. . 6. ++ % =O, 


the equations for determining the asymptotes become 


fol) = 0, and wfii(1) = 0. 


The latter equation gives v = 0, unless f(u) vanishes along 
with f,(u), i.e., unless fo(u) has equal roots. 

Hence, in curves whose equations are of the above form, 
the n right lines represented by the equation uw, = o are the 
n asymptotes, unless two of these lines are coincident. 

This exceptional case will be considered in Art. 203. 

The simplest example of the preceding is that of the 
hyperbola 


ax’ + 2haey + by’ =, 
in which the terms of the second degree represent the asymp- 
totes (Salmon’s Conie Sections, Art. 195). 
EXAMPLES, 


Find the real asymptotes to the curves 


1. cy? -—-ay=a@ (x+y) + &. Ans. =0, y =0, ©—-Y=0. 
2, Y — 8 = ara. a5 Y¥—-Z=0. 
3. a - y= aay + y* ” e+y=0, £-y=o0. 


200. Asymptotes parallel to the Co-ordinate 
Axes.—Suppose the equation of the curve arranged accord- 
ing to powers of x, thus 


Ay 2” + (ny + b)a™ + &. = 0; 


b 
then, if a =o anday+b=0, ory=- a two of the roots 
1 


of the equation in x become infinite; and consequently the 
line my + 6 = oO is an asymptote. 
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In other words, whenever the highest power of @ is 
wanting in the equation of a curve, the coefficient of the 
next highest power equated to zero represents an asymptote 
parallel to the axis of z. 

Tf a = 0, and 6 = o, the axis of z is itself an asymptote. 

If 2” and 2” be both wanting, the coefficient of w”” re- 
presents a pair of asymptotes, real or imaginary, parallel to 
the axis of 2; and so on. 

In like manner, the asymptotes parallel to the axis of y 
can be determined. 


EXAMPLES. 
Find the real asymptotes in the following curves :— 
I. yx — ay? = 2 + ag? + 3, Ans. =, y=U+a, y+U+a=0. 


2. y(a — 3bu + 20?) = a8 — 30a? +08. c=), r= 2b, y+ 3a=4+ 3). 


3. yr =a? (a? +”). t=+a y=ta. 
4. ay? = a? (a? — y?), yt+a=0, y-a=0, 
5. Ya-yae= x, t=, 


201. Parabolic Branches.—Suppose the equation 
fo(u) = 0 has equal roots, then fy (u:) vanishes along with /i(u), 
and the corresponding value of v found from /5) becomes in- 
finite, unless /,(u) vanish at the same time. 

Accordingly, the corresponding asymptote is, in general, 
situated altogether at infinity. 

The ordinary parabola, whose equation is of the form 
(av + By)? = a+ my +n, 


/ 


furnishes the simplest example of this case, having the 
line at infinity for an asymptote. (Salmon’s Conic Sections, 
Art. 254.) 

Branches of this latter class belonging to a curve are 
called parabolic, while branches having a finite asymptote are 
called hyperbolic. 

202. From the preceding investigation it appears that 
the asymptotes to a curve of the n’* degree depend, in 
general, only on the terms of the m* and the (m- 1)” degrees 
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in its equation. Consequently, all curves which have the 
same terms of the two lighest degrees have generally the samt 
asymptotes. 

There are, however, exceptions to this rule, one of which 
will be considered in the next Article. 

203. Parallel Asymptotes.—We shall now consider 
the case where fi(u) = o has a pair of equal roots, each repre- 
sented by jm, and where /,(1) = 0, at the same time. 

In this case the coefficients of a” and x" in (2) both 
vanish independently of v, when u = m3; we accordingly 
infer that all lines parallel to the line y = w.# meet the curve 
in two points at infinity, and consequently are, in a certain © 
sense, asymptotes. There are, however, two lines which are 
more properly called by that name; for, substituting m, for u 
in (2), the two first terms vanish, as already stated, and the 
coefficient of 2” becomes 


Jo" (ux) + wf (ur) + A2(tn)- 


Hence, if », and » be the roots of the quadratic 


= fo"(un) + wf (on) + Salim) = 0), (6) 


2 
Vv 


I.2 


Vv 


iN 


the lines y=metn, and y= me + vy 


are a pair of parallel asymptotes, meeting the curve in three 
points at infinity. 

If the roots of the quadratic be imaginary, the corre- 
sponding asymptotes are also imaginary. 

Again, if the term w,. be wanting in the equation, and 
if (uw) =o have equal roots, the corresponding asymptotes 
are given by the quadratic 


Vv 


1, 


To” (ur) + fo(t) = O 


In order that these asymptotes should be real, it is 
necessary that /2(i) and fo’ (u,) should have opposite signs. 

There is no difficulty in extending the preceding investi- 
gation to the case where /,() =o has three or more equal 
roots. 
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EXAMPLES. 


I. (2+ yP(e+y + ay) = ay? + aay). 
Here Solu) = (t+ mPr(r+m+H"), flu) =0, folu) =—a%n?; 
ML =—1, fo’ (m)=2, felm)=—a*; 
accordingly VW=a, wW=-4, 
and the corresponding asymptotes are 
y+u—a=0, andy+%+a@4=0. 
The other asymptotes are evidently imaginary. 
4. x? (a + y)? + 2ay? (4 + y) + Saray + aby =0. 
Sere Film) = (1+ mu) falu) = 20p?(1 + 4), Solu) = 8a%u, 
wo m=—T, fou) =2, fi'(m)=24, fo(m) =— 8a, 
and the corresponding asymptotes are 


yt+u—2a=0, andy+*#+4a=0 


204. If the equation to a curve of the n™ degree be of 
the form 


(y + av + 8) o1 + d2 = 0, 


where the highest terms containing 2 and y in ¢, are of the 
degree n — 1, and those in ¢, are of the degree n — 2 at most, 
the line 


ytax+B=0 


is an asymptote to the curve. 

For, on substituting —- av — B instead of y in the equation, 
it is evident that the coefficients of w and a” both vanish; 
hence, by Art. 198, the line y + av + B = 0 is an asymptote. 

Conversely, it can be readily seen that if y + aw + B be an 
asymptote to a curve of the n™ degree its equation admits of 
being thrown into the preceding form. 

In general, if the equation to a curve of the n” degree 
be of the form 


(y + ae + Bi)(y + aw +B)... (y + ant + Bn) +¢2=0, (7) 
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where ¢, contains no term higher than the degree n — 2, the 
lines 


yt+aetPBi=0, yt+art B,=0,.-.Y+ ant + By =O 


are the m asymptotes of the curve. 

This follows at once as in the case considered at the com- 
mencement of this Article. 

For example, the asymptotes to the curve 


ay(e@+y+auj(et+y+a) + baet+ by =o 
are evidently the four lines 
2=0, Y=0, ©+Y+H=0, 2+ Y+H%=0 


If the curve be of the third degree, ¢, is of the first, and 
accordingly the equation of such a curve, having three real 
asymptotes, may be written in the form 


(y + aw + Bi) (y+ a+ Be) (y + aw + Bs) + a + my +n=o. (8) 


Hence we infer that the three points in which the asymp- 
totes to a cubic meet the curve lie in the same right line, viz., 


la+my+n=0. 


The student will find a short discussion of a cubic with 
three real asymptotes in Chapter xviu. 

205. To prove that, in general, the distance of a point 
in any branch of a curve from the corresponding asymptote 
diminishes indefinitely as its distance from the origin increases 
indefinitely. 

Ii y + ax + B =0 be the equation of an asymptote, then, 
as in the preceding Article, the equation of the curve may be 
written in the form 


(y + ax + 2) do. = day 


where ¢, is at least one degree lower than ¢, in w and y. 
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Hence ytart+ P= 


and the perpendicular distance of any point (%, y) on the 
curve from the line y + av + B =o is 


Yo + a% +B ee (2) 
Near a fi+a gi)o 


where the suffix denotes that 2 and y, are substituted for 2 
and y in the functions ¢, and ¢». 

Now, when 2, and y% are taken infinitely great, the value 
of the preceding fraction depends, in general, on the terms 
of the highest degree (in w and y) in ¢, and ¢.; and since the 
degree of ¢2 is one lower than that of ¢,, it can be easily 


seen by the method of Ex. 7, Art. 89, that the fraction © 


becomes, in general, infinitely small when z and y become 
infinitely great. Hence, the distance of the line y + ax + B 
from the curve becomes infinitely small at the same time. 

It is not considered necessary to go more fully into this 
discussion here. 

The subject of parabolic and other curvilinear asymptotes 
is omitted as being unsuited to an elementary treatise. 
Moreover, their discussion, unless in some elementary cases, 
is"both indefinite and unsatisfactory, since it can be easily 
seen that if a curve has parabolic branches, the number of its 
parabolic asymptotes is generally infinite. The reader who 
desires full information on this point, as wellas the discussion 
of the particular parabolas called osculating, is referred to a 
paper by M. Plucker, in Liouville’s Journal, vol. i., p. 229. 

206. Asymptotes in Polar Co-ordinates.—lIf a 
curve be referred to polar co-ordinates, the directions of its 
points at an infinite distance from the origin can be in gene- 
ral determined by making 7 =o, or u = 0, in its equation, 
and solving the resulting equation in 6. The position of the 
asymptote corresponding to any such value of @ is obtained 
by finding the length of the corresponding polar subtangent, 


ie., by finding the value of Tu corresponding to # = 0. 
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It should be observed that when os positive, the asymp- 


tote lies above the corresponding radius vector, and when 
negative, below it; as is easily seen from Art. 182. 

If we suppose the equation of the curve, when arranged 
in powers of 7, to be 


r” f(0) oP rf, (0) FP cue eae 1fn1(0) + Jn(8) = QO, 
the transformed equation in u is 


u"fn(O) + u""fra(O) +... + ufi(8) +fo(9) = 0: (0) 


consequently, the directions of the asymptotes are given by 
the equation 


SoD) =. 0. (10) 
Again, if we differentiate (9) with respect to 0, it is easily 


seen that the values of a corresponding to wu = 0 are given 


by the equation 
Ai(0) 5p +F6(0) = 0, (11) 


provided that none of the functions 


Si(%); f2(8), » » + fn(8) 


become infinite for the values of @ which satisfy equation (10). 

Consequently, if a be a root of the equation /,(@) = 0, the 
curve has an asymptote making the angle a with the prime 
vector, and whose perpendicular distance from the origin is 


ao 


represented by — 


It is readily a ita! the equation of the corresponding 
asymptote is 
ae 


Jo(a) 


This method will be best explained by applying it to one 
or two elementary Examples. 


r sin(a — 0) - 
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EXAMPLES. 


1. Let the curve be represented by the equation 


ry=asecé+ b tan 6. 


cos 8 
Ber  atbsing 
dua —1 
When G= , we have u =o, and Pees 


Acvordingly, the corresponding polar subtangent is a + 6, and hence the line 
perpendicular to the prime vector at the distance a + 6 from the origin is an 
asymptote to the curve. 


Again, « vanishes also when @ = = and the corresponding value of the 


polar subtangent is a — 4; thus giving another asymptote. 


2s r=asecmé +d tan mé. 
cos 
Here = Pads ik - 
a+6sinmé 
When = wouue dot ae 
= — = n ee a ee 
2m y da a+6’ 

whence we get one asymptote. 

: 30 du m 
Again, when = pe and 7 ae 


which gives a second asymptote. 
On making @ = =, we get a third asymptote, and so on. 
2 


It may be remarked, that the first, third, . . . asymptotes all touch one 
fixed circle; and the second, fourth, &c., touch another. 


3. Find the equations to the two real asymptotes to the curve 
r2sin (@ — a) + ar sin(@ — 2a) + a =0. 
Ans. r sin (@ -— a) =+asina. 


207. Asymptotic Cireles.—In some curves referred to 
polar co-ordinates, when @ is infinitely great the value of > 
tends to a fixed limiting value, and accordingly the curve 
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approaches more and more nearly to the circular form at the 
same time: in such a case the curve is said to have a circular 
asymptote. 


For example, in the curve 


‘ae ad 
Gera 


so long as 8 18 positive 7 is less than a, a being supposed 
positive; but as 6 increases with each revolution, r con- 
tinually increases, and tends, after a large number of revo- 
lutions, to the limit @; hence the circle described with the 
origin as centre, and radius a, is asymptotic to the curve, 
which always hes inside the circle for positive values of 0. 
Again, if we assign negative values to 0, similar remarks are 
applicable, and it is easily seen that the same circle is asymp- 
totic to the corresponding branch of the curve; with this 
difference, that the asymptotic circle lies within the curve in 
the Jatter case, but outside it in the former. The student 


will find no difficulty in applying this method to other 
curves, such as 


__= a0 _ al? _ a(6 + cos 0) 
TO pen 12 Oral) 0 an O° 
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EXAMPLES. 


Find the equations of the real asymptotes to the following curves :— 


1. y(a* — 4) = G? (2x + e). AN. Y=0,4+4=0,4-a=0. 


2, h—-wy+en2t+ b=o. Z+y=0, £-y=0,£=0. 

3. th— wy +e2+y4? -@=0. Y@—-{=0,@+1=0,2-Y=0,e4+Y=0, 
4. (4+ 2)? (2 — 2?) = 2? y?. gO; 

5. (@ + x)? (0? + 2) = a y?, tT=0,y=e+ayt+ut+a=o. 

6. ady — 2224? + ay = ara? + By, w=0, y=0,e-y=tV/ Ate. 


7. © — gry? — 32? + remy — 12y? + 8 + 2y+4=0. 
Ans. £+3=0, 2-2 =0, + 2y¥=6 
8. ay? —az(e+y)? —2a%y? —at=o0. x-2a=0, ©+a4=0. 
g. If the equation to a curve of the third degree be of the form 
Ug + Uy + UW = 0, 
the lines represented by #3 = 0 are its asymptotes. 


ro. If the asymptotes of a cubic be denoted by a=o0, B=0, y =9, the 
equation of the curve may be written in the form 


aBy = Aat+ PB + Cy. 
11. In the logarithmic curve 


Zz 
y =a, 


prove that the negative side of the axis of # is an asymptote. 
12. Find the asymptotes to the curve 
r cos 28 = a 
13. Find the asymptotes to 
r cos m0 = a cos nd. 
14. Show that the curve represented by 
w+ aby — azy =o 


has a parabolic asymptote, #* + dv + 0? = ay. 
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15. Find the circular asymptote to the curve 
ao +b 


O@+a 


16. Find the condition that the three asymptotes of a cubic should pass 
through a common point. 


Let the equation of the curve be written in the form 
ao + 3bo% + Zhy + 360%” + beizy + 3¢2y + dow’ + 3d1x*y + 3dary? + dsy® = 0, 


then the condition is 


This result can be easily arrived at by substituting x + a and y + @ instead 
of # and y in the equation of the cubic, and finding the condition that the part 
of the second degree in the resulting equation should vanish. See Art. 204. 


17. When the preceding condition is satisfied show that the co-ordinates, 
a and B, of the point of intersection of the three asymptotes, are given by the 
equations 


ed; _ Cody Cody _- cdo 


i ae a ae 


18. If from any point, 0, a right line be drawn meeting a curve of the n‘ 
degree in Ri, Ro, . . . Rn, and its asymptotes in 71, 72, . . . 7, prove that 


OR, + ORe+ . . . ORn= Ori + Ore +... - Orn. 


N.B.—The terms of the n** and (m — 1)’ degrees are the same for a curve 
and its asymptotes. 


1g. If a right line be drawn through the point (a, 0) parallel to the asymptote 
of the cubie (x — a) — z*y = 0, prove that the portion of the line intercepted by 
the axes is bisected by the curve. 


20. If from the origin a right line be drawn parallel to any of the asymptotes 
of the cubic 


y (ax? + 2hay + by? + 292 + 2fy +c) -— 2 =0, 


show that the portion of this line intercepted between the origin and the line 
gz + fy + ¢=0 is bisected by the curve. 


21. If tangents be drawn to the curve 23 + y® =a? from any point on the 
line y = 2, prove that their points of contact lie on a circle. 


22. Show that the asymptotes to the cubic 
any + bay +a'e2 + Uy? +a"e + b"y=0 
are always real, and find their equations. 
Ans. b4+0'=0, ayt+a=o, 
ab(az + by)-@U -ab2=0, 
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CHAPTER XIV. 
MULTIPLE POINTS ON CURVES. 


208. In the following elementary discussion of multiple 
points of curves the method given by Dr. Salmon in his 
Higher Plane Curves has been followed, as being the simplest, 
and at the same time the most comprehensive method for 
their investigation. The discussion here is to be regarded as 
merely introductory to the more general investigation in that 
treatise, to which the student is referred for fuller information 
on this as well as on the entire theory of curves. 

We commence with the general equation of a curve of the 
nt* degree, which we shall write in the form 


a 
+ be + by 
+ Cox? + cry + Cy? 
+ &e. + &e. 
+ ie” + hey + &. +ly"=0, 


where the terms are arranged according to their degrees in 
ascending order. 


When written in the abbreviated form of Art. 175, the 
preceding equation becomes 


Uy + Uy + Ug tee. + Uny + Un, = O. 


We commence with the equation in its expanded shape, 
and suppose the axes rectangular. Transforming to polar 
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co-ordinates, by substituting rcos@ and rsin @ instead of 
wand y, we get 
M + (bo cos 0 + 0, sin A)r 


+ (c cos’8 + ¢, cos @ sin 6 + ¢ sin’9) 7? +... 
+ (J, cos"9 + i, cos""0 sin@+...+4,sin"0)r"=0. (1) 


If 6 be considered a constant, the n roots of this equation 
in r represent the distances from the origin of the n points 
of intersection of the radius vector with the curve. 

If a, = 0, one of these roots is zero for all values of 0; as 
is also evident since the origin lies on the curve in this case. 

A second root will vanish, if, besides a, = 0, we have 
b,cos 8+ 6, sn@=0. ‘The radius vector in this case meets 
the curve in two consecutive points* at the origin, and is 
consequently the tangent at that point. 

The direction of this tangent is determined by the 
equation 

b, cos 8 + b, sin 8 =0; 
accordingly, the equation of the tangent at the origin is 
boa + by =O. 


Hence we conclude that if the absolute term be wanting 
in the equation of a curve, it passes through the origin, and 
the linear part (tw) in its equation represents the tangent at 
that point. 

If 6, =0, the axis of vis a tangent; if b, = 0, the axis 
of y is a tangent. 

The preceding, as also the subsequent discussion, equally 
applies to oblique as to rectangular axes, provided we sub- 
stitute mr and mr for x and y; where 


m sin (w — a and n - 22 a 
S10 w S10 w 
w being the angle between the axes of co-ordinates. 


From the preceding, we infer at once that the equation of 
the tangent at the origin to the curve 


2 (2? +y*) = a(e—y) soak 


* Two points which are infinitely close to each other on the same branch of 
a curve are said to be consecutive points on the curve. 


Ss) 
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is ¢- y= 0, a line bisecting the internal angle between the 
co-ordinate axes. In like manner, the tangent at the origin 
can in all cases be immediately determined. 

209. Equation of Tangent at any Point.—By aid 
of the preceding method the equation of the tangent at any 
point on a curve whose equation is algebraic and rational 
can be at once found. For, transferring the origin to that 
point, the linear part of the resulting equation represents the 
tangent in question. ~ 
~~ Thus, if f(a, v) = 0 be the equation of the curve, we sub- 
stitute X + 2, for v, and Y + y, for y, where (m, yi) is a 
point on the curve, and the equation becomes 


S(X+a, Y+4:) =0. 


Hence the equation of the tangent referred to the new axes is 


—e 


x(Q)+r(2)-0 


\da 1 dy 


On substituting «- a, and y — %, instead of X and Y, we 
obtain the equation of the tangent referred to the original 


axes, Viz. 
(d, i 
@-9)(Z)+0-n(G) re 


This agrees with the result arrived at in Art. 169. 

210. Double Points.—If in the general equation of a 
curve we have a,=0, 6b, =0, b,=0, the coefficient of r is 
zero for all values of 0, and it follows that all lines drawn 
through the origin meet the curve in two points, coincident 
with the origin. 

The origin in this case is called a double point. 

Moreover, if 0 be such as to satisfy the equation 


¢, cos’O + ¢,cos O sin 0 + ¢, sin’) = 0, (2) 


the coefficient of rv’ will also disappear, and three roots of 
equation (1) will vanish. 

As there are two values of tan 0 satisfying equation (2), it 
follows that through a double point two lines can be drawn, 
each meeting the curve in three coincident points. 
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The equation (2), when multiplied by 7*, becomes 
Cv? + Cary + Cy? =O. 


Hence we infer that the lines represented by this equa- 
tion connect the double point with consecutive points on the 
curve, and are, consequently, tangents to the two branches of 
the curve passing through the double point. 

Accordingly, when the lowest terms in the equation of a 
curve are of the second degree (uw), the origin is a double 
point, and the equation uw, = 0 represéats the pair of tangents at 
that point. 

For example, let us consider the Lemniscate, whose equa- 
tion is ae 

(x? + y)? = g? (a? _ Wy). 
On transforming to polar co-ordinates its equation becomes 
r = a’7” (cos’@ — sin’ @), or, 7? = @ cos 20. 


Now, when #=0, r=+a; 
and, if we confine our atten- 
tion to the positive values of 
yr, we see that as @ increases 


Tv Pe beth 
from o to ef ry diminishes 


from a to zero. When 6 a, 


T aie . . 
and <3", ris imaginary, &c., Fig. 18. 


and it is evident that the figure of the curve is as annexed, 
having two branches intersecting at the origin, and that the 
tangents at that point bisect the angles between the axes. 
The equations of these tangents are pian 

e+y=0, andw-y=o0, °*s' #4) = (HX 
results which agree with the preceding theory. 

211. Nodes, Cusps, and Conjugate Points.*—The 
pair of lines represented by w= 0 will be real and distinct, 
coincident, or imaginary, according as the roots of equa- 
tion (2) are real and unequal, real and equal, or imaginary. 


* These have been respectively styled crunodes, spinodes, and acnodes, by 
Professor Cayley. See Salmon’s Higher Plane Curves, Art. 38. 
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Hence we conclude that there may be one of three kinds 
of singular point on a curve so far as the vanishing of um and 
is concerned. 

(1). For real and unequal roots, the 
tangents at the double point are real 
and distinct, and the point is called a 
node; arising from the intersection of 
two real branches of the curve, as in 
the annexed figure. 

2). If the roots be equal, ¢.e. if uw ee 
be : ames square, the eee coin- ek: 
cide, and the point is called a cusp: the 
two branches of the curve ie cbin each 
other at the point, as in figure 20. 

(3). If the roots of w be imaginary, / 
the tangents are imaginary, and the 
double point is called a conjugate or 
isolated point ; the co-ordinates of the point satisfy the equation 
of the curve, but the curve has no real points consecutive to 
this point, which lies altogether outside the curve itself. 

It should be observed also that in some cases of singularities 
of a higher order, the origin is a conjugate point even when u 
is a perfect square, as will be more fully explained in a sub- 
sequent chapter. 

We add a few elementary examples of these different 
classes for illustration. ~~ 


Fig. 20. 


ExampPtes, + ere 
we a/, - 
nk y (a + 2%) = 2 (@- 2), 7-H TF ae 
Here the origin is a node, the tangents bisecting the angles between the axes of 
co-ordinates. 


25 tes ay? = x, 
In this case the origin isa cusp. Again, solving for y we get 
on 
Bed ier 


ta 


Hence, if a be positive, y beeomes imaginary for negative values of x; and 
accordingly, no portion of the curve extends to the negative side of the axis of @. 
Moreover, for positive values of x, the corresponding values of y have opposite 
signs. This curve is called the semi-cubical parabola. ‘The form of the curve 
near the origin is exhibited in Fig- 20. 
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ee ele 
35 Y= 2 (7+ a). geo 
Ans. The origin is a cus usp. 
4 b (x2 + y?) = 2. 
Ans, The origin is a conjugate point. 
an {=O 
Se 2 — 3azy+ y=o., aa Cie meg: 
Ans. The two branches at the origin touch the co-ordinate axes. 


212. Double Points in General.—In order to seek 
the double points on any algebraic curve, we transform the 
origin to a point (a, y:) on the curve; then, “if we can deter- 
mine values of a, y; for which the linear part disappears from 
the resulting equation, the new origin («, y:) is a double point © 
on the curve. ‘ 

From Art. 209 it is evident that the preceding conditions 


give 
()-omi(f)-o 


moreover, since the point (#, :) is situated on the curve, 
we must have 


S (@; a) = 0. 


As we have but two variables, 2, y,, in order that they 
should satisfy these three equations simultaneously, a con- 
dition must evidently exist between the constants in the 
equation of the curve, viz., the condition arising from the 
elimination of a, y, between the three preceding equations. 

Again, when the curve has a double point («, y;:), if the 
origin be transferred to it, the part of the second degree in 
the resulting equation is evidently 

a He au 
Y dy? | * 


ic gu ae a 
da? y dady )1 
Accordingly, the lines represented by this quadratic are 
the tangents at the double point. 


The point consequently is a node, a cusp, or a conjugate 
point, according as 


() rae r<(Z) (= 
dady )i OF \ de), \dy? J 
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It may be remarked here that no cubic can have more 
than one double point; for if it have two, the line joining 
them must be regarded as cutting the curve in four points, 
which is impossible. - 

Again, every line passing through a double point on a cubic 
must meet the curve in one, and but one, other point; ex- 
cept the line be a tangent to either branch of the cubic at 
the double point, in which case it cannot meet the curve else- 
where; the points of section being two consecutive on one 
branch, and one on the other branch. 

In many cases the existence of double points can be seen 
immediately from the equation of the curve. The following 
are some easy lnstances:— 


EXAMPLEs. 


To find the position and nature of the double points in the following 
curves :— 


Te (ba — cy)? = (« — a). 


f Dis AE 
The point z= a4, y= =, is evidently a cusp, Wie 


at which d% — cy =o is the tangent, as in the P 
accompanying figure 
2. (y -—¢)? = (« — a)4 (w— 6). 
The point «=a, y =c, isa cusp if a>, or O - 
ifa@=0; but is a conjugate point ifa< db. N 
n aethta Seok Fig. 21. 
The point y = 0, « = — ais a conjugate point. 
4. xt + yt = a, 


The points z=0, y=+a@; and y=o0, # =+<a, are easily seen to be cusps. 


213. Parabolas of the Third Degree.—The follow- 
ing example” will assist the student towards seeing the dis- 
tinction, as well as the connexion, between the different kinds 
of double points. 

Let y’ = (@ — a) (w-b) (w@- 0) 


be the equation of a curve, where a< db <e. 


* Lacroix, Cal. Dif., pp. 395-7. Salmon’s Higher Plane Curves, Art. 39. 
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Here y vanishes when w =a, or x=), or v=c; accordingly, 
if distances OA = a, OB = 6, OC = ¢, be taken on the axis of 
a, the curve passes through the points A, B, and C. 

Moreover, when 2 < a, y’ is negative, and therefore 

y is imaginary. 
2 >a,and <b,y’ is positive, and therefore 
y 3s real. 
#>b, and<ce, y’is negative, and therefore 
y 18 Imaginary. 
D> 03 y is positive, and therefore 
y is real; and 


99 
9? 


99 


increases indefinitely along with z. 
Hence, since the curve is sym- |* sh 


metrical with respect to the axis of | 
x, it evidently consists of an oval 
lying between A and B, and an 
infinite branch passing through 
C, as in the annexed figure. It Jo _3 mnt eee 
is easily shown that the oval is 
/ 


not symmetrical with respect to 
the perpendicular to AB at its 
middle point. Again, if b =¢, the | 
equation becomes 


vy = (@ ~ a)(w - b)*. Fig. 22. 
In this case the point B co- 
incides with C, the oval has A S 
joined the infinite branch, and © x 
B has become a double point, 
as in the annexed figure. Fig. 23. 


On the other hand, let 6 = a, and the equation becomes 


y’ = (a - a)? (@-¢); 
in this case the oval has shrunk 
into the point A, and the curve 


is of the anexed form, having 6 ~~ re 
A for a conjugate point. 
Next, let a = 6 = c, and the 


equation becomes 


y = (a st a)’; Fig. 24. 
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here the points A, B, C, have 
come together, and the curve 
has a cusp atthe point 4, asin 6 qi x 
the annexed figure. 

The curves considered in 
this Article are called parabolas Fig. 25. 
of the third degree. 

As an additional example, we shall investigate the fol- 
lowing problem :— 

214. Given the three asymptotes of a cubic, to find its equa- 
tion, of it have a double point. 

Taking two of its asymptotes as axes of co-ordinates, and 
supposing the equation of the third to be aw + by + ¢ = 0, the 
equation of the cubic, by Art. 204, is of the form 

ay(ae + by+e)=+myt+n. 

Again, the co-ordinates of the double point must satisfy 

the equations 


ae aay ae 
ee we 
or (2ar+by+ec)y=1, (ar+2by+e)x=m; 


from which 7 and m can be determined when the co-ordinates | 
of the double point are given. 

To find n, we multiply the former equation by z, and the 
latter by y, and subtract the sum from three times the equa- 
tion of the curve, and thus we get 


cay = 2le + 2my + 3n;3 
from which » can be found. 


In the particular case where the double point is a cusp,* 
its co-ordinates must satisfy the additional condition 


udu (eu 
dix dy*®  \dady)’ 
or (2ax + 2by +c)? = qabey, 


and consequently the cusp must lie on the conic represented 
by this equation. 


* It is essential to notice that the existence of a cusp inyolvyes one more 
relation among the coefficients of the equation of a curve than in the case of an 
ordinary double point or node. 
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It can be easily seen that this conic* touches at their 
middle points the sides of the triangle formed by the asymp- 
totes. 

The preceding theorem is due to Pliicker,t and is stated 
by him as follows :— 

“The locus of the cusps of a system of curves of the third 
degree, which have three given lines for asymptotes, is the 
maximum ellipse inscribed in the triangle formed by the 
given asymptotes.” 

It can be easily seen that the double point is a node or a 
conjugate point, according as it lies outside or inside the 
above-mentioned ellipse. 

215. Multiple Points of Higher Curves.—By follow- 
ing out the method of Art. 208, the conditions for the existence 
of multiple points of higher orders can be readily determined. 

Thus, if the lowest terms in the equation of a curve be of 
the third degree, the origin is a triple point, and the tangents 
to the three branches of the curve at the origin are given by 
the equation w; = 0. 

The different kinds of triple points are distinguished, 
according as the lines represented by ~; = o are real and 
distinct, coincident, or one real and two imaginary. 

In general, if the lowest terms in the equation of a curve 
be of the m” degree, the origin is a multiple point of the m* 
order, &e. 

Again, a point is a triple point on a curve provided that 
when the origin is transferred to it the terms below the third 
degree disappear from the equation. ‘The co-ordinates of a 
triple point consequently must satisfy the equations 
du du Gut wu du 
de dy °° de  dedy ” ap ° 

Hence in general, for the existence of a triple point on a 
curve, its coefficients must satisfy four conditions. 

The complete investigation of multiple points is effected 


if 
u=0, 


* From the form of the equation we see that the lines x = 0, y=0 are 
tangents to the conic, and that 2aw + 2by + ¢ =o represents the line joining the 
points of contact ; but this line is parallel to the third asymptote az + by+¢=0, 
and evidently passes through the middle points of the intercepts made by this 
asymptote on the two others. 

t Liouville’s Journal, vol. ii. p. 14. 
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more satisfactorily by introducing the method of trilinear co- 
ordinates. The discussion of curves from this point of view is 
beyond the limits proposed in this elementary Treatise. _ 

215 (a). Cusps, in General.—Thus far singular points 
have been considered with reference to the cases in which 
they occur most simply. In proceeding to curves of higher 
degrees they may admit of many complications ; for instance 
ordinary cusps, such as represented in Fig. 20, may be called 
cusps of the first species, the tangent 


lying between both branches: the cases in 
which both branches lie on the same side, ee. 
as exhibited in the accompanying figure, 


may be called cusps of the second species. Fie. 26 
Professor Cayley has shown how this is fate 
to be considered as consisting of several singularities happen- 
ing at a point (Salmon’s Higher Plane Curves, Art. 58). 

Again, both of these classes may be called single cusps, 
as distinguished from double cusps extending on both sides of 
the point of contact. Double cusps are styled tacnodes by 
Professor Cayley. These points are sometimes called points 
of osculation; however, as the two branches do not in general 
osculate each other, this nomenclature is objectionable. It 
should be observed that whenever we use the word cusp with- 
out limitation, we refer to the ordinary cusp of the first species. 

Cusps are called points de rebroussement by French writers, 
and Rickkehrpunkte by Germans, both expressing the turning 
backwards of the point which is supposed to trace out the 
curve; an idea which has its English equivalent in their 
name of stationary points. A fuller discussion of the different 
classes of cusps will be given in a subsequent place. We 
shall conclude this chapter with a few remarks on the multiple 
points of curves whose equations are given in polar co-ordi- 
nates. 


EXAMPLes. 
Hb (y — x*)2 = 25, 
Here the origin is a cusp; also 
yaar + ah 


hence, when is less than unity, both values of y are positive, and consequently 
the cusp is of the second species. 
2. Show that the origin is a dowble cusp in the curve 


v5 + bat — ay® = 0, 
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216. Multiple Points of Curves in Polar Co-ordi- 
nates.—If a curve referred to polar co-ordinates pass through 
the origin, it is evident that the direction of the tangent at 
that point is found by making r = o in its equation; in this 
case, if the equation of the curve reduce to /(0) = 0, the 
resulting value of @ gives the direction of the tangent in 
question. 

If the equation (0) =o has two real roots in 9, less than 7, 
the origin is a double point, the tangents being determined 
by these values of 6. 

If these values of 6 were equal, the origin would be a cusp; 
and so on. 

In fact, it will be observed that the multiple points on 
algebraic curves have been discussed by reducing them to 
polar equations, so that the theory already given must apply 
to curves referred to polar, as well as to algebraic co-ordi- 
nates. 

It may be remarked, however, that the order of a multiple 
point cannot, generally, be determined unless with reference 
to Cartesian co-ordinates, in like manner as the degree of a 
curve in general is determined only by a similar reference. 

For example, in the equation 


r = acos’) — bsin’6, 


the tangents at the origin are determined by the equation 


tan 0=+ > and the origin would seem to be only a double 


point; however, on transforming the equation to rectangular 
axes, it becomes 
(2? + y?)? = (ae? — by’)? 

from which it appears that the origin is a multiple point of the 
fourth order, and the curve of the sixth degree. In fact, 
what is meant by the degree of a curve, or the multiplicity of 
a point, is the number of intersections of the curve with any 
right line, or the number of intersections which coincide for 
every line through such a point, and neither of these are at 
once evident unless the equation be expressed by line co-ordi- 
nates, such as Cartesian, or trilinear co-ordinates; whereas 
in polar co-ordinates one of the variables is a circular co- 
ordinate. 
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ExaMPtzs. 
__—!. Determine the tangents at the origin to the curve 
Qe PGA ER). Ans. 2+ Y=9,4-Y=O0. 
het pag ts 2 penky os 
2. Show that the curve a BE als oe uae: 


at —30ry+yt=0 
eee ee aa bw 
touches the axes of co-ordinates at the origin. 4. 4» FOP OryAt) art Any 


3. Find the nature of the origin on the curve 
zt -—ax*y + by=o. 
4. Show that the origin is a conjugate point on the curve = 
ay? — 2° + be? =0 
when a and 2 have the same sign ; and a node, when they have opposite signs. 
5. Show that the origin is a conjugate point on the curve 
y? (a? - a®) = xt. | 
6. Prove that the origin is a cusp on the curve 
(y-# P= 2. 
7. In the curve 
(y — 2°)? = am, 


show that the origin is a cusp of the first or second species, according as n is 
< or > 4. : 


8. Find the number and the nature of the singular points on the curve 
xt + gax> — 2ay8 + 4a°x? — 307y? + gat =0. 


9. Show that the points of intersection of the curve 
z\t  /y\8 
Beebe» 


10. Find the double points on the curve 


with the axes are cusps. 


x1 — gax> + gaa? — by? + 2b8y — at — d4 = 0, 
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11. Prove that the four tangents from the origin to the curve 
1 + U2 + U3 =O 


are represented by the equation 42 w3 = w2. 


12. Show that to a double point on any curve corresponds another double 
point, of the same kind, on the inverse curye with respect to any origin. 


13. Prove that the origin in the curve 
at — 20u°y — ary? + @y? =0 
is a cusp of the second species. 
14. Show that the cardioid 
v= a(1 + cos 6) 
has a cusp at the origin. 


15. If the origin be situated on a curve, prove that its first pedal passes 
through the origin, and has a cusp at that point. 


16. Find the nature of the origin in the following curves :— 


ae? 


Cee A a4 = 5 = 
ry? = a? sin 30, 7? =a" sin n0, 7 = 
30, ’ bie 


17. Show that the origin is a conjugate point on the curve 
xt — ax’y + ary* + ay? =0. 
18, If the inverse of a conic be taken, show that the origin is a double point 
on the inverse curye; also that the point is a conjugate point for an ellipse, a 


cusp for a parabola, and a node for a hyperbola. 


19. Show that the condition that the cubic 
ay? + av + bx? + ce+ d+ 2ey=0 
may have a double point is the same as the condition that the equation 


ax* + ba + ce + dz—-@=0 


may have equal roots. 


20. In the inverse of a curve of the degree, show that the origin is a 
multiple point of the ** order, and that the m tangents at that point are parallel 
to the asymptotes to the original curve. 
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CHAPTER XV. 
ENVELOPES, 


217. Method of Envelopes.—Ii we suppose a series of 
different values given to a in the equation 


J (#, Y; a) = 0; (1) 


the for each value we get a distinct curve, and the above 
equation may be regarded as representing an indefinite 
nuniber of curves, each of which is determined when the 
corresponding value of a is known, and varies as a varies. 

The quantity a is called a variable parameter, and the 
equation f(z, y, a) = o is said to represent a family of curves; 
a single determinate curve corresponding to each distinct 
value of a; provided a enters into the equation in a rational 
forni only. 

If now we regard a as varying continuously, and suppose 
the two curves 


J (a, y, a) = 0, J (@, y; a+ Aa) =0 


taken, then the co-ordinates of their points of intersection 
satisfy each of these equations, and therefore also satisfy the 
equation 
J (2, y, a+ Aa) - f(a, y, a) = 
Aa 


oO. 


Now, in the limit, when Aa is infinitely small, the latter 
equation becomes 


af 99,4 . 
Ee ae () 


and accordingly the points of intersection of two infinitely 
near curves of the system satisfy each of the equations (1) 
and (2). 
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The locus of the points of ultimate intersection for the 
entire system of curves represented by f(z, y, a) = 0, is ob- 
tained by eliminating a between the equations (1) and (2). 
This locus is called the envelope of the system, and it can be 
easily seen that it is touched by every curve of the system. 

For, if we consider three consecutive curves, and suppose 
P, to be the point of intersection of the first and second, and 
P, that of the second and third, the line P, P, joins two infi- 
nitely near points on the envelope as well as on the inter- 
mediate of the three curves; and hence is a tangent to each 
of these curves. 

This result appears also from analytical considerations, 
thus :—the direction of the tangent at the point a, y, to the 
curve f(z, y, a) = 0, is given by the equation 


5] 


da dy dx 


in which a is considered a constant. 

Again, if the point z, y be on the envelope, since then a 
is given in terms of 2 and y by equation (2), the direction of 
the tangent to the envelope is given by the equation 


Uf of dy of da , da dy 
dz dyde da\de dy dx 


eS ) 


of ody 


ia de” dyde 


7 


since = = 0 for the point on the envelope. 
a 


Consequently, the values of - are the same for the two ~ 


curves at their common point, and hence they have a common 
tangent at that point. 

One or two elementary examples will help to illustrate 
this theory. 

‘The equation z cosa + y sina = p, in which a is a variable 
parameter, represents a system of lines situated at the same 
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perpendicular distance p from the origin, and consequently 
all touching a circle. 
This result also follows from the preceding theory; for 


we have 
ST (@, y, a) =e cosat+ysina—p=0, 


af (@, Yy a) _ 


-“sinat+y cosa =0, 
da 


and, on eliminating a between these equations, we get 
e+y=p, 


which agrees with the result stated above. 
Again, to find the envelope of the line 


m 
Y=at+—y, 
a 


where a is a variable parameter. 


Here FG, 4, fi) 2 dee eo: 
a 
af (2, y; . 
AS ep pyres 
da a’ x 


Substituting this value for a, we get for the envelope 
y? = 4ma, 


which represents a parabola. 
218, Emvelope of La’ + 2Ma+N=0. Suppose L, WU, N, 
to be known functions of # and y, and a a parameter, then 


J (#, y, a) = La’ + 2Ma+ N=0, 
as 2La + 2M =0; 

da 

accordingly, the envelope of the curve represented by the 
preceding expression is the curve 


LN = M*. 
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Hence, when LZ, I, N are linear functions in w and y, 
this envelope is a conic touching the lines Z, NV, and having 
M for the chord of contact. 

Conversely, the equation to any tangent to the conic 
IN = M’ can be written in the form 


Ia’ + 2Ma + N =0,* 


where a is an arbitrary parameter. 

219. Undetermined Multipliers applied to Enve- 
lopes.—In many cases of envelopes the equation of the 
moving curve is given in the form 


weep Ys a, GB) = Cy (3) 


where the parameters a, ( are connected by an equation of 
the form 


§ (a, B) = Cm (4) 


In this case we may regard 3 in (3) as a function of a by 
reason of equation (4); hence, differentiating both equations, 
the points of intersection of two consecutive curves must 
satisfy the two following equations : 


oe =O; and ‘Aen 
| ur af 
Consequently i = He . 
da dB 


If each of these fractions be equated to the undetermined 
quantity A, we get 


ate) 
da da | 
UY _\% ) 
dp“ dp 


* Salmon’s Conics, Art. 270. 
42 
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and the required envelope is obtained by eliminating a, (3, and 
d between these and the two given equations. 

The advantage of this method is especially found when 
the given equations are homogeneous functions in a and (; 
for suppose them to be of the forms 


I (a, Y> a) () =A, (a, 3) = Cry 


where the former is homogeneous of the n degree, and the 
latter of the m, in a and (3. Multiply the former equation 
jn (5) by a, and the latter by (3, and add; then, by Euler’s 
theorem of Art. 102, we shall have 
ne 

N,=meA, orrA= oe (6) 
by means of which value we can generally eliminate a and 3 
from our equations. 


EXAMPLES. 
1. To find the envelope of a line of given length (a) whose extremities move 


along two fixed rectangular axes. 
Taking the given lines for axes of co-ordinates, we have the equations 


x 
are SEE Maes Ses 
a £8 
x y 

Hence co = Aa, B rB; 

from which we get IN aah ; 


eee ==1( Ges) (a?y)k, 
and the required locus is represented by 


vi+ yp = ai. 


_ 2, To find the envelope of a system of concentric and coaxal ellipses of cons 
stant area. 


Here = gn aB=c; 
AD y 
hence aoe rB, ag ad Ae = 


and the required envelope is the equilateral hyperbola 


20 =o, 
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3. To find the envelope of all the normals to an ellipse. 


Here we have the equations 
2 Be 
@2-plig—B, ana 5 +E =i, 


a B 1d 


where a and £ are the co-ordinates of any point on the ellipse. 


au a by B 
Hence, ay 7 imag 
consequently aA=a’—-B, 
and we get atx = (a? — B®) a3, bty = —- (a? — 0) B3; 


Substituting in the equation of the ellipse, we get for the required envelope, 
(ax)h + (by)P= (a? ~ 0) 


This equation represents the evolute of the ellipse. 


4. Find the envelope of the line ean i = 1, where a and B are connected by 
a 


the equation 


m m m 


am + Bm — cm, Ans. gmt a ymel = cml, 


220. The preceding method can be readily extended to the 
general case in which the equation of the enveloping curve 
contains any number, », of variable parameters, which are 
connected by n — 1 independent equations. The method of 
procedure is the same as that already considered in Chapter 
XI. on maxima and minima, and does not require a separate 
investigation here. 
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EXAMPLES. 


1. Prove that the envelope of the system of lines ‘ ie 1, where 7 and m 
m 


poe : 
are connected by the equation 2 + - = 1, is the parabola 


2. One angle of a triangle is fixed in position, find the envelope of the 
opposite side when the area is given. Ans. A hyperbola. 


3. Find the envelope of a right line when the sum of the squares of the 
perpendiculars on it from two given points is constant. 


4. Find the envelope of a right line, when the rectangle under the perpen- 
diculars from two given points is constant. 
Ans. A conic having the two points as foci. 


5. From a point P on the hypothenuse of a right-angled triangle, perpen- 
diculars PM, PN are drawn to the sides; find the envelope of the line JLN. 


6. Find the envelope of the system of circles whose diameters are the chords 
drawn parallel to the axis-minor of a given ellipse. 


7. Find the envelope of the circle 
xv? + y? — 2aen + a — FB =0, 
where @ is an arbitrary parameter; and find when the contact between the 
circle and the envelope is real, and when imaginary. 


(a). Show from this example that the focus of an ellipse may be regarded as 
an infinitely small circle having double contact with the ellipse, the directrix 
being the chord joining the points of contact. 


8. Show that the envelope of the system of conics 


Pe y 


=] 
aa-h : 


where a is a variable parameter, is represented by the equation 


(cn fT + y=o. 


Hence show that a system of conics having the same foci may be regarded 
as inscribed in the same imaginary quadrilateral. 


g. Find the envelope of the line 
fam + ypm = am, 
where the parameters a and f are connected by the equation 
a+ Br= o”, 


o 


ee NN Caen 
Ans. gam 4 ym = (=) oe 
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10. On any radius vector of a curve as diameter a circle is described: prove 
geometrically that the envelope of all such circles is the first pedal of the curve 
with respect to the origin. 

11. Ifcircles be described on the focal radii vectores of a conic as diameters, 
prove that their envelope is the circle described on the axis major of the conic as 
diameter. 

12. Prove that the envelope of the circles described on the central radii of an 
ellipse as diameters is a Lemniscate. + 


13. Find the envelope of semicircles described on the radii of the curve 


rn = a” COS NO 
as diameters. 
14. If perpendiculars be drawn at each point on a curve to the radii vectores 
drawn from a given point, prove that their envelope is the reciprocal polar of 
the inverse of the given curve, with respect to the given point. 


15. Find the envelope of a circle whose centre moves along the circum- 
ference of a fixed circle, and which touches a given right line. 

16. Ellipses are described with coincident centre and axes, and haying the 
sum of their semiaxes constant; find their envelope. 

17. Find the equation of the envelope of the line Ax + uy +¥=0, where 
the parameters are connected by the equation 

an? + by? + cv? + 2fuy + 2gvA + 2hAW =O. 
a, h, Is & 


h b y 
Ans. j ; js =O, 


g; SJ; by I 
a, Y; I ? ° 


18, At any point of a parabola a line is drawn making with the tangent an 
angle equal to the angle between the tangent and the ordinate at the point; 
prove that the envelope of the line is the first negative pedal, with regard to the 


focus, of the parabola; and hence that its equation is rt cos 6 = at, the focus 


being pole. 
N.B.—This curve is the caustic by reflexton for rays perpendicular to the 
axis of the parabola. 
1g. Join the centre, 0, of an equilateral hyperbola to any point, P, on the 
curve, and at P draw a line, PQ, making with the tangent an angle equal to the 
angle between OP and the tangent. Show that the envelope of PQ is the first 
negative pedal of the curve 


2 
r? = 2a? sin-@ sin 46, 
/ 3 
the centre being pole, and axis minor prime vector. 
N.B.—This gives the caustic by reflexion of the equilateral hyperbola, the 
centre being the radiant point. 


20. A right line revolves with a uniform angular velocity, while one of its 
points moves uniformly along a fixed right line; find its envelope. 


Ans. A cycloid, 


(2789) 


CHAPTER XVI. 
CONVEXITY AND CONCAVITY. POINTS OF INFLEXION. 


221. Convexity and Concavity.—Ii the tangent be 
drawn at any point on a curve, the neighbouring portion of 
the curve generally lies altogether on one side of the tangent, 
and is convex with respect to all points lying at the opposite 
side of that line, and concave for points at the same side. 

Thus, in the accompanying figure, the portion QPQ’ is 
convex towards all points ,y / 
lying below the tangent, and 
concave for points above. 

If the curve be referred 
to the co-ordinate axes OX 
and OY, then whenever the 
ordinates of points near to 
P on the curve are greater 
than those of the points on 
the tangent corresponding to 
the same abscissa, the curve is said to be concave towards 
the positive direction of Y. 

Now, suppose y = ¢(z) to be the equation of the curve, 
then that of the tangent at a point 2, y, by Art. 168, is 

dy 
Y-y=(X-2) Tat 

Let P be the point z, y, and UN =h= MUN’, QN=¥y, 

TN = Y,, and we have 


N’M N x 


3 


th = o(e +A) =9(2) + hg'(e) +—— 9"(w) + 


ice Tees 
Yi=y + ho'(x) = $(@) + hoe); 
h? ” hs a 
Pathe. Vite ~ he ara (v) + &e. (1) 


2 


$' (e) +&e. 
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_ When 4 is very small, the sign of the right-hand side of 
this equation is the same in general as that of its first term, 
and accordingly the sign of y, - Y,, or of QT, is the same as 
that of ¢” (2). 

Hence, for a point above the axis of z, the curve is convex 
towards that axis when 9” (7) is positive, and concave when 
negative. 

We accordingly see that the convexity or concavity at any 
ay 
dx’ 

222. Points of Inflexion.—lIf, however, ¢’(v) =0 at 
the point P, we shall have 

yess (x) + La iv & 
Niece Se ? I (x) + &e. (2) 


point depends on the sign of $”(z) or at the point. 


62503 


Now, provided ¢”’(x) be not zero, y, — Y, changes its sign 
with f, i.e. if MN’ =UN=h, \y 
and if Q lies above 7, the: 
corresponding point Q’ lies 
below 7”, and the portions of 

the curve near to P lie at 
opposite sides of the tangent, 

as in the figure. 

Consequently, the tangent _| 0 
at such a point cuts the curve, N MN ¥X& 
as well as touches it, at its Fig. 28. 
point of contact. Such points on a curve are called points of 
inflexion. 

Again, if ¢”’(x) as well as ”(#) vanish at the point P, we 
shall have 


ae eee ene 

us Aah EEL Ae oy i? 
and, provided ¢'"(z) be not zero at the point, y, — Y; does not 
change sign with A, and accordingly the tangent does not 
intersect the curve at its point of contact. 

Generally, the tangent does or does not cut the curve at 
its point of contact, according as the first derived function 
which does not vanish is of an odd, or of an even order; as 
can be easily seen by the preceding method. 
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From the foregoing discussion it follows that at a point 
of inflexion the curve changes from convex to concave with 
respect to the axis of z, or conversely. 

On this account such points are called points of contrary 
flexure or of inflexion. 

223 The subject of inflexion admits also of being treated 
by the method of Art. 196, as follows:—The points of in- 
tersection of the line y = ux + v with the curve y = ¢(«) are 
evidently determined by the equation 


p(x) = pet v. (3) 


Suppose A, B, C, D, &c., to represent the points of section in 
question, and let 2, v2, ... ap 


be the roots of equation (3) ; a = : ae 
then the line becomes a /p 7 


tangent, if two of these 
roots are equal, ie, if Fig. 29. 

(a1) =u, where x, denotes the value of x belonging to the 
point of contact. 

Again, three of the roots become equal if we have in 
addition ~”(#,) = 0; in this case the tangent meets the curve 
in three consecutive points, and evidently cuts the curve at its 
point of contact; for in our figure the portions PA and CD 
of the curve lie at opposite sides of the cutting line, but 
when the points A, B, C become coincident, the portions AB 
and BO become evanescent, and the curve is evidently cut as 
well as touched by the line. 

In like manner, if ¢”’(2,) also vanish, the tangent must 
be regarded as cutting the curve in four consecutive points : 
such a point is called a point of undulation. 

It may be observed, that if a right line cut a continuous 
branch of a curve in three points, A, B, C, as in our figure, 
the curve must change from convex to concave, or conversely, 
between the extreme points A and C, and consequently it 
must have a point of inflexion between these points; and so 
on for additional points of section. 

Again, the tangent to acurve of the n™ degree at a point of 
inflexion cannot intersect the curve in more than n — 3 other 
points: for the point of inflexion counts for three among 
the points of section. For example, the tangent to a curve 
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of the third degree at a point of inflexion cannot meet the 
curve in any other point. Consequently, if a point of in- 
flexion on a cubic be taken as origin, and the tangent at it 
as axis of x, the equation of the curve must be of the form 


e+ yp =0, 


where ¢ represents an expression of the second and lower 

degrees in # andy. For, when y = 0, the three roots of the 

resulting equation in # must be each zero, as the axis of « 

meets the curve in three points coincident with the origin. 
The preceding equation is of the form 


Uz + Uz + Uy = O, 


or, when written in full, 
a+ y (ax + 2hey + by’) + y(2ge+ 2fyte)=o. (4) 


Now, supposing tangents drawn from the origin to the 
curve, their points of contact, by Art. 176, lie on the curve 


Uz + 2U, =O, 
i.e. on the curve 
(ga + fy +ec)y =0. 


The factor y = 0 corresponds to the tangent at the point 
of inflexion, and the other factor gv + fy + ¢ = oO passes 
through the points of contact of the three other tangents to 
the curve. 

Hence, we infer that from a point of inflexion on a cubic 
but three tangents can be drawn to the curve, and their three 
points of contact lie in a right line. 

It can be shown that this right line cuts harmonically 
every radius vector of the curve which passes through the 
point of inflexion. 

For, transforming equation (4) to polar co- Crane and 
dividing by 7, it becomes of the form 


Ar + Br +0 =0. 
Tf 2’, 2” be the roots of this quadratic, we have 
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Now, if p be the harmonic mean between 7” and r”, this 
gives 
I B 2g cos8 + 2f sind 


ae cap C c : 


Hence the equation of the locus of the extremities of the 
harmonic means is 


get+fy+ec=0. Q. E. D. 


This theorem is due to Maclaurin (De Lin. Geom. Prop. 
Gen., Sec. 111. Prop. 9). 

From this property the line is called the harmonic polar of 
the point of inflexion. This line holds a fundamental place 
in the general theory of cubics.* 


224. Stationary Tangents.—Since the tangent at a 
point of inflexion may be regarded as meeting the curve in 
three consecutive points, it follows that at such a point the 
tangent does not alter its position as its point of contact 
passes to the consecutive point, and hence the tangent in this 
case is called a stationary tangent. 


se ; ; 
The equation = = o follows immediately from the last 
consideration; for when the tangent is stationary we must 


do 


have oe ae where ¢, as in Art. 171, denotes the angle 
which the tangent makes with the axis of 7; but tan ¢ = 2 


a’ Rete ee ; 
hence i = 0, which is the same condition for a point of 


inflexion as that before arrived at. 


* Chasles, Apergu Historique, note xx.; Salmon’s Higher Plane Curves. 
Art. 179. 
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EXAMPLES. 


1. Show that the origin is a point of inflexion on the curve 
ay = bay + ca + dat, 
2. The origin is a point of inflexion on the cubic wz + m1 =o? 
3. In the curve am ly = gm, 
prove that the origin is a point of inflexion if m be greater than 2. 
4. In the system of curves 
y” = kam, 
find under what circumstances the origin is (#) a point of inflexion, (5) a cusp. 
5. Find the co-ordinates of the point of inflexion on the curve 


23 
8 — 3042+ ay =0. Ane =a bone 


a 
6. If a curve of an odd degree has a centre, prove that it is a point of 
inflexion on the curve. 
7. Prove that the origin is a point of undulation on the curve 


um + U4 + U5 + &C.y + Un = O. 


8. Show that the points of inflexion on curves referred to polar co-ordinates 
are determined by aid of the equation 


I 
u+—=0, where u =~. 


g. In the curve 76” = a, prove that there is a point of inflexion when 
() =f m (I —m), 
10, In the curve y=c sin 7? Prove that the points in which the curve 
meets the axis of w are all points of inflexion. 


11. Show geometrically that to a node on any curve corresponds a line 
touching its reciprocal polar in two distinct points; and to a cusp corresponds a 
point of inflexion. 
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12. If the origin be a point of inflexion on the curve 


Uy+ U2+ West... e+ Un =O, 


prove that #2 must contain 2 as a factor. 
13. Show that the points of inflexion of the cubical parabola 


y” = (% — a)? (@ — 6) 
lie on the line 
3a +a=40: 


and hence prove that if the cubic has a node, it has no real point of inflexion ; 
but if it has a conjugate point, it has two real points of inflexion, besides that 
at infinity. 

14. Prove that the points of inflexion on the curve y? = x*(a? + 2px + q) 
are determined by the equation 24° + 6px? + 3(p? + q) + 2pg =0. 


15. If y= f(x) be the equation of a curve, prove that the abscisse of its 
points of inflexion satisfy the equation 


{P’@)}? = 2h) f(a). 


16. Show that the maximum and minimum ordinates of the curve 


y = 2f(2) f"(2) - {Ff @P 
correspond to the points of intersection of the curve y?=f(#) with the axis 
Of &. 


17. When y? = f(#) represents a cubic, prove that the biquadratic in x 
which determines its points of inflexion has ove, and but one, pair of real roots. 
Prove also that the lesser of these roots corresponds to no real point of inflexion, 
while the greater corresponds, in general, to two. 


18. Prove that the point of inflexion of the cubic 
ay? + 3bay? + vex?y + dx? + 3ex27 =0 


lies in the right line ay + da = 0, aud has for its co-ordinates 


2 b 
t=— ae and y = as 
where G is the same as in Example 32, p. 190. 
tg. Find the nature of the double point of the curve 


y = (24 —2)? (% — 5), 
and show that the curve has two real points of inflexion, and that they subtend 


a right angle at the double point. 


20. The co-ordinates of a point on a curve are given in terms of an angle @ 
by the equations 


x=seci@, y =tané sec?d; 


prove that there are two finite points of inflexion on the curve, and find the 
values of @ at these points. 
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CHAPTER XVII. 


RADIUS OF CURVATURE. EVOLUTES. CONTACT. RADII OF 
CURVATURE AT A DOUBLE POINT. 


225. Curvature, Angle of Contingence.—LEvery con- 
tinuous curve is regarded as having a determinate curvature 
at each point, this curvature being greater or less according 
as the curve deviates more or less rapidly from the tangent at 
the point. 

The total curvature of an arc of a plane curve is measured 
by the angle through which it is bent between its extremities— 
that is, by the external angle between the tangents at these 
points, assuming that the arc in question has no point of in- 
flexion on it. This angle is called the angle of contingence of 

‘the are. , 
The curvature of a circle is evidently the same at each of 
its points. 

To compare the curvatures of OY 
different circles, let the arcs AB fare 
and ab of two circles be of equal 
length, then the total curvatures C 
of these arcs are measured by the a 
angles between their tangents, or 
by the angles AOB and acb at 
their centres: but 


LACB: Lach = 


Fig. 30. 


arc AB arcab _ ans 
AC ae den SA Cia: 


Consequently, the curvatures of the two circles are to each 
other inversely as their radii; or the curvature of a circle 
varies inversely as its radius. 

Also if As represent any arc of a circle of radius r, and 
A®¢ the angle between the tangents at its extremities, we have 
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The curvature of a curve at any point is found by deter- 
mining the circle which has the same curvature as that of an 
indefinitely small elementary arc of the curve taken at the 

oint. 
226. Radius of Curvature.—Let ds denote an infi- 
nitely small element ofa curve at a point, d¢ the corresponding 
TP eg ae ‘Z. ds 
angle of contingence expressed in circular measure, then i 
evidently represents the radius of the circle which has the 
same curvature as that of the given curve at the point. 

This radius is called the radius of curvature for the point, 
and is usually denoted by the letter p. 

To find an expression for p, let the curve be referred to 
rectangular axes, and suppose 2 and y to be the co-ordinates 
of the point in question ; then if ¢ denote the angle which the 
tangent makes with the axis of 2, we have 


dy _ d.tang dy 


tan $ = 


dx’ °° de da” 
dp dy 
Giri Nene a ES 
or 800° T= a 
, dp dpda _ Ca) 
Again, Us” de ds 7 8 P ay = 8b Ze 
dy\?\8 
teat 
Hence arta Py res ogee 
ds da" da? 
; F . ay : : 
At a point of inflexion a aties accordingly the radius of 


curvature at such a point is infinite: this is otherwise evident 
since the tangent in this case meets the curve in three conse- 
cutive points. (Art. 222.) 
y\?\8 
Again, as the expression (: + (ZY) has always two 
values, the one positive and the other negative, while the 
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curve can have in general but one definite circle of curvature 
at any point, it is necessary to agree upon which sign is to be 
taken. We shall adopt the positive sign, and regard p as 
d’y . ; 
dx’ Ae 
convex at the point with respect to the axis of a. 
227. @ther Expressions for p.—lIt is easy to obtain 
other forms of expression for the radius of curvature; thus 


by Art. 178 we have 


being positive when — is positive; i.e. when the curve is 


DES 4 dy 
COS = 7s’ sin ¢ at he 


Hence, if the arc be regarded as the independent variable, we 
get 


_ dp ae dp dy 
ey ee ae COEF ie Wee 
from which, if we square and add, we obtain 
I dp ae\? (dys 
37 (a) ~ Ge) * Ga) ‘. 
Again, the equations dz=cos¢ds, dy =sin ods, 
: ste wo 
give by differentiation (substituting © for do), 
p 


._ (ds)? : AY 
d*x = cos ¢d’s — sin es d’y = sin ¢d’s + cos ¢ gale 
p p 


Whence, squaring and adding, we obtain 
(ea + (ty) = (sy + 
pe” 


4 ds? 
= O° (bay + (by — (sy 


(4) 
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Again, if the former equation in (3) be multiplied by 
sin ¢, and the latter by cos #, we obtain on subtraction, 


2 d. 3 
cos pa’y — sin pdx = - or dad’y - dyd'a=—. 


(du? + dy’)? 


0 dedy — dy@x (5) 


Hence 


The independent variable is undetermined in formule (4) 
and (5), and may be any quantity of which both z and y are 
functions. 

For example, in the motion of a particle along a curve, 
when the time is taken as the independent variable, we get 
from (4) an important result in Mechanics. 


EXAMPLES. 


1. To find the radius of curvature at any point on the parabola x? = 4my. 


a dy\ 2 2 
Here Soe a Si mis an (ad Berg eigen We Pk: 
bn ax \dz ”n m” 


= ae 2 
Here mile -e*), i OE Spee sees 
Hence the radius of curvature is equal to the part of the normal intercepted 


by the axis of z, but measured in the opposite direction (Ex. 4, Art. 171). 


3. In the cubical parabola 3a?y = #3, we have 


ao fe ee fr ae (sy = (at +24)? a= (at + ar4)8 
dx ; ; dx Seo a ee 


ae 2a4z 
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4. To find the radius of curvature in the ellipse = + . = 1, 
Let « =a@ cos, then y = 8 sing, and we have 
dze=-—asingdp, d’x=—acos pdf? —asin $4’, 
dy=bcosodp, ady=—b sin pdp*+ db cos pdr. 
Hence by formula (5) we obtain 


(a* sin? + 6? cos?p)3 
ab : 


5. In the hypocycloid 28 + 4? = a3, let x= a cos’, then y = a sin’¢, and re- 
garding ¢ as the independent variable, we have 


dz = — 3a.cos* sin pdg, x = 34 cos pdf? (2 sin? p — cos), 
dy = 3a sin’ cospdo, dy = 3a sin pd” (2 cos? — sin’), 
whence 


(da* + dy)i = 3a sing cos dp, and dxd*y ~ dyd’u = — ga? sin®> cos*p do’, 
from which we obtain 
= — 3 (aay). 


6. Find the radius of curvature at any point of the curve 


y 
ea = sec (). Ans. p = a sec (=) : 
a a 


228. General Expression for Radius of Curva- 
ture.—The value of p becomes usually difficult of determi- 
nation from formula (1) whenever yis not given explicitly in 
terms of z, that is, when the equation of the curve is of the 
form 


“u=f (x, y) =0. 

We proceed to show how the equation for pis to be trans- 
formed in this case. Suppose 

du du 4, au au | du 

dedy ~’? dy? 


= A; = C; 


Game eyed ty de 
then, by Art. 100, we have 
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Again, differentiating this equation with respect to 2, 
regarding y as a function of # in consequence of the given 
equation, and observing that 


d dL dLdy a dM dMdy 
a) ae a 


we obtain 


aL aLdy | (dM, dMdy\dy | Ay _ 
de dyd« \du dy dx) dz det? 
dy | ,dy’ te 
or A+2B7 +07, + U7z=9;3 (6) 
hence, on substitutin = for btai 
Ww ; Ing — FF or 7 we obtain 
dy AM? -2BLM + CL? 
Pe a a Ae 
Consequently 
2h SO 
e= = Gi —2BLM + OL" (7) 


Or, on replacing LZ, M, A, B, C, by their values, 


(ay cay 

dx dy 

pt i a 
da® a ~ * dady de dy * ae 


The result in (6) enables us to determine the second diffe- 
rential coefficient of an implicit function in general; a process 
which is sometimes required in analysis. 

229. Whe Centre of Curvature is the point of 
intersection of two Consecutive Normals.— We shall 
next proceed to consider the subject from a geometrical 
point of view. 

As a circle which passes through two infinitely near 
points on a curve is said to have contact of the first order with 
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the curve, so the circle which passes through three infinitely 
near points on a curve is said to have contact of the second 
order with it, and is called the circle of curvature, or the 
osculating circle at the point. 

Again, the centre of the circle which passes through 
three points, P, Q, 2, is the intersection of the perpendicu- 
lars drawn at the middle points of PQ and QR; but when 
P, Q, & become infinitely near points on a curve, the per- 
pendiculars become normals, and the centre of the circle 
becomes the limiting position of the intersection of two infinitely 
near normals to the curve. (Compare Art. 37, note.) 


From this it is easily seen that we obtain Fr for the length 


of the radius of the circle in the limit, as before. 

230. Newton’s Method of investigating Radii of 
Curvature.— When the equation of the curve is algebraic 
and rational it is easy to obtain an YI] 9 
expression for its radius of curvature* D 
at any point. 

For, take the origin O at the 
point, and the tangent and normal 
for co-ordinate axes; let P be a 
point on the curve near to O, and 
describe a circle through P and O aS 
touching the axis of 2; draw PN ON x 
perpendicular to OX and produce Fig. 31. 
it to meet the circle in Q; then we have 


ON*=PN. NQ. 
Hence, if # and y be the co-ordinates of P, we get 


_ON* 
PN OL yi 


NQ 


But when P is infinitely near to O, VQ becomes OD, the 


* This method of finding the radius of curvature is indicated by Newton 
(Principia, Lib. I., Sect. 1., Lemma xi.), and has been adopted in a more or les 
modified form by many subsequent writers. 


U2 
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diameter of the circle of curvature, and if p be its radius, we 
have 
2 
2p = limit of 7; when # is infinitely small. 
Again, since the axis of x is the tangent at the origin, 
the equation of the curve, by Art. 208, is of the form 
by = cou’ + 2exy + cy” + terms of the third and higher degrees 
= Cw + 2¢,0y + Cy” + Us + Uy + KO. (9) 


On dividing by y we obtain 
2 
b, = me + 20" + GY +2 4 &. 
y y 


2 
Again, when w is infinitely small, * becomes 2p, and 


each* of the other terms at the right-hand side becomes infi- 
nitely small; hence 


Thus, for example, the radius of curvature at the origin in 


the curve 
6y = 20° + 3ey —4yv +2 


is g, the axes being rectangular. 


= Us U. 
* We have assumed above that the terms —, ie &c., become evanescent 


along with #; this can be readily established as follows :— 


Let ug = ax + Bary + yay? + Sy, 
x 
then ynts + Ba* + yay + by? ; 


2 
each of the terms after the first vanishes with x, while the first becomes a 7° 


or 2apz, which also vanishes with x, when p is finite. 


Similar reasoning is applicable to the terms, = &e. 
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From the preceding it follows that when the axis of z is 
a tangent at the origin, the length of the radius of curvature 
-at that point is independent of all the coefficients except 
those of y and 2. 

231. Case of Oblique Axes.—If the co-ordinate axes 
be oblique, and intersect at an angle w, then PQ no longer 
passes through the centre of the circle in the limit, but be- 
comes the chord of the circle of curvature which makes the 
angle w with the tangent; accordingly, we have in this case 


; Near aa 
2p Cn a em in the limit. 


Hence, in the case of oblique axes, we have 
; by 
sin w = —. 
PAO RT. (10) 


If 5, and c, have opposite signs, p is negative; this 
indicates that the centre of curvature lies below the axis of z, 
towards the negative side of the axis of y. 

The preceding results show that the radius of curvature 
at the origin is the same as that of the parabola, dy = 2, at 
the same point; and also that the system of curves obtained 
by varying all the coefficients in (9), except those of y and 
«*, have the same osculating circle, in oblique as well as in 
rectangular co-ordinates. 

Again, as in Art. 223, the osculating circle, since it meets 
the curve in three consecutive points, cuts the curve at the 
point, in general, as well as touches it. 

If cy = o in the equation of the curve, and 0, be not zero, 
the radius of curvature becomes infinite, and the origin is a 
point of inflexion. This is also evident from the form of the 
equation, since the axis of w meets the curve in this case in 
three consecutive points. 

232. In general, the equation of a curve referred to any 
rectangular axes, when the origin is on the curve, may be 
written in the form 


2bou + 2biy = Cox + 2¢,Ky + Coy® + Us + KO, 
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Here 2 + by =0 is the equation of the tangent at the 
origin; and the length of the perpendicular PV from the 
point (#, y) on this tangent is 


bow + by 
J byt + bP 
Also, OP? = 2 + y*, and OP? = 2p. PN in the limit. 
Accordingly, we have, when z and y are infinitely small, 
2PN 2b, + 2by 
he (a? + yp) of be? +6; 
a Cyt? + 2, "y + oY? " Us oe. 
(a? +o) 46/ bo + O62 — (+ 9) 6/62 + 62 
(since the point «, y is on the curve). 


Us 
- &c., become evanes- 


I 
p 


Again, the terms contained in ee 
cent in the limit, as before (see note, Art. 230). 
Hence we have 


2 
y 
r Cy + 2,— + &| = 
I Ca’ + 2¢,"Y + Coy x w 


But for points infinitely near the origin we have 


b 
dw + by =0, or E =~ 


Substituting this value instead of in the preceding equation, 


it becomes 
Tiny Cb? — 2b,die, + Cab," 
p i (6,7 rs b,)8 = (11) 


The student will find no difficulty in showing the identity 
of this result with that given in (7). 
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233. Radii of Curvature of Inverse Curves.—It 
may be convenient to state here that if two curves be inverse 
to each other with respect to any origin, their osculating circles 
at two inverse points are also inverse to each other with respect 
to the same origin. 

This property is evident geometrically from the con- 
sideration that a circle is determined when three points on 
it are given. 

Again, since the centres of the two inverse circles are 
in directum with the origin, we can construct the centre of 
curvature at any point on a curve, when that for the cor- 
responding point on the inverse curve is known. 

Also, if the osculating circle at any point on a curve 
pass through the origin, the corresponding point is a point of 
inflexion on the inverse curve. 

We shall next proceed to establish another expression for 
the radius of curvature, which is of extensive application in 
curves referred to polar co-ordinates. 

234. Radius of Curvature in terms of 7 and EBs — 
Let PN and PC be the tangent 
and normal at any point P ona 
curve, P’N’ and PC those at 
the infinitely near point P’, then 
Cis the centre of curvature cor- 
responding to the point P. Let 
O be the origin. 

Join OC, and let OC = e 
OP = r, OP's r, ON = 
ON-ap, CP= OP =p; than 
we have Bigsigat 


OC? = OP* + CP’ - 20P.CP.cos OPC, 
or o =17" +p? — 2pp. 


In like manner we have 
& = 7? + p? — 20p'. 
Subtracting, we get 
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Hence we have 
Py 
2 or p=r—. (12) 


This formula can also be deduced immediately from Art. 
191: thus 
dp _ dp ds dp _ dpdr_ 


dp 

PO EN do ae Ae 
dp dr 
ee Lr Cae or p "D 


235. Chord of Curvature through the Origin.— 
Let y denote half the intercept made on the line OP by the 
circle of curvature, and we evidently have 


; Dp dr 
eae ee eet ae (13) 
This and the preceding formula are of importance when- 
ever we can express the equation of the curve in terms of the 
lines represented by 7 and p. 
Their use will be illustrated by the following elementary 
examples :— 


EXAMPLES. 


1. To find the radius of curvature at any point on a parabola. 
Taking the focus as pole, the equation of the curve in terms of rand p 
evidently is py? = 2mr. 


Hence p=r—=—= 


2. To find the radius of curvature in an ellipse. 
Taking the centre as origin, the equation of the curve is 


252 
+p a oe; 
pee dr ah 
ne ae ir at 


3. To find the radius of curvature in the Lemniscats. 
Here, by Ex. 3, Art. 190, we have 7° = a®p; 


dr a ¥ 
-'s 372 — =a; hence p=—; als =e 
BP ee age ae 


~ 
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4. To find the chord of curvature which passes through the origin in the 
Cardioid 
vr =a(I + cos 6). 
In this case, we have 73 = 2ap?. 


Hence y=) a =", 
dp 3 
5. Yo find the radius of curvature at any point on the curve r™ =a™ cos m0. 
Here gmt] — amy, by Art. 190. 
qm Me 
Hence p 3 also, y= a 


“(m+ Trl (im + 1) p m+ 
This result furnishes a simple geometrical method of finding the centre of cur- 
vature in all curves included under this equation. 


qd’? 
236. Wo prove that p =p + aa If p and w have the 
same signification as in Art. 192, the formula of that Art. 


becomes 


_ ds d’p 
Raed A GA Chg (14) 
EXAMPLES. 


1. In a central ellipse prove that 
p=/@ cos? w + & sina, 
and hence deduce an expression for the radius of curvature at any point on the 


eurve. 
2. Ina parabola referred to its focus as pole, prove that y =m sec w, and 


hence show that p = 2m sec?w. 

237. Evolutes and Envolutes.—If the centre of cur- 
vature for each point on a curve be 
taken, we get a new curve called the 
evolute of the original one. Also, the 
original curve, when considered with 
respect to its evolute, is called an i- 
volute. 

To investigate the connexion be- 
tween these curves, let P:, P2, P;, &e., 
represent a series of infinitely near 
points on a curve; Ci, C2, Cs, &c., the 
corresponding centres of curvature, 
then the lines P,Ci, P.C2, PCs, &e., 
are normals to the curve, and the lines ; 
0,0:, C20;, C,C,, &c., may be regardedin Fig. 33. 
the limit as consecutive elements of the evclute; also, since 
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each of the normals P,C,, P.0,, P;0;, &c., passes through two 
consecutive points on the evolute, they are tangents to that 
curve in the limit. 

Again, if pi, px, ps, ps, &e., denote the lengths of the radii 
of curvature at the points P,, P,, Ps, P:, &c., we have 


pi= LC, 0: = PiGy ps = PCy. ps = Filey Ses 
* pi-p2= PC, - PC, = PC, - P20, = O1C2; 
also p2—p3 = C2C3, ps — ps = CsCu,. - - pra — pn = CnaCn 5 
hence by addition we have 
pi — pn = O10, + 0,03 + C30, +... 2+ Cra Cr. 


This result still holds when the number » is increased 
indefinitely, and we infer that the length of any are of the 
evolute is equal, in general, to the difference between the radi of 
curvature at its extremities. 

It is evident that the curve may be generated from its 
evolute by the motion of the extremity of a stretched thread, 
supposed to be wound round the evolute and afterwards 
unrolled; in this case each point on the string will describe 
a different involute of the curve. 

The names evolute and involute are given in consequence 
of the preceding property. 

It follows, also, that while a curve has but one evolute, it 
can have an infinite number of involutes; for we may regard 
each point on the stretched string as generating a separate 
involute. 

The curves described by two different points on the 
moving line are said to be parallel; each being got from the 
other by cutting off a constant length on its normal measured 
from the curve. 

238. Evolutes regarded as Envelopes.—From the 
preceding it also follows that the determination of the evolute 
of a curve is the same as the finding the envelope of all its 
normals. We have already, in Hx. 3, Art. 219, investigated 
the equation of the evolute of an ellipse from this point of 
view. 

239. Evolute of a Parabola.—We proceed to deter- 
mine the evolute of the parabola in the same manner. 


we 
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Let the equation of the curve be y* = 2ma, then that of 
its normal at a point (a, y) is 


(Y-y) 7 +X-#=0, 
or y° + 2my (m - X) - 2m®?V=0. 


The envelope of this line, where y is regarded as an arbi- 
trary parameter, is got by eliminating y between this equa- 
tion and its derived equation 

3y’ + 2m (m - X) =o. 


Accordingly, the equation of the 
required envelope is obtained by 


oe. 
Wu instead of y 
in the latter equation. 

Hence, we get for the required 
evolute, the semi-cubical parabola 


27mY* = 8 (X — m)'. 


The form of this evolute is exhi- 
bited in the annexed figure, where 
VN=m=2VF. If P, BP, repre- 
sent the points of intersection of the Fig. 34. 
evolute with the curve, it is easily seen that 


VU = 4VN = 4m. 


240. Evolute ofan Ellipse.—The form of the evolute of 
an ellipse, when e¢ is greater 
than 14/2, is exhibited in 
the accompanying figure; 
the points If, V, MU’, NV’, are 
evidently cusps on the curve, 
and are the centres of cur- 
vature corresponding to the 
four vertices of the ellipse. 
In general, if a curve be 
symmetrical at both sides 
of a point on it, the oscu- 
lating circle cannot intersect Fig. 35. 


substituting an 


M 
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the curve at the point; accordingly, the radius of curvature 
is a Maximum or a minimum at such a point, and the corre- 
sponding point on the evolute is a cusp. 

It can be easily seen geometrically that through any point 
four real normals, or only two, can be drawn to an ellipse, 
according as the point is inside or outside the evolute. 

It may be here observed that to a point of inflexion on 
any curve corresponds plainly an asymptote to its evolute. 

241. Evolute of an Equiangular Spiral.—We shall 
next consider the equiangular or logarithmic spiral, r = a°. 

Let P and Q be two points 
on the curve, O its pole, PC, 
QC the normals at P and Q; join 
OC. Then by the fundamental 
property of the curve (Art. 181), 
the angles OPC and OQC are 
equal, and consequently the four 
points, O, P, Q, C, lie on a circle: 
hence 2 QOC = 2 QPC; but in é 
the limit when P and Q are coin- tig 96 
cident, the angle QPC becomes eye 
a right angle, and C becomes the centre of curvature belong- 
ing to the point P; hence POC also becomes a right angle, 
and the point C is immediately determined. 

Again, OCP = 2 OQP; but, in the limit, the angle 
OQP is constant; ... 2 OOP is also constant ; and since the 
line CP is a tangent to the evolute at C, it follows that the 
tangent makes a constant angle with the radius vector OC. 
From this property it follows that the evolute in question is 
another logarithmic spiral. Again, as the constant angle is 
the same for the curve and for its evolute, it follows that the 
latter curve is the same spiral turned round through a known 


angle (whose circular measure is 4 - log, I). 


241 (a2). Emvolute of a Cirele.—-As an example of 
involutes, suppose APQ to represent a portion of an involute 
of the circle LAC, whose centre is O. Let 


OC=a, LCOA=q, 
and CA the length of the string unrolled; then 
CP = CA = ag. 
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Draw OWN perpendicular to the tangent at P, and let 
ON = p, then we have 


p= 49. ¥ Z 
Hence, since : \= 
LBON =2 COA = 4, : 
the pedal of the curve APQ is a 4 X 
spiral of Archimedes. \ 


Also, since aa 8 
OP* = 00? + OP*, ae 


a B 
we have 


r= p+ a’, Fig. 37. 
which gives the equation to the involute of a circle in terms 
of the co-ordinates r and p. 

Again, if AP = s, we have 


ds 
dp = OP = ap 3 
from which it is easily seen that 


2 
en f. 
2 

242. Radius of Curvature, and Points of In- 
flexion, im Polar Co-ordinates.— We shall first find an 
expression for p in terms of w (the reciprocal of the radius 
vector) and 6. 

By Article 183. we have 


h 1 dp _ du 
ence “pau” * ao" 
d. dus 
Also ae et 
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sequentl w+ Ta) ean te Ea 
consequently p de) pw ude) \? 


i+ Ga) | 


ee Oe peta ice me (15) 


Again, si pie = ap 
gain, since “=~, 6 Pa 
du 2 (3) 1 d’r 


as ae \a) Paw? 


Lea (16) 


This result can also be established in another manner, as 
follows :— 

On reference to the figure of Art. 180, it is obvious that 
¢=0+ 7; where¢ is the angle the tangent at P makes with 
the prime vector OX. 


Hence ane or oS 8; 
ay 
1 dp _ * 96 
p “ea 
dO 
Again, denoting me and eS by + and 7, we have 
él dO dl? : 


tan ~ = a and hence 


dp 7) rar fre 
— = COS ae a 
add r? p+ pe? 
dp rrr +27 ds 
1+ = >———— 5 also— = (7° + #')h. 
ao rin joa dé ( 
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(72 + #28 


Hence, we get = ———_.. 
2 8 0 pp + op 


Or, replacing 7 and 7 by their values, 
(=) 
\ a 
TE 2(ay 
a? do 


Again, since p =o at a point of inflexion, we infer that 
the points of intersection of the curve represented by the 


equation 
r ae +2 wes 
Tag * 7\ a9) ~% 


with the original curve, determine in general its points of 
inflexion. 

In some cases the points of inflexion can be easier found 
by aid of (15), which gives, when p =a, 


ie et 


EXAMPLES. 


1. Find the radius of curvature at any point in the spiral of Archimedes, 
(x + 62)% 


r= ao. Ans. & = Ge 


2. Find the radius of curvature of the logarithmic spiral r = a. 
Ans. r(1 + (log a)*)h. 
3. Find the points of inflexion on the curve 


r = 29 — II cos 26. Ans. cos 20 a. 
I 


4. Prove that the circle » = 10 intersects the curve 
r= II —2 0850 
in its points of inflexion. 
5. Prove that the curve 
r=a-+bcosnd 
has no real points of inflexion unless a is > 4 and <(1 + 2). When a lies be- 


tween these limits, prove that all the points of inflexion lie on a circle ; and show 
how to determine the radius of the circle. 
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242 (a). Intrinsic Equation of a Curve.—In many 
cases the equation of a curve is most simply expressed in 
terms of the length, s, of the curve, measured from a fixed 
peint on it, and the angle, 9, through which it is bent, 
t.e. the angle of deviation of the tangent at any point from 
the tangent at the fixed point, taken as origin. These are 
styled the intrinsic elements of the curve by Dr. Whewell,* 
to whom this method of discussing curves is due. 

The relation between the length s and the deviation ¢ for 
any curve is called its intrinsic equation. 

If this relation be represented by the equation 


s=f($), 


then if p be the radius of curvature at any point, we have 
-= =F) 
(a dp = p = 


Also, if s, denote the length of the evolute, from Art. 237 
it is easily seen thatthe equation of the evolute is of the form 


8 =f" (p) + const. 


From this it follows that the series of successive evolutes 
are in this case easily determined by successive differentiation. 

The simplest case of an intrinsic equation is that of the 
circle, in which case we have 


8 = ao. 


Again, from Art. 241(q@), the intrinsic equation of the 
involute of a circle is reducible to the form 
2 
a ae 
2 

We shall meet with further examples of intrinsic equa- 
tions subsequently. 

243. Comtact of Different Orders.—As already 
stated, the tangent to a curve has a contact of the first order 
with the curve at its point of contact, and the osculating 
circle a contact of the second order. We now proceed to 
distinguish more fully the different orders of contact between 
two curves. 


* Cambridge Philosophical Transactions, Vols. vi1t. and 1x. 
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Suppose the curves to be represented by the equations 


y=f (x), and y = $(2), 


and that x, is the abscissa of a point common to both curves, 


then we have 
S (&) = $ (%). 


Again, substituting x, + h, instead of «in both equations, 
and supposing y, and y, the corresponding ordinates of the 
two curves, we have 


na Slab) =f (a) + ye) + 7"(a) + &e, 


y 2 
y= (ei +h) = g(a) + hp (a) +— (a) + be. 
Subtracting, we get 


n—n=B{P a) —9@)} + (F(a) 6"@)} +80. (27) 


Now, suppose f(a) = ¢’(a), or that the curves have a 
common tangent at the point, then 


lv Ph th \ hs Sth wh 
NO Sea (F(a) — (ar) } + Trees (F(a) — ¢ (a) }+ &e. 

In this case the curves have a contact of the first order ; 
and when / is small, the difference between the ordinates is 
a small quantity of the second order, and as y;, — y, does not 
change sign with h, the curves do not cross each other at the 

oint. 
Ii, in addition 
F(a) = 9" (@1)s 


then 1 — Y2= b (f’'(e1) -— 9” (ar)} + &e. 


2 3 


In this case the difference between the ordinates is an in- 

finitely small magnitude of the third order when h/ is taken 

an infinitely small magnitude of the first; the curves are 

then said to have a contact of the second order, and approach 

infinitely nearer to each other at the point of contact than in 
¥ 
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the former case. Moreover, since y,- y. anges its sign 
with h, the curves cut each other at the point as well as touch. 

If we have in addition /’’(x,) = ¢’’(a:), the curves are 
said to have a contact of the third order: and, in general, if 
all the derived functions, up to the n™ inclusive, be the same 
for both curves when wz = 2, the curves have a contact of the 
n** order, and we have 


Ar 
(7 +1 


Yim yer { FO) (a) — GO) (ay)} + &eo. (18) 


Also, if the contact be of an even order, m + 1 is odd, and 
consequently h”* changes its sign with /, and hence the curves 
cut eac other at their point of contact; for whichever is the 
lower at one side of the point becomes the upper at the 
other side. 

If the curves have a contact of an odd order, they do not 
cut each other at their point of contact. 

From the preceding discussion the following results are 
immediately deduced :— 

(1). Iftwo curves have a contact of the n™ order, no curve 
having with either of them a contact of a lower order can 
fall between the curves near their point of contact. 

(2). Two curves which have a contact of the n™ order at 
a point are infinitely closer to one another near that point 
than two curves having a contact of an order lower than 
the n™. 

(3). If any number of curves have a contact of the second 
order at a point, they have the same osculating circle at the 
point. 

244. Application to Cirele.—lIt can be easily verified 
that the circle which has a contact of the second order with a 
curve at a point isthe same as the osculating circle determined 
by the former method. 


For, let (X - a)? + (¥Y- By = PR 


be the equation of a circle having contact of the second order 
at the point (7, y) with agiven curve; then, by the preceding, 


qd? 
the values of A and “3 must be the same for the circle and 


for the curve at the point in question. 
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Differentiating the equation of the circle twice, and sub- 
stituting # and y for X and Y, we get 


e-a+(y-f) =o, (19) 
and I+ v-p) + (2) - : (20) 


Hence LN A a ori ree ak te ag ‘ (21) 
dex? da 


Bea ea)? (y- 6) = [: i" Ge) 


da? 


This agrees with the expression for the radius of curvature 
found in Art. 226. 

The co-ordinates a, (3 of the centre of curvature can 
be found by aid of equations (21); and the equation of the 
e olute by the elimination of # and y between these equa- 
tions and that of the curve. 

In practice, the following equations are often more useful : 
thus, by differentiation with respect to 2, we get from (19), 


dy d/[ dy 
da * if dx (v2) Ga) 


In like manner, from the equation 


y-B)+@-a Fo 


is ee id (23) 
“ay dy\ dyJ ° 


245. Centre of Curvature, and Evolute of Ellipse. 
—As an illustration, we shall apply these equations to de- 
x2 


we obtain 
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termine the co-ordinates of the centre of curvature, and the 
equation of the evolute of the ellipse 


Here J = 8, = — = 


b? ( ma 2 b+ 


In like manner, we have 
dx a‘ 
C= ae . 
dy’ b*2* 


Substituting in (22) and (23), we obtain for the co-ordinates 
of the centre of curvature 


poe Oa Hit gee osm 


Again, substituting the values of 2 and y given by these 


2 2 


equations, in the equation - + te 1, we get for the equation 


of the evolute 
(aa)? + (80)8 = (@ - B)8. 


246. It may be noticed that the osculating circle cuts the 
curve in general, as well as touches it. This follows from 
Article 243, since the circle has a contact of the second order 
at the point. 

At the points of maximum and minimum curvature the 
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osculating circle has a contact of the third order with the 
curve; for example, at any of the four vertices of an ellipse 
the osculating circle has a contact of the third order, and does 
not cut the curve at its point of contact (Art. 240). 

247. Oseulating Curves.—When the equation of a 
curve contains a number, , of arbitrary coefficients, we can 
in general determine their values so that the curve shall have 
a contact of the (m — 1) order with a given curve at a given 
point; for the » arbitrary constants can be determined so 
that the n quantities 


dy d’y dy 
Y; dx’ dx’ Saathe dyn! 


shall be the same at the point in the proposed as in the 
given curve, and thus the curves will have a contact of the 
(n — 1)” order. 

The curve thus determined, which has with a given curve 
a contact of the highest possible order, is called an osculating 
curve, as having a closer contact than any other curve of the 
same species at the point. 

For instance, as the equation of a circle contains but 
three arbitrary constants, the osculating circle has a contact 
of the second order, and cannot, in general, have contact of a 
higher order; similarly, the osculating parabola has a contact 
of the ¢hird order; and, since the general equation of a conic 
contains five arbitrary constants, the general osculating conic 
has a contact of the fourth order. In general, if the greatest 
number of constants which determine a curve of a given 
species be n, the osculating curve of that species has a contact 
of the (n = 1)” order. 

248. Geometrical Method.—The subject of contact 
admits also of being considered in a geometrical point of view ; 
thus two curves have a contact of the first order, when they 
intersect in two consecutive points ; of the second, if they inter- 
sect in three; of the n™, if inn +1. For a simple investi- 
gation of the subject in this point of view the student is 
referred to Salmon’s Conie Sections, Art. 239. 

249. Curvature at a Double Poimt.—We now pro- 
ceed to consider the method of finding the radii of curvature 
of the two branches of a curve at a double point, 


310 Radius of Curvature. 


In this case the ordinary formula (8) becomes indetermi- 
nate, since 


du 

dx 
ata double point. The question admits, however, of being 
treated in a manner analogous to that already employed in 
Art. 230: we commence with the case of a node. 

250. Radii of Curvature at a Node.—Suppose the 
origin transferred to the node, and the tangents to the two 
branches of the curve taken as co-ordinate axes, w represent- 
ing the angle between them. 


By Art. 210, the equation of the curve is in this case of 
the form 


du 
=O, ang aEte 


2hay = ax? + Bay + yay? + dy? + uy + &O3 


dividing by zy we obtain 
xv yy 
2 ast ii ae aes tage &e. 


Now, let p: and p, be the radii of curvature at the origin 
for the branches of the curve which touch the axes of wand y, 
respectively; then, by Art. 231, we have 


. Abed y 
2p1 SIN w = He: and 22 siNw = a the limit. 


Again, it can be readily seen, as in the note to Art. 230, 


that the terms in = &e., become evanescent along with « 


and y, and accordingly the limiting values of “and can 


be separately found, as in the Article referred to. 
Hence we obtain 
pe Baling 2} Pe 
Lae eigen (25) 


Also, if a = 0, we get p:= 0, and the corresponding - 
branch of the curve has a point of inflexion at the origin. 
Similarly, if 3 = 0, p, =, 
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If a=o0, and 6 =0, the origin is a point of inflexion on 
both branches. This appears also immediately from the 
consideration that in this case ws contains wu, as a factor. 

If the equation of a curve when the origin is at a node 
contain no terms of the third degree, the origin is a point of 
inflexion on both branches. An example of this is seen in 
the Lemniscate, Art. 210. 


EXAMPLES. 


1. Find the radii of curvature at the origin of the two branches of the curve 
an — 2bry + cy® = #4 + y4, 


the axes being rectangular. Ans. Z and 2 
a 6 


2. Find the radii of curyature at the origin in the curve 
a(y? — x) = #8, 


Transforming the equation to the internal and external bisectors of the angle 
between the axes, it becomes 


gary of 2 = (2 —y)3; 
hence the radii of curvature are 24/2 and — 2a / 2, respectively. 


251. Radii of Curvature at a Cusp.—The preceding 
method fails when applied to a cusp, because the angle w 
vanishes in that case. It is easy, however, to supply an in- 
dependent investigation: for, if we take the tangent and 
normal at the cusp for the axes of « and y, respectively, the 
equation of the curve, by the method of Art. 210, may be 
written in the form 


? = ax + Bay + yxy? + oye + m+ &e. (26) 


Now in this, as in every case, the curvature at the origin 
depends on the form of the portion of the curve indefinitely 
near to that point; consequently, in investigating this form 
we may neglect 7x, y*, &c., in comparison with y’; and 2* 
vy, &¢., in comparison with 2°. 
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Accordingly, the curvature at the origin is the same, in 
general, as that of the cubic 


y* = an + Bay. (27) 
Dividing by 2’, we get 
y? 
put By. 


Hence, in immediate proximity to the origin, z be- 


comes very small, i.e. y is very small in comparison with 2. 
Accordingly, the form of the curve near the origin is repre- 
sented by the equation 


a? = at’. 


From this we infer that the form of any algebraic curve 
near a cusp is, in general, a semi-cubical parabola (see Ex. 2, 
Art, 211). 

Again, since 


we have, by Art. 230, 


p-#t f; 
a 


from which we see that p vanishes along with z, and accord- 
ingly the radii of curvature are sero for both branches at the 
origin. 

This result can also be arrived at by differentiation, by 
aid of formula (1). 

252. Case where the Coeflicient of 2° is wanting.— 
Next, suppose that the term containing 2° disappears, or 
a = 0, then the equation of the curve is of the form 


y? = Bary + yay’ + dy® + da + &e. ; 


and proceeding as before, the curvature at the origin is the 
same as in the curve 


y? = Bay + aa, (28) 
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The two branches of this curve are determined by the 
equation 


2 ———————— 
y= Parsi /B aad. (29) 


The nature of the origin depends on the sign of 9? + 4a’, and 
the discussion involves three cases. 

(1). If 6? + 4a’ be positive, it is evident that the curve 
extends at both sides of the origin, and that point is a double 
cusp (Art. 215(a)). 

On dividing equation (28) by y’, and substituting 2p for 
2 


—, we get I = 23p + 4a’p’. (30) 


The roots of this quadratic determine the radii of curva- 
ture of the two branches at the cusp. 

These branches evidently le at the same, or at opposite 
sides of the axis of x, according as the radii of curvature 
have the same or opposite signs: 7.e. according as a’ has a 
negative or positive sign. 

These results also appear immediately from the circum- 
stance, that in this case the form of the curve very near the 
origin becomes that of the two parabolas represented by 
equation (29). 

(2). If 2 + 4a’ be negative, y becomes imaginary, and the 
origin is a conjugate point. 

(3). If 6? + 4a’ = 0, the equation (30) becomes a perfect 
square: we proceed to prove that in this case the origin is a 
cusp of the second species. 

To investigate the form of the curve near the origin, it is 
necessary in this case to take into account the terms of the 
fifth degree in w (y being regarded as of the second): this gives 


(y - Ea = yay? + Baby + aa = a (yy + Bey + ae). (31) 

It will be observed that the right-hand side changes its 
sign with «; accordingly the origin is a cusp. Also, the cusp 
is of the second species, for the two roots of the equation in y 
plainly have the same sign, viz., that of 8; and consequently 
both branches of the curve at the origin lie at the same side 
of the axis of 2, 
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Moreover, as equation (30) has equal roots in this case, 
the radii of curvature of the two branches are equal, and the 
branches have a contact of the second order. 

We conclude that when the term involving #* in equation 
(28) disappears, the origin is a double cusp, a cusp of the second 
species, or a conjugate point, according as [3° + 4a > =or<o. 

Moreover, if a’ = 0, one root of the quadratic (30) is in- 


finite, and the other is =. The origin in this case is a double 


cusp, and is also a point of inflexion on one branch. Such a 
point is called a point of oscul-inflecion by Cramer. 

If B = 0 in addition to a’ = o, the origin is a cusp of the 
first species, but having the radii of curvature infinite for both 
branches. 

It is easy to see from other considerations that the radii 
of curvature at a cusp of the first species are always either 
zero or infinite. 

For, since the two branches of the curve in this case 


: ace eer d” 
turn their convexities in opposite directions, a must have 


opposite signs at both sides of the cusp, and consequently it 
must change its sign at that point; but this can happen only 
in its passage through zero, or through infinity. 

It should be observed that the preceding discussion applies 
to the case of a curve referred to oblique axes of co-ordinates, 
provided that we substitute y instead of p; where y is half 
the chord intercepted on the axis of y by the osculating circle 
at the origin. 

253. Recapitulation.—The conclusions arrived atin the 
two preceding Articles may be briefly stated as follows :— 

(1). Whenever the equation of a curve can be transformed 
into the shape y* = ax* + terms of the third and higher degrees, 
‘he origin is a cusp of the first species; both radii of curva- 
ture being zero at the point. 

(2). When the coefficient of 2 vanishes,* the origin is 


* Tn this case, if v; be the equation of the tangent at the cusp, the equation 
of the curve is of the form 


oy + 0102 + 4+ &. =O. 


This is also evident from geometrical considerations. 
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generally either a double cusp, a conjugate point, or a cusp 
of the second species. In the latter case the two branches 
of the curve have the same centre of curvature, and conse- 
quently have a contact of the second order with each other. 

(3). If the lowest term in # (independent of y) be of the 
5 degree, the origin is a point of oscul-inflexion. 

If, however, the coefficient of 2*y also vanish, the origin 
is not only a cusp of the first species, but also a point of 
inflexion on both branches of the curve. 

254. General Investigation of Cusps.—The pre- 
ceding results admit of being established in a somewhat more 
general manner as follows :— 

By the method already given, the equation which deter- 
mines the form of an algebraic curve near to a cusp may be 
written in the following general shape: 


y? = 2Axry + Ba? + Cr’, (32) 
where 2Az* is the lowest term in the coefficient of y, and 
Bx’, Cx°* are the lowest terms independent of y. 


By hypothesis, a, b, ¢ are positive integers, and a>1, b>2, 
¢ > 33 now, solving for y, we obtain 


y= Axi + J A? xt + Ba’ + Ox’, 
which represents two parabolast osculating the two branches 
at the origin. 
The discussion of the preceding form for y resolves itself 
into three cases, according as 2a is > = or < 0. 
(1). Let 2a = 6 + A, then 
dod SEY Ween ert aces Se a oe 
y = An? +0°./B+ Aa + Cx, 
b 
(a). If } be odd, « becomes imaginary for negative values 


of w, and accordingly the origin is a cusp of the 
Jirst species in this case. 


* This term is retained, as it is necessary in the case of a cusp of the second 
species. ; id Weert 
+ The word parabola is here employed in its more extensive signification. 
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(8). If 5 be even, and B positive, y is real for all values 
of # near the origin; accordingly that point is a 
double cusp. hide 

(y). If} be even, and B negative, the origin is a conjugate 
pownt. 

(2). If 2a = b, we have 


y = Ant + a%./(A* + B) + Cxe, 


In this case, the origin is either a double cusp, or a conju- 
gate point, according as A? + B is positive or negative. 
Again, if A’ + B = 0, we have 


e-b 
Yo tA +2* /C). 


(a). Ife - 6 be an odd number, the origin is a cusp of the 
second species. 

(8). Ii c—b be even, the origin is a double cusp or a con- 
jugate point according as C is positive or negative. 


(3); 2a<b, orb=2a+h. 


Here ye Ar? + auf A’ + Be + CF™, 


and the curve evidently extends at both sides of the origin, 
which accordingly is a double cusp. 

This method of investigating curvature is capable of being 
modified so as to apply to the case of multiple points of a 
higher order; the discussion, however, is neither sufficiently 
elementary, nor sufficiently important, to be introduced here. 

255. Points on Evolute corresponding to Cusps on 
Curve.—In connexion with evolutes and involutes, the pre- 
ceding results lead to a few interesting conclusions. 

(1). If a curve has a cusp of the first species, its evolute 
in general passes through the cusp. However, if in addition 
the cusp be a point of inflexion, the normal at it is an asymp- 
tote to the evolute. 

(2). To a cusp of the second species corresponds in general 
a point of inflexion on the evolute: in some cases the point 
of inflexion lies altogether at infinity. 


(3). Lo a double cusp corresponds a double tangent to the 
evolute, 
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256. Equation of the @sculating Conic.—As an 
additional illustration of the principles involved in the pre- 
ceding investigation, it is proposed to discuss the question of 
the conic which oscu/ates an algebraic curve at a given point. 
Transferring the origin to the point, and taking the tangent 
. axis of w, the equation of the curve may be written in the 

orm 


ay = 2 + Axy + any” + by x? + bx’y te b,xy* iP bsy° 
+ ea + cay + Ke. + dha’ + &e. (33) 


In considering the form of the curve near the origin, as a 
first approximation we may, as in Art. 251, neglect zy, 7’, &e., 
in comparison with y; and 2°, 2‘, &c., in comparison with 2’ ; 
thus the equation reduces to the form 


ay = a. (34) 


Hence the form to which every curve of finite curvature 
approximates in the limit is that of the common parabola, as 
already seen in Art. 231. 

To proceed to the next approximation, we retain terms of 
the third order (remembering that when # is a very small 
quantity of the first order, y is one of the second), and the 
equation becomes 


ay= x? t+ gary t+ doa, 


On substituting ay instead of a in the term 2°, the pre- 
ceding equation becomes 


ay = x + (a, + doa) ay. (35) 


This represents a conic having contact of the third order 
with the proposed curve at the origin. When a + ha = 0, the 
parabola ay = 2 has a contact of the third order at the origin, 
and accordingly so also has the osculating circle. 

In proceeding to the next and final approximation, we re- 
tain terms of the fourth order, and we get 


ay =a + aay + ny” + box? + bia’y + Coat. (36) 
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Moreover, from the preceding approximation we have 
boaxy = box? + byx?y (a + abo). 


Hence, we get for the equation of the conic having a 
contact of the closest kind with the given curve 


ay =a + (a + boa) wy +[a,+ a(b; — a bo) + a? (Cy — by”) ]y?. (37) 


This conic, since it has the closest contact possible with 
the given curve at the origin, is the osculating conic (Art. 246) 


for that point. 
In like manner the parabola 


2 
ay = 2 + (a, + boa) ay + Aue y’, (38) 


since it has the closest contact possible for a parabola, is the 
osculating parabola at the point. 
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EXAMPLES, 


I. Prove that the radius of curvature at the vertex of a parabola is equal to 
its semi-latus rectum. 


2. Find the length of the radius of curvature at the origin in the curve 
yt + 2 + a(a2 + y*) =a’y. Ans. =. 
3. Find the radius of curvature at the origin in the curve 
ay = be + cx?y, Ans. ©. 
4. Prove that the locus of the centre of a conic having contact of the third 


order with a given curve at a common point is a right line. 


5- Prove that the locus of the centres of equilateral hyperbolas, which have 
contact of the second order with a given curve at a fixed point, is a circle, whose 
radius is half that of the circle of curvature at the point. 


6. Prove geometrically that the centre of curvature at any point on an ellipse 
is the pole of the tangent at the point, with respect to the confocal hyperbola 
which passes through that point. : 


7. The locus of the centres of ellipses whose axes have a given direction, and 
which have a contact of the second order with a given curve at a common point, 
is an equilateral hyperbola passing through the point? 


8. Prove that the locus of the focus of a parabola, which bas a contact of 
the second order with a given curve at a given point, is a circle. 


9. Prove that the radius of curvature of the curve a1 y = 2™ at the origin is 
a : : : . ; 
zero, -, or infinity, according as m is <=or>2: m being assumed to be greater 
2 
than unity. 


Io. Two plane closed curves have the same evolute: what is the difference 
between their perimeters ? 


Ans. 217d, where d is the distance between the curves. 
11. Find the radius of curvature at the origin in the curve 
3Y = 4 — 15%? — 308 
find also at what points the radius of curvature is infinite. 


12. Apply the principles of investigating maxima and minima to find the 
greatest and least distances of a point from a given curve; and show that the 
problem is solved by drawing the normals to the curve from the given point. 


(a). Prove that the distance is a minimum, if the given point be nearer to 
the curve than the corresponding centre of curvature, and a maximum if it be 
further. 
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(b). 1f the given point be on the evolute, show that the solution arrived at 
is neither a maximum nor a minimum ; and hence show that the circle of curva- 
ture cuts as well as touches the curve at its point of contact. 


13. Find an expression for the whole length of the evolute of an ellipse. 
Fed 

ab ~ 
14. Find the radii of curvature at the origin of the two branches of the curve 


Ans. 4 


a3 az? y — axy? + ay? =o. Ans. aand~. 
4 
15. Prove that the evolute of the hypocycloid 


w+ ys -d 
is the hypocycloid 
(a + 8)? + (a — B)* = 248. 


16. Find the radius of curvature at any point on the curve 


yt fal — £) = sin 4/z. 


17. If the angle between the radius vector and the normal to a curve has a 
maximum or a minimum value, prove that y =7; where vy is the semi-chord of 
curvature which passes through the origin. 


18. If the co-ordinates of a point on a curve be given by the equations 
2 =c sin20(I + cos 26), Y = € COS 26 (I — cos 26), 


find the radius of curvature at the point. Ans. 4¢ cos 30 
19. Show that the evolute of the curve 
7 — a = mp 


has for its equation 
r — (I — m) a = mp. 


20. Ifa and B be the co-ordinates of the point on the evolute corresponding 
to the point (wv, y) on a curve, prove that 


dy da tk 
de ap 
21. If p be the radius of curvature at any point on a curve, prove that the 
radius of curvature at the corresponding point in the evolute is ae where w 
@ 
is the angle the radius of curvature makes with a fixed line. 


22. In a curve, prove that 
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23. Find the equation of the evolute of an ellipse by means of the eccentric 
angle. 

24. Prove that the determination of the equation of the evolute of the 
curye y = ka" reduces to the elimination of x between the equations 


ges eee nd 
vr}, and B= gn | ——_______, 
m-l n—I ; n—1 kn (m — 1) an-® 


25. In figure, Art. 239, if the tangent to the evolute at P meet the parabola 
in a point H, prove that HW is perpendicular to the axis of the parabola. 


26. If on the tangent at each point on a curve a constant length measured 
from the point of contact be taken, prove that the normal to the locus of the 
points so found passes through the centre of curvature of the proposed curve. 


27. In general, if through each point of a curve a line of given length be 
drawn making a constant angle with the normal, the normal to the curve locus 
of the extremities of this line passes through the centre of curvature of the pro- 
posed. (Bertrand, Cal. Dif., p. 573.) 

This and the preceding theorem can be immediately established from geome- 
trical considerations. 

28. If from the points of a curve perpendiculars be drawn to one of its tan- 
gents, and through the foot of each a line be drawn in a fixed direction, pro- 
portional to the length of the corresponding perpendicular; the locus of the 
extremity of this line is a curve touching the proposed at their common point. 
Find the ratio of the radii of curvature of the curves at this point. 

29. Find an expression for the radius of curvature in the curve p = = ; 
m2— r2 
p being the perpendicular on the tangent. 

30. Being given any curve and its osculating circle at a point, prove that 
the portion of a parallel to their common tangent intercepted between the two 
curves is a small quantity of the second order, when the distances of the point 
of contact from the two points of intersection are of the first order. 


Prove that, under the same circumstances, the intercept on a line drawn 
parallel to the common normal is a small quantity of the third order. 


31. Ina curve referred to polar co-ordinates, if the origin be taken on the 
curve, with the tangent at the origin as prime vector, prove that the radius of 


survature at the origin is equal to one-half the value of he the limit. 


32. Hence find the length of the radius of curvature at the origin in the 


curve r= a sin n@. Ans. p=—- 


33. Find the co-ordinates of the centre of curvature of the catenary ; and 
show that the radius of curvature is equal, but opposite, to the normal. 


34. If p, p’ be the radii of curvature of a curve and of its pedal at corre- 
sponding points, show that 


p’ (27? — pp) =r. : 
Ind. Civ. Ser. Exam., 1878, 
Y 
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CHAPTER XVIII. 
ON TRACING OF CURVES. 


257. Wracing Algebraic Curves.—Before concluding the 
discussion of curves, it seems desirable to give a brief state- 
ment of the mode of tracing curves from their equations. 

The usual method in the case of algebraic curves consists 
in assigning a series of different values to one of the co-ordi- 
nates, and calculating the corresponding series of values of 
the other; thus determining a definite number of points on 
the curve. By drawing a curve or curves of continuous cur- 
vature through these points, we are enabled to form a tolerably 
accurate idea of the shape of the curve under discussion. 

In curves of degrees beyond the second, the preceding 
process generally involves the solution of equations beyond 
the second degree: in such cases we can determine the series 
of points only approximately. 

258. The following are the principal circumstances to be 
attended to :— 

(1). Observe whether from its equation the curve is sym- 
metrical with respect to either axis; or whether it can be 
made so by a transformation of axes. (2). Find the points 
in which the curve is met by the co-ordinate axes. (3). De- 
termine the positions of the asymptotes, if any, and at which 
side of an asymptote the corresponding branches lie. (4). De- 
termine the double points, or multiple points of higher orders, 
if any belong to the curve, and find the tangents at such 
points by the method of Art. 212. (5). The existence of 
ovals can be often found by determining for what values of 
either co-ordinate the other becomes imaginary. (6). If the 
curve has a multiple point, its tracing is usually simplified by 
taking that point as origin, and transforming to polar co-or- 
dinates: by assigning a series of values to 0 we can usually 
determine the corresponding values of r, &e. (7). The points 
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where the y ordinate is a maximum or a minimum are found 
ce OY 
from the equation oe 
curve can be often assigned. (8). Determine when possible 
the points of inflexion on the curve. 

259. Wo trace the Curve 7 = 2 (x — a); a being sup- 
posed positive. 

In this case the origin is 
a conjugate: point, and the 
curve cuts the axis of w at a 
distance OA = a. Again, 
when @ is less than a, y is | 
imaginary, consequently no | 0 
portion of the curve lies to 
the left-hand side of A. 

The points of inflexion, I ’ 
and J’, are easily determined 


=0: by this means the limits of the 


Fig. 38. 


from the equation “bao; the . 
; OA 
corresponding value of 2 is alee accordingly AN = —. 


Again, if TT be the tangent at the point of inflexion J, it 
AN 
ean readily be seen that 7'A = Bye Troe 
This curve has been already considered in Art. 213, and 
is a cubical parabola having a conjugate point. 
260. Cubie with three Asymptotes.—We shall next 
consider the curve* 


ya + ey = ax + ba? + cx +d, (1) 


where a is supposed positive. 

The axis of y is an asymptote to the curve (Art. 200), and 
the directions of the two other asymptotes are given by the 
equation 


y*? — aw’ =0, ory=tarV/a. 


* This investigation is principally taken from Newton’s Enumeratio Li- 
nearum Tertit Ordinis. 
VO 
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If the term ba? be wanting, these lines are asymptotes; if 6 
be not zero, we get for the equation of the asymptotes 


O. 


b = 
y=a/at+—, ytue/at 


b = 
21/4 2/a 


On multiplying the equations of the three asymptotes 
together, and subtracting the product from the equation of 
the curve, we get 


ae 
lea Aas. ad: 


this is the equation of the right line which passes through the 
three points in which the cubic meets its asymptotes. (Art. 
204.) 

Again, if we multiply the proposed equation by #, and 
solve for zy, we get 


Se 
ay =-— + ax + ba® + ca? +de+ —: (2) 
2 4 


from which a series of points can be determined on the curve 
corresponding to any assigned series of values for a. 
It also follows that all chords drawn parallel to the axis 


of y are bisected by the hyperbola zy + = =o: hence we infer 


that the middle points of all chords drawn parallel to an 
asymptote of the cubic lie on a hyperbola. 

The form of the curve depends on the roots of the bi- 
quadratic under the radical sign. (1). Suppose these roots 
to be all real, and denoted by a, (3, y, 6, arranged in order of 
increasing magnitude, and we have 


ay =-<4 fa (w — a) (« i. B)(« - y)(@ my 8). 


Now when 2 is <a, y is real; when w >a and < #, yis 
imaginary ; when # > 8 and<y, y is real; when z>y and 
< 6, y is imaginary ; when # > 6, y is real. 
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We infer that the curve consistsof three branches, extending 
to infinity, together 
with an oval lying I hy 
between the values 
8 and y for «. 


Th a 
e accompany- 
ing figure* repre- Paci i 
sents such a curve. ee ee a 

Again, if either pals ie ee 
the two greatest Sle aan 


roots or the two ree SS 
least roots become See 
= gage, 


equal, the corres- ’ 
ponding point be- 
comes a node. 

If the interme- | 
diate roots become Fig. 39. 
equal, the oval shrinks into a conjugate point on the curve. 

If three roots be equal, the corresponding point is a cusp. 

If two of the roots be impossible and the other two un- 
equal, the curve can have neither an oval nor a double point. 

If the sign of a be negative, the curve has but one real 
asymptote. 

261. Asymptetes.—In the preceding figure the student 
will observe that to each asymptote correspond two infinite 
branches; this is a general property of algebraic curves, of 
which we have a familiar instance in the common hyperbola. 

By the student who is acquainted with the elementary 
principles of conical projection the preceding will be readily 
apprehended ; for if we suppose any line drawn cutting a 
closed oval curve in two points at which tangents are drawn, 
and if the figure be so projected that the intersecting line is 
sent to infinity, then the tangents will be projected into 
asymptotes, and the oval becomes a curve in two portions, 
each having two infinite branches, a pair for each asymptote, 
as in the hyperbola. 


—————————— ———— 


* The figure is a tracing of the curve 


gay” + 108y = (wv — 5) (a — 11) (~@ — 12), 


326 On Tracing of Curves. 


It should also be observed that the points of contact at 
infinity on the asymptote in the opposite directions along it 
must be regarded as being one and the same point, since they 
are the projection of the same point. That the points at 
infinity in the two opposite directions on any line must be 
regarded as a single point is also evident from the considera- 
tion that a right line is the limiting state of a circle of in- 
finite radius. 

The property admits also of an analytical proof; for if 
the asymptote be taken as the axis of z, the equation of the 
curve (Art. 204) is of the form 


Ypi + $2 = 0, Or4 ae 
pi 
where ¢, is at least one degree lower than ¢, in w and y. 


g2 


Now, when w is infinitely great, the fraction — becomes in 


1 
general infinitely small, whether x be positive or negative ; 
and consequently the axis is asymptotic to the curve in both 
directions. 
262. To trace the Curve ¥| 
ay? = bat + a, 


where a and 3 are both positive. 


Here yai=+2' (w+ d)2. an 15 2 
The curve is symmetrical with respect \ oa 


to the axis of a2, and has two infinite 

branches ; the origin is a double cusp. 

The shape of the curve is exhibited in the 

figure annexed. Fig. 40. 
If d were negative, we should have 


yat = + w (@ — ba. 


Here y becomes imaginary for values of z less than 5; 
accordingly, the origin is a conjugate point in this case: the 
curve has two infinite branches as in the former case 

263. To trace the Curve 


ay? = 2abe*y + x. 
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From the form of its equation we see that the origin is 
a point of oscw/-inflexion (Art. 251). 

Solving for y, we can easily 
determine any number of points 
on the curve we please. It has 
two infinite branches at opposite 
sides of the axis of z, and a loop 
at the negative side of that axis, 
as exhibited in the figure. 

264. Wo trace the Curve 


w+ a? y® + y* = x (aw? — by’). 


(1). Let a and & have the 
same sign, then the origin is 
a triple point, having for its 
tangents the lines 


H=0,8 a+y/b=0, ) xX 


Bnd, /a4yi/b=o, © 
Moreover, since the curve / 
We 


has no real asymptote, it is 
a finite or closed curve with 
three loops passing through the Fig. 42. 
origin ; and it is easily seen that its shape 
is that represented in the accompanying 
figure. 

(2). If aandd have opposite signs, the 
lines represented by aa — by’ = 0 become 
imaginary. ‘The curve in this case consists 
of a single oval as in the figure. 

This and the preceding figure were 
traced for the case where 6 = 3a: if the 


value of : be altered, the shape of the curve Fig. 43. 


will alter at the same time. If @ be greater than 8, the 
curve (2) will lie inside the tangent at the point X. 

265. Formof Curve near a Double Point.—When- 
ever the curve has a node or a cusp, by transforming the 
origin to that point, the shape of the curve for the branches 
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passing through the point admits of being investigated by the 
method explained in Arts. 250, 251. It is unnecessary to 
enter into detail on this subject here, as it has been already 
discussed in the articles referred to. 

266. In connexion with the tracing and the discussion of 
curves there is an elementary general principle which may 
be introduced here. 

If the equation of a curve be of the form 


LI’ - MM’ = 0, 


where L, IU, L’, M’ are each functions of the co-ordinates « 
and y, the curve evidently passes through all the points 
of intersection of the curves represented by the equations 
L=o and M =o; similarly it passes through the intersec- 
tions of ZL =o and M’=0; and also those of MW = 0 and 
LT’ =o; and of L’=oand M’ =0. Moreover, if Zand L’ 
become identical, the points of intersection coincide in 
pairs, and the equation of the curve becomes of the form 
LT? — MM’ = 0; which represents a curve touching the curves 
M =o, M’ =o, at their points of intersection with the curve 
L=o. 

This principle admits of easy extension; but as the subject 
belongs properly to the method of trilinear co-ordinates, it is 
not considered necessary to enter more fully into it here. 

267. Om Tracing Curves given in Polar Co-ordi- 
nates.—The mode of procedure in this case does not differ 
essentially from that for Cartesian co-ordinates. We have 
already, in Arts. 206 and 207, considered the method of 
finding the asymptotes and asymptotic circles in such cases. 
It need scarcely be observed that the number and variety of 
curves whose discussion more properly comes under the 
method of polar co-ordinates are indefinite. We propose to 
confine our attention to a few varieties of the class of curves 
represented by the equation 


rm” = a™ cos m0. 


268. Om the Curves +” = a” cos m6.—In this case, 
since the equation is unaltered when @ is changed into — 0, 
the curve is symmetrical with respect to the prime vector : 
again, when 0 =o, we have r = a; andas @ increases from zero 
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T ae : spa’ 
to —, r diminishes from a tozero. When misa positive in- 
270 


teger, it is easily seen that the curve consists of m similar loops. 
There are many familiar curves included under this 
equation. Thus, when m = 1, we have r=a cos @, which 


represents a circle: again, if m = — 1, the equation gives 
r cos 8 = a, which represents a right line. Also, if m= 2, we 
have r? = a cos 20, a Lemniscate (Art. 210). Iim=- 2, we 


get 7? cos 20 = a’, an equilateral hyperbola. 
Ii m = - we get 72 = a? cos ? whence r =< (1 + cos 8), a 


ae , I set 0 
cardioid (Ex. 4, p. 232); with m =- ie itis7? cos— = a}, a 
2 


parabola (Ex. 1, p. 231); and soon. As already observed, 
uf we change m into — m we get a new curve, inverse of 
the original. Also, the reciprocal polar is obtained by sub- 


instead of m. 


stituting — sree 


The tangent and normal-can be immediately drawn at 
any point on a curve of this class by aid of the results arrived 
at in Art. 190. The radius of curvature at any point has 
been determined in Ex. 5, Art. 235. The method of finding 
the equations of the successive pedals, both positive and 
negative, has been also already explained. 

A few examples in the case of fractional indices are here 
added. 

Example 1. 


73 = a cos-. 


Here when 0 = 0, we have r =a, 
and the curve cuts the prime vector 8 
at a distance OA equal to a: again, 


when 0 = % r= Las also when 


Fig. 44. 


The shape of the curve is given in the accompanying 
figure. This curve is the inverse of the caustic considered in 
Example 18, p. 277. 


330 On Tracing of Curves. 


Ex, 2. Ex. 3. Ex. 4. 


ris qi cos 6. rs = a? cos 4 0. 78 = a3 COS 5 8. 
4 5 3 


In Ex. 2, as 6 increases from zero to 120°, r diminishes 
from a to zero: when @ increases 
from 120° to 240°, 7 increases from 
zero to a: when @ increases from oo" 
240° to 360°, 7 diminishes from a a 2 
to zero. By assigning negative fe i 
values to 0, the eae be of es ars ——s 
the curve is seen to be symmetrical eA 
with that traced as above. ‘The 
same result plainly follows by con- 
tinuing the values for @ from 360° 


up to 720°. The form of the curve 
is exhibited in the annexed figure. Fig. 45. 


In Ex. 3, according as cos =o is positive or negative, we 
get equal and opposite real values, or imaginary values, for r. 
Hence it is easily seen that for values of 0 between + 2 the 
radius vector traces out two symmetrical portions of the 


curve: again, between on and 2 


Od Se 


symmetrical portions. The shape is that given in the former 
of the two accompanying figures, 


a we get two other 


ZF 


\ 


The Limagon. 25 


The latter figure represents the curve in Ex. 4; it consists 
of five symmetrical portions ranged round the origin. 
The results above stated admit of generalization, and it 


can be shown, without difficulty, that in general the curve 
Pp P 


i Se i ; Agy : 
rf = a! cos*— consists of p similar portions arranged about 


the origin; and that the entire curve is included within a 
circle of radius a when p is positive, but lies altogether 
outside it when p is negative. 

Many curves can be best traced by aid of some simple 
geometrical property. We shall terminate the Chapter with 
one or two examples of such curves. 

269. The Mimaconm.—The inverse of a conic section 
with respect to a focus is called a Limacon. From the polar 
equation of a conic, its focus being origin, it is evident that 
the equation of its inverse may be written in the form 


r=acos0+), 


where a and 6 are constants. 
a 
b 

The curve can be readily traced by drawing from a fixed 
point on a circle any number of chords, and taking off a 
constant length on each of these lines, measured from the 
circumference of the circle. 

If a be less than 0, the curve is the inverse of an ellipse, 
and lies altogether outside the circle. 

If a be greater than 0, the 
curve is the inverse of a hy- 
perbola, and its form can be 
easily seen to be that exhibited 
in the annexed figure, where 
OD =a - 6, and the point O isa 
node on the curve. 

Ii b= a, the curve becomes 
the inverse of the parabola, 
and is called a cardioid. The 
inner loop disappears in this 
case, and the origin is a cusp 
on the curve. 


It is easily seen that — is the eccentricity of the conic. 
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When a= 2b, the Limacon is called the Trisectrix; a 
curve by aid of which any given angle can be readily 
trisected. 

270. Whe Conchoid of Nicomedes.—If through any 
fixed point A a secant P,AP be L 


drawn meeting a fixed right line LI ae 

in Rk, and RP and RP, be taken 
ae 
ae 


each of the same constant length ; 
then the locus of P and P, is called 
the conchoid. 
This curve is easily traced from H 

the foregoing geometrical property, be sa8 
and it ae of two oe SF 4 
having the right line LMJ for a } 
common asymptote. Moreover, if 
the perpendicular distance AB of 
A from the fixed line be less than 
RP, the curve has a loop with a 
node at 4, as in the annexed figure. 


It is easily seen that when aie 
AB = RP, the point A is a cusp Aon” ag 
on the curve; and when AP is ica: 
greater than KP, A is a conjugate lia! 
point. M 

The form of the curve in the Fig. 49. 


latter case is represented by the dotted lines in the figure. 

If AB =a, RP =}, the polar equation of the curve is 
(r + b) cosO =a. 

When transformed to rectangular co-ordinates, this 
equation becomes 


(a? + y*\(a-— 2)? = Ba’, 
The method of drawing the normal, and finding the 


centre of curvature, at any point, will be exhibited in the 
next Chapter. 
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EXAMPLES. 


1. Trace the curve y = (# — 1) (# — 2) (vw — 3), and find the position of its 
point of inflexion. 


2. Trace the curve ¥* — 3axy +3 =0, drawing its asymptote. 
This curve is called the Folium of Descartes. 


3. Tra the curve aa =y(s? + #), and find its points of inflexion, and 
points of greatest and least distance from the axis of x. 


4. If an asymptote to a curve meets it in a real finite point, show that the 
corresponding branch of the curve must have a point of inflexion on it. 


5. Find the position of the asymptotes and the form of the curve 
wt — yi + 2any2=0. 


° 


6. Show that the curve x = a cos 26 consists of four loops, while the curve 
r = a COs 36 consists of but three. Prove generally that the curve 7 = @ cos n@ 
has » or 27 loops according as m is an odd or even integer. 


4. Trace the curve 
y (a a)(e- 1) = (a + a) (a +2). 
8. Show that the curve xy? + xt = a? (x* — y®) consists of two loops passing 
through the origin, and find the form of the curve. 


g. Trace the curve y(%+a)* = b?x(w + ¢), showing the positions of its 
asymptotes and infinite branches. 


10. Trace the curve whose polar equation is 
r = acosé + b cos 26, 


and show that it consists of four loops passing through the origin. 


11. Given the base and the rectangle under the sides of a triangle, find the 
equation of the locus of the vertex (an oval of Cassini). Exhibit the different 
forms of the curve obtained by varying the constants, and find in what case the 
curve becomes a Lemniscate. ; 


12. Trace the curve y? = aa3 + 3ba% + 3ca+d, and find its points of greatest 
and least distance from the axis of x. 


Show that two of these points become imaginary when the roots of the cubie 
in # are all real. 


13. Given the base and area of a triangle, prove that the equation of the 
locus of the centre of a circle touching its three sides is of the form 


ay —a(a? +y") — By —-a) =o. 
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14, Prove that all curves of the third degree are reducible to one or other of 
the forms 


(1). wy? + ey = ax? + bx? + cw + d. 
(2). sy = an + bu* + cr + d. 
(3). y? = ae + ba? + ca+d. 
(4). y =a +be?+ ca+d. 


Newton, Enum. Linear. Ter. Ordinis. 


15. Prove that all curves of the third degree can be obtained by projection 
from the parabolas contained in class (3) in the preceding division. [Newton.] 


For every cubic has at least one real point of inflexion: accordingly, if the 
curve be projected so that the tangent at the point of inflexion is projected to 
infinity, the harmonic polar (Art. 223) will bisect the system of parallel chords 
passing through this point at infinity. Hence the projected curve is of the 
class (3). [This proof is taken from Chasles, Histoire de la Géoméirie, note xx. | 


6? - é E : 
16. Trace the curve r = a a) and show that it has a point of inflexion 


when 6? = 3; find also its asymptotes and asymptotic circle. 


17. Trace the curve y = asin “, and show how to draw its tangent at any 


point. (This is called the curve of sines.) 


18. The base of a triangle is fixedin position; find the equation of the locus 
of its vertex, when the vertical angie is double one of the base angles. 


Trace the locus in question, finding the position of its asymptote. 


19. Show geometrically that the first pedal of a circle with respect to a 
point on its circumference is a cardioid. 


20. Show in like manner that the Limacon is the first pedal of a circle with 
respect to any point. 


21. Trace the curve 
y* + 2aay? = aa + a4, 


and find the equations of its asymptotes, and of the tangents at the origin. 
Ind. Cw. Ser. Ezx., 1876, 
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CHAPTER XIX, 
ROULETTES. 


271. Roulettes.—When one curve rolls without sliding 
upon another, any point invariably connected with the rolling 
curve describes another curve, called a roulette. 

The curve which rolls is called the generating curve, the 
fixed curve on which it rolls is called the directing curve, or 
the base, and the point which describes the roulette, the tracing 
point. We shall commence with the simplest example of a 
roulette: viz., the cycloid. 

272. Khe Cycloid.—This curve is the path described by 
a point on the circumference of a circle, which is supposed to 
roll upon a fixed right line. 

The cycloid is the most important of transcendental 
curves, as well from the elegance of its properties as from its 
numerous applications in Mechanics. 

We shall proceed to investigate some of the most 
elementary properties of the curve. 

Let LPO be any position of the rolling circle, P the 
generating point, O the point of wy" _ : 
contact of the circle with the fixed 
line. ‘Take the length AO equal 
to the are PO, then, from the 


mode of generation of the curve, at 5 + eo 
A is the position of the generating ; 
point when in contact with the Fig. 50. 


fixed line; also, if 4A’ be equal to the circumference of the 
circle, A’ will be the position of the point at the end of one 
complete revolution of the circle. Bisect AA’ in D, and 
draw DB perpendicular to it and equal to the diameter of 
the circle, then B is evidently the highest point in the 
eycloid. Draw PN perpendicular to 44’, and let PV = y, 
AN =x, 2 PCO = 6, OC =a, and we get 


a#=AO-NO=a(0-sin@), y= PN =a(1 -cos8). (1) 
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The position of any point on the cycloid is determined by 
these equations when the angle 6 is known, @.e¢. the angle 
through which the circle has rolled, starting from the position 
for which the generating point is upon the directing line. 

273. Cyeloid referred to its Wertex.—lIt is often 
convenient to refer the cycloid to its vertex as origin, and to 
the tangent and normal at that point as axes of co-ordinates. 
In the preceding figure let 


a= BN’, y= RN, LPCL=0 =a 0; 
then we have 
a= BN’ =a(%+sin0’), y=PN’ =a(1-cos@). (2) 


274. Wangent and Normal to Cyeloid.—It can be 
easily seen that the line PO is normal at P to the cycloid; 
for the motion of each point on the circle at the instant is one 
of rotation about the point O, i.e. each point may be regarded 
as describing at the instant an infinitely small circular* are 
whose centre is at 0: and hence PO is normal to the curve. 

This result can also be established from the values of « 
and y in (1): for 


dic dy ain 

76 = a(t — 008 8); 7g 7 nO: (3) 
oy __ sind Sate LpseaOs 

dz 1-—cos@ 2 


and, accordingly, PZ is the tangent, and PO the normal to 
the curve at P. 
Se da dy 
Again, if we square and add the values of — and 76 We 


do 


obtain 


ds\* 4s. bg: ah- re RG: 
(a) = a {(1 — cos 9)? + sin? 6} = 4a? sin’ 1 0; 


* This method of finding the normal to a cycloid is due to Descartes, and 
evidently applies equally to all roulettes. 
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hence ey sine = £0; (4) 


275. Radius of Curvature and Evolute of Cycloid. 
—Let p denote the radius of curvature at the point P, and 


LPOA = $= 2; 
ds ds 0 
then p= ie = 275 = qasin> = 2POs (5) 


or the radius of curvature is double the normal. From this 
value of p the evolute of the curve 
can be easily determined. Tor, 
produce PO until OP’ = OP, then 
P’ is the centre of curvature be- 
longing to the point P. Again, 
produce ZO until OO’ = OL, and 
describe a circle through O, P’ and 
O’; this circle evidently touches 
AA’, and is equal to the generating 
circle LPO. Fig. 51. 

Also, the are OP’ = arc OP = AO; 

arc O'P’ = OP O- P’'O=AD-AO= OD= BO. 

Hence the locus of P’ is the cycloid got by the rolling of 
this new circle along the line 
BO’; and accordingly the evo- 
lute of a cycloid is another 
eycloid. It is evident that the 
evolute of the cycloid ABA’ 
is made up of the two semi- 
eycloids, AB’ and BA’, as in 
figure 51. Conversely, the 
cycloid ABA’ is an involute of 
the cycloid ABA’. 

The position of the centre of | 
curvature for a point P on a > 
cycloid can also be readily de- , 
termined geometrically, as fol- a 
lows :— 

Suppose O, a point on the 
sircle infinitely near to O, and take OO, = O0,. Let P’ 

2 GZ 


B 


Bigurs2, 
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be the centre of curvature required, and draw PO, and P’O,. 
Now suppose the circle to roll until O, and OQ, coincide, then 
CO, becomes perpendicular to AD, and PO, and P’O, will 
lie in directum (since P’ is the point of intersection of two 
consecutive normals to the cycloid). Hence 


2000, =2 P0,Q=20PO0,+ 2 0PO,, 


since each side of the equation represents the angle through 
which the circle has turned. 


But 2000,=220P0,.  (Buelid, IIT. 20.) 
Hence LOPO;S 2 OP OO; 
SP O,= FP OF 
and consequently in the limit we have 


PO =f" 0, 
as before. 

We shall subsequently see that a similar method enables 
us to determine the centre of curvature for a point in any 
roulette. 

276. Length of Are of Cycloid.—Since 4P’B (Fig. 51) 
is the evolute of the cycloid APB, it follows, from Art. 237, that 
the are AP’ of the cycloid is equal in length to the line PP’, 
or to twice P’O; hence, as A is the highest point in the 
cycloid AP’B’, it follows that the arc AP’ measured from the 
highest point of a cycloid is double the intercept P’O, made 
on the tangent at the point by the tangent at the highest 
point of the curve. 

Hence, denoting the length of the are AP’ by s, we have 

s =4a sin P’OD = 4a sin 9. (6) 

This gives the intrinsic equation of the cycloid (see Art. 
242(a)). Hence, also, the whole are AB’ is four times the 
radius of the generating circle: and accordingly the entire 
length ABA’ of a cycloid is eight times the radius of its 
generating circle. 

Again, if the distance of P’ from 4A’ be represented by 
y, we shall have 

PO = OO x y = 207. 


Nence 8 = PO’ = Bay, a7) 
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This relation is of importance in the applications of the 
eycloid in Mechanics. 

Again, since AO = are OP’, if we represent AO by v, we 
have* 

v = 2a. (8) 

277. Trochoids.—In general, if a circle roll on a 
right line, any point in the 
plane of the circle carried round: 
with it describes a curve. Such 
curves are usually styled tro- 
choids. When the tracing 
point is inside the circle, the ; 
locus is called a prolate tro- Fig. 53- 
choid ; when outside, an oblate. Their forms are exhibited in 
the accompanying figure. 

Their equations are easily determined; for, let x, y be 
the co-ordinates of a tracing point P, referred to the axes 
AD, and AI (A being the position for which the moving 
radius CP is perpendicular to the fixed line). 


Then, if CO =a, CP =d, £4 OCP = 6, we have 
2=AN=AO-ON=a0-dsin 9, 


NO 


(9) 
y=PN=a-d cos. 


278, Epicycloidst and Hypocycloids.—The investi- 


* This is called, by Professor Casey, the tangential equation of the cycloid, 
and by aid of it he has arrived at some remarkable properties of the curve (‘‘On 
a New Form of Tangential Equation,’’ Philosophical Transactions, 1877). ‘‘In 
general, if a variable line, in any of its positions, make an intercept y on the axis 
of z, and an angle ¢ with it; then the equation of the line is 


x+y cotd—yv=0; 


and y, », the quantities which determine the position of the line may be called 
its co-ordinates. From this it follows that any relation between v and ¢, such 


as 
v=f(%), 


will be the tangential equation of a curve, which is the envelope of the line.”’ 
For applications, the reader is referred to Professor Casey’s Memoir. See also 
Dub. Exam. Papers, Graves, Lloyd Exhibition, 1847. 

t Ihave in this edition adopted the correct definition of these curves as 
given by Mr. Proctor in his Geometry of Cycloids. I have thus avoided the 
anomaly existing in the ordinary definition, according to which every epicycloid 


Z2 
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gation of the properties of the cycloid naturally gave rise to 
the discussion of the more general case of a circle rolling on a 
fixed circle. In this case the curve generated by any point 
on the circumference of the rolling circle is called an epicycloid, 
or a hypocycloid, according as the rolling circle touches the outside, 
or the inside of the circumference of the fixed circle. We shall 
commence with the former case. 

Let P be the position of the generating point at any in- 
stant, A its position when 
on the fixed circle; then 
the arc OA = are OP. 

Again, let Cand C’be 
the centres of the circles, 
a@ and 6 their radii, 
LACO =0, LOCP =?; 
then, since arc OA = are 
OP, we have af = 60. 

Now, suppose C taken 
as the origin of rectangu- 
lar co-ordinates, and CA 
asthe axis of v; draw PN 
and C’Z perpendicular, Fig. 54. 
and PI parallel, to CA, and we have 


a= ON = CL- NL = (a+b) cos - b cos (0 + 6), 


y=PN=CL-CM= (a+ b) sin 8 -d sin (0+ 6); 


or, substituting 0 for 0’, 


#@ = (a+b) 008 - Doos"*" 9, } 


(10) 


> 
y= (040) sino dein **o, | 


is a hypocycloid, but only some hypocycloids are epicycloids. While according 
to the correct definition no epicycloid is a hypocycloid, though each can be gene- 
rated in two ways, as will be proved in Art. 280, 
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When the radius of the rolling circle is a submultiple of 
that of the fixed circle, the tracing point, after the circle 
has rolled once round the circumference of the fixed circle, 
evidently returns to the same position, and will trace the 
same curve in the next revolution. More generally, if the 
radii of the circles have a commensurable ratio, the tracing 
point, after a certain number of revolutions, will return to its 
original position: but if the ratio be incommensurable, the 
point will never return to the same position, but will describe 
an infinite series of distinct arcs. As, however, the suc- 
cessive portions of the curve are in every respect equal to 
each other, the path described by the tracing point, from 
the position in which it leaves the fixed circle until it returns 
to it again, is often taken instead of the complete epicycloid, 
and the middle point of this path is called the vertex of the 
curve. 

In the case of the hypocycloid, the generating circle rolls 
on the interior of the fixed circle, and it can be easily seen 
that the expressions for # and y are derived from those in (10) 
by changing the sign of }; hence we have 


lett 


pee 


x = (a — b) cos 0 + 6 cos 


(11) 


y = (a - b) sin @- 0 sin“—* 9. 


The properties of these curves are best investigated by 
aid of the simultaneous equations contained in formulas (10) 
and (11). 

1 ‘told be observed that the point A, in Fig. 54, is a 
cusp on the epicycloid; and, generally, every point in which 
the tracing point P meets the fixed circle is a cusp on the 
roulette. From this it follows that if the radius of the rolling 
circle be the n™ part of that of the fixed, the corresponding epi- 
or hypo-cycloid has m cusps: such curves are, accordingly, 
designated by the number of their cusps: such as the three- 
cusped, four-cusped, &e. epi- or hypo-cycloids. 

Again, as in the case of the cycloid, it is evident from 
Descartes’ principle that the instantaneous path of the point P 
is an elementary portion of a circle having O as centre; ac- 
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cordingly, the tangent to the path at P is perpendicular to 
the line PO, and that line is the normal to the curve at P. 
These results can also be deduced, as in the case of the 
cycloid, by differentiation from the expressions for # and y. 
We leave this as an exercise for the student. 

To find an expression for an element ds of the curve at 
the point P; take 0’, O”’, two points infinitely near to O on 
the circles, and such that OO’ = 00”; and suppose the gene- 
rating circle to roll until these points coincide :* then the 
lines CO’ and 0’0O” will lie in directum, and the circle will 
have turned through an angle equal to the sum of the angles 
0CO’' and 0C’0"; hence, denoting these angles by d@ and d6’, 
respectively, we have 


ds = OP (d0 + d’) = op( + 5) dd ; (12) 
since dv = — dé. 


279. Radius of Curvature of an Epicycloid.— 
Suppose w to be the angle OSN between the normal at P and 
the fixed line OA, then 

De COSs. CICS te ee 

a B t* 2b§ 


Hence, if p be the radius of curvature corresponding to 
the point P, we get 
ds 2(a + b) 


amr teto ree ae 


(13) 


Accordingly, the radius of curvature in an epicycloid is 
in a constant ratio to the chord OP, joining the generating 
point to the point of contact of the circles. 


* It may be observed that 0'0O” is infinitely small in comparison with 00’; 
hence the space through which the point 0 moves during a small displacement 
is infinitely small in comparison with the space through which Pmoves. It is 
in consequence of this property that O may be regarded as being at rest for the 
instant, and every point connected with the rolling circle as having a circular 
motion around it. 
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280. Double Generation of Epicycloids and Hypo- 
eycloids.—In an Epicycloid, it can be easily shown that 
the curve can be generated in a second manner. For, 
suppose the rolling circle in- 
closes the fixed circle, and join 
P, any position of the tracing 
point, to O, the correspond- 
ing point of contact of the two 
circles; draw thediameter OLD, 
and join O'H and PD; connect 
C, the centre of the fixed circle, 
to O', and produce CO’ to meet 
DP producedin D’, and describe 
acircleround the triangle O'PD’; 
this circle plainly touches the 
fixed circle ; also the segments Fig. 553 
standing on OP, O’P, and OO’ are obviously similar ; hence, 
since OP = 00’ + O'P, we have 

arc OP = are OO + are O'P. 


If the arc 0O'A be taken equal to the are OP, we have 
arc O'A =arce O'P; accordingly, the point P describes the same 
curve, whether we regard it as on the circumference of the 
circle OPD rolling on the circle OO’E, or on the circumference 
of O'PD’ rolling on the same circle; provided the circles each 
start from the position in which the generating point coincides 
with the point A. Moreover, it is evident that the radius o 
the latter circle is the difference 
between the radii of the other two. 

Next, for the Hypocycloid, 
suppose the circle OPD to roll 
insidethecircumference of OO'E, 
and let C be the centre of the 
fixed circle; join OP, and pro- 
duce it to meet the circum- 
ference of the fixed circle in 0’; 
draw O'E and PD, jon CO, be 
intersecting PD in D’, and de- 
scribe a circle round the triangle = 
PIO. It is evident, as be- 
fore, that this circle touches the Fig. 56. 
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larger circle, and that its radius is equal to the difference be- 
tween the radii of the two given circles. Also, for the same 
reason as in the former case, we have 


arc OO’ = arc OP + arc O'P. 


If the arc OA be taken equal to OP, we get are O'P 
= are 0'A; consequently, the point P will describe the same 
hypocycloid on whichever circle we suppose it to be situated, 
provided the circles each set out from the position for which 
F coincides with A. 

The particular case, when the radius of the rolling circle is 
half that of the fixed circle, may be noticed. In this case the 
point D coincides with C, and P becomes the middle point of 
OO’, and A that of the are OO’. From this it follows im- 
mediately that the hypocycloid described by P becomes the 
diameter CA of the fixed circle. This result will be proved 
otherwise in Art. 285. 

The important results of this Article were given by Euler 
(Acta. Petrop.,1781). By aid of them all epicycloids can be 
generated by the rolling of a circle owtside another circle; 
and all hypocycloids by the rolling of a circle whose radius 
is less than half that of the fixed circle. 

281. Evolute of an Epicycloid.—The evolute of an 
epicycloid can be easily 
seen to be a similar epi- 
eycloid. 

For, let P be the trac- 
ing point in any position, 
A its position when on the 
fixed circle; join P to O, 
the point of contact of the 
circles, and produce PO 
until PP’ = op“ *2" 

a+ 2b 
then P is the centre of 
curvature by (13); hence 


OP = OP 


a 
at+2b Eiocn5i7/ 


Next, draw P’O’ perpendicular to P’O; circumscribe the 
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triangle OP’O’ by a circle; and describe a circle with C as 
centre, and OO’ as radius: it evidently touches the circle OP’O’. 


Then OO: OHL=OP: OP =a:a+2b=C00: CE; 
.. CO-00: CE -OH=CO: CE, 
or CO’:CO=CO: CE; 


that is, the lines CH, CO, and CO’ are in geometrical pro- 
portion. 

Again, join C to B’, the vertex of the epicycloid ; let CB’ 
meet the inner circle in D, and we have 


arc O'D: arc OB = CO’: CO=C0O:CE=00:E0O 
=arce PO’: arc OQ. 
But are OB = arc OQ; as Ae O'D = are PO’. 


Accordingly, the path described by P’ is that generated by a 
point on the circumference of the circle OP’O’ rolling on the 
inner circle, and starting when P’ is in contact at D. Hence 
the evolute of the original epicycloid is another epicycloid. 
The form of the evolute is exhibited in the figure. 

Again, since CO : OF = CO’: OO, the ratio of the radii 
of the fixed and generating circles is the same for both epicy- 
cloids, and consequently the evolute is a similar epicycloid. 

Also, from the theory of evolutes (Art. 237), the line 
PP’ is equal in length to the are P’A of the interior epicy- 
cloid; or the length of P’A, the arc measured from the 
vertex A of the curve, is equal to 

2 (a+b), pO CC” 
- OP =20F GO 20P" aor 

Hence, the length* of any portion of the curve measured from 
its vertex is to the corresponding chord of the generating circle as 
twice the sum of the radii of the circles to the radius of the fixed 
circle. 


* The length of the are of an epicycloid, as also the investigation of its 
evolute, were given by Newton (Principia, Lib. 1., Props. 49, 50): 
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With reference to the outer epicycloid in Fig. 57, this 
gives 
COC’ 


arO.P Pp H2PE, GO" (14) 


The corresponding results for the hypocycloid can be 
found by changing the sign of the radius 0 of the rolling 
circle in the preceding formule. 

The investigation of the properties of these curves is of 
importance in connexion with the proper form of toothed 
wheels in machinery. 

282. Pedal of Epteycloid.—The equation of the pedal, 
with respect to the centre of the 
fixed circle, admits of a very 
simple expression. For let P be 
the generating point, and, as be- 
fore, take are OA = are OP, and 
make AB=g0°. Join CA, CB, 
CP, and draw CN perpendicular 
to DP. Let 2PDO = 9, 4 BCN 
= 0, 2ACO= 0, CN =>. 

Then since _4 0 = PO, we have 


2b 
a0. =(206 : *%°. 0=—- ¢. 
Again, w = 90°- ACN =0+¢ 


hence p= ~~. (15) 


Also ON = CD sin 9; 


. a 3 aw 
. p = (a+ 20) sin (16) 
which is the equation of the required pedal. 

283. Equation of Epicycioid in terms of r and p.— 
Again, draw OL parallel to DN, and let CP =r, and we have 


1? ~ ph= PN? = OL = 00" ~ C2 = at ~( g yes 
a+ 2b 


Epitrochoids and Hypotrochoids. 347 


4b(a +b 
hence P= a+ oa (17) 
Also, from (16) it is plain that the equation of DJ, the tan- 
gent to the epicycloid (referred to CB and CA as axes of x 
and y respectively), is 


#2COSw + ¥ Sinw = (a4 + 20) sin. (18) 


The corresponding formule for the hypocycloid are 
obtained by changing the sign of 0d in the preceding equa- 
tions. 

Again, it is plain that the envelope of the right line re- 
presented by equation (18) is an epicycloid. And, in general, 
the envelope of the right line 


2coswt+y sinw =k sinmw, 


regarding w as an arbitrary parameter, is an epicycloid, or a 
hypocycloid, according as m is less or greater than unity. For 
examples of this method of determining the equations of epi- 
and hypo-cycloids the student is referred to Salmon’s Higher 
Plane Curves, Art. 310. 

284. Epitrochoids and Hypotrochoids.—In general, 
when one circle rolls on another, every point connected with 
the rolling circle describes a distinct curve. These curves are 
called epitrochoids or hypotrochoids, according as the rolling 
circle touches the exterior or the interior of the fixed circle. 

If d be the constant distance of the generating point from 
the centre of the rolling circle, there is no difficulty in 
proving, asin Art. 278, that we have in the epitrochoid the 
equations 


2 = (a+b) cos ~ d eos" 4, | 
at+ob ‘ ae 
y = (a+b) sn O0-dsin 6. | 


b 
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In the case of the hypotrochoid, changing the signs of b 
and d, we obtain 


a= (a— bd) seth all 


(20) 


; . a—-b 
y = (a—6) sin 0-dsin j 6. | 


In the particular case in which a = 2d, i.e. when a circle 
rolls inside another of double its diameter, equations (20) 
become 


a=(b+d)cos0, y=(b-d) sinO; 


and accordingly the equation of the roulette is 


2 


ud o 
Grape" Gar 


2 
a) 


which represents an ellipse whose semi-axes are the sum and 
the difference of 4 and d. 

This result can also be established geometrically in the 
following manner :— 

285. Cirele rolling inside another of double its 
Diameter.—Join C, and O to any 
point Z on the circumference of the 
rolling circle, and let C,Z meet the 
fixed circumference in A; then since 
L OCL = 200A, and OC, = 20C, we 
have arc OA = are OL; and, accord- 
ingly, as the inner circle rolls on the 
outer the point Z moves along C,A. 
In like manner any other point on 
the circumference of the rolling circle 
describes, during the motion, a dia- 
meter of the fixed circle. 

Again, any point P, invariably connected with the rolling 
circle, describes an ellipse. For, if Z and IZ be the points in 
which CP cuts the rolling circle, by what has been just 
shown, these points move along two fixed right lines C\A 
and C,B, at right angles to each other. Accordingly, by a 


Fig. 59. 
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well-known property of the ellipse, any other point in the 
line LY describes an ellipse. 

The case in which the outer circle rolls on the inner is 
also worthy of separate consideration. 

286. Cirele rollimg on another imside it and of 
half its Diameter.—lIn this case, any diameter of the rolling 
circle always passes through a fixed point, which lies on the 
circumference of the inner circle. 

For, let C,:L and C,L be any two positions of the moving 
diameter, C; and C, being the corresponding positions of the 
centre of the rolling circle: Oand O, the corresponding posi- 
tions of the point of contact of the circles. Now, if the outer 
circle roll from the former to the latter position, the right 
lines C,O, and CO, will coincide in 
direction, and accordingly the outer 
circle will have turned through the 
angle C,0,0,; consequently, the moy- 
ing diameter will have turned 
through the same angle; and hence | 
Z C.LCO, = 20,0.0,; therefore the 
point Z lies on the fixed circle, and 
the diameter always passes through 
the same point on this circle. 

Again, any right line connected 
with the rolling circle will always touch 
a fixed circle. 

For, let DE bethe moving line in any position, and draw 
the parallel diameter AB; let fall C\/' and LY perpendicular 
to DE. Then, by the preceding, AB always passes through 
a fixed point L; also LI=C,F= constant ; hence DH always 
touches a circle having its centre at L. 

Again, to find the roulette described by any carried point 
P,. The right line P,C,, as has been shown, always passes 
through a fixed point Z; consequently, since C,P, is a con- 
stant length, the locus of P, is a Limagon (Art. 269). In like 
manner, any other point invariably connected with the outer 
circle describes a Limacgon; unless the point be situated on 
the circumference of the rolling circle, in which case the 
locus becomes a cardioid. 
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1. When the radii of the fixed and the rolling circles become equal, prove 
geometrically that the epicycloid becomes a cardioid, and the epitrochoid a 
Limacgon (Art. 269). 


2. Prove that the equation of the reciprocal polar of an epicycloid, with 
respect to the fixed circle, is of the form 


r sin mw = const. 


3. Prove that the radius of curvature of an epicycloid varies as the perpen- 
dicular on the tangent from the centre of the fixed circle, 


4. If a = 48, prove that the equation of the hypocycloid becomes 
8 + yf = a. 


5. Find the equation, in terms of r and y, of the three-cusped hypocycloid ; 
i.¢. when @ = 30. Ans. 7? = a® — 8p. 


6. Find the equation of the pedal in the same curve. 

Ans. p=) sin 3. 

7. In the case of a curve rolling on another which is equal to it in every 
respect, corresponding points being in contact, prove that the determination of 
the roulette of any point P is immediately reduced to finding the pedal of the 
rolling curve with respect to the point P. 


8. Hence, if the curves be equal parabolas, show that the path of the focus 
is a right line, and that of the vertex a cissoid. 


9. In like manner, if the curves be equal ellipses, show that the path of the 
focus is a circle, and that of any point is a dieireular quartic. 


10, In Art. 285, prove that the locus of the foci of the ellipses described by 
the different points on any right line is an equilateral hyperbola. 


11. Ais a fixed point on the circumference of a circle; the points Z and U 
are taken such that are 4Z =m are AM, where m isaconstant; prove that the 
envelope of ZI is an epicycloid or a hypocycloid, according as the arcs 4Z and 
AM are measured in the same or opposite directions from the point 4. 


12. Prove that ZJ/, in the case of an epicycloid, is divided internally in the 
ratio m : I, at its point of contact with the envelope; and, in the hypocycloid, 
externally in the same ratio. 


13. Show also that the given circle is circumscribed to, or inscribed in, the 
envelope, according as it is an epicycloid or hypocycloid. 


14. Prove, from equation (14), that the intrinsic equation of an epicycloid is 


b b 
pe eee 
a a@+ 2b 


where s is measured from the vertex of the curve. 


15. Hence the equation s = 7 sin mp represents an epicycloid or a hypo- 
eycloid, according as m is less or greater than unity. 
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16. In an epitrochoid, ifthe distance, d, of the moving point from the centre 
of the rolling circle be equal to the distance between the centres of the circles, 
prove that the polar equation of the locus becomes 


ag 
= bye : 
r=2(a+ ) cos = oh 


17. Hence show that the curve 
r=asin md 


is an epitrochoid when m <1, and a hypotrochoid when m > 1. 

This class of curves was elaborately treated of by the Abbé Grandi in the 
Philosophical Transactions for 1723. He gave them the name of ‘‘ Rhodonew,” 
from a fancied resemblance to the petals of roses. See also Gregory’s Hxamples 
on the Differential and Integral Caleulus, p. 183. 

For illustrations of the beauty and variety of form of these curves, as well as 
of epitrochoids and hypotrochoids in general, the student is referred to the admi- 
rable figures in Mr. Proctor’s Geometry of Cycloids. 


287. Centre of Curvature of an Epitrochoid or 
Wypotrochoid.—The position of the centre of curvature for 
any point of an epitrochoid can be easily 
found from geometrical considerations. For, 
let C, and C, be the centres of the rolling 
and the fixed circles, P, the centre of cur- 
vature of the roulette described by P,; and, 
as before, let O, and O, be two points on the 
circles, infinitely near to O, such that O00, 
= 00,. Now, suppose the circle to roll until 
O, and O, coincide; then the lines C,0, 
and (,0, will lie in directum, as also the 
‘lines P,O, and P,0, (since P, is the point Fig. 61. 
of intersection of two consecutive normals to 
the roulette). 


Hence L 00,0; ot jl 00.0, i Z OP,0; ce ie OP.0O., 


since each of these sums represents the angle through which 
the circle has turned. 


Again, let 2 C,OP,=9, O00, = 00, = ds; 


ds ds 
then Ves 00,0, = OG! Zz 0C,0, = OG, 
1 NG y aa) SY aaah 


OP aa! OP, 
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consequently we have 

I i I I 
seen 50,7 8 ¢(ap + ap (21) 
Or, if OP, =", OF, = ts; 


From this, equation 7, and consequently the radius of curva- 
ture of the roulette, can be obtained for any position of the 
generating point P,. 

If we suppose P,; to be on the circumference of the rolling 
OP, : 
200;' whence it follows that 

a 
OP, = —— OP, 
a+ 2b 


circle, we get cos ¢ = 


which agrees with the result arrived at in Art. 279. 

288. Centre of Curvature of any Roulette.—The 
preceding formula can be readily extended to any roulette : for 
if C, and C, be respectively the centres of curvature of the 
rolling and fixed curves, corresponding to the point of contact O, 
we may regard OO, and OO, as elementary arcs of the circles 
of curvature, and the preceding demonstration will still 
hold. 

Hence, denoting the radii of curvature OC, and OC; by 
0: and p,, we shall have 


=e 08 (= + | (22) 
P1 Pe ? 1 12) 

It can be easily seen, without drawing a separate figure, 
that we must change the sign of p, in this formula when the 
centres of curvature lie at the same side of 0. 

It may be noted that P, is the centre of curvature of the 
roulette described by the point P., if the lower curve be sup- 
posed to roll on the upper regarded as fixed. 

289. Geometrical Construction* for the Centre of 


* This beautiful construction, and also the formula (22) on which it is based, 
were given by M. Savary, in his Lecons des Machines a0 Ecole Polytechnique. 
See also Leroy’s Géomeétrie Descriptive, Quatriéme Edition, p. 347. 
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Curvature of a Roulette.—The formula (22) leads to 
a simple and elegant construction for the centre of curva- 
GUYO) La. 

We commence with the case when the base is a right 
line, as represented in the accom- 
panying figure. 

Join P, to CO, the centre of curva- 
ture of the rolling curve, and draw 
ON perpendicular to OP,, meeting 
P,C, in NV; through NV draw NV a 
parallel to OC,, and the point P, in 
which it meets OP, is the centre of 
curvature required. 

Hor, equation (22) becomes in 
this case 


I I I 
OC, = COS ) (op, ote ap) 
whence we get 


P,P, S I I NP, 
OP,.OP, O0,snC,0N NC,sin0,NO NC,. OP,’ 
(PP NPM 
‘OP NOY 


and, accordingly, the line VP, is parallel to O0O,. Q.#.D. 
The construction in the general case is as follows :— 
Determine the point WV asin the former P 

case, and join it to C., the centre of curva- 

ture of the fixed curve, then the point of 


intersection of VC, and P,O is the required °F 
centre of curvature. 
This is readily established ; for, from 

the equation N 

I I I I oO 

OG. * 5a,- 89 (ap + op) 
CLC; cos ¢ P, Pe. P 

ce! 00.00, OP,.0P,' 

GC, OP, — OC, cosp Cs 

MOC te Ride. «OP pre Fig. 63. 


ZA 
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But, as before, 


O.N.OP,. . OC,cosp NC, 


0c, COs ov) = WP, rye Tari a = NP, 


OC; (ONE: 2 NC; 


hence OC,’ P.P,* NWP, 


Consequently, by the well-known property of a transversal 
cutting the sides of a triangle, the points C,, P,, and NV are 
in directum. 

The modification in the construction when the rolling 
curve is a right line can be readily supplied by the student. 

290. Cirele of Enflexions.—The following geometrical 
construction is in many cases more C, 
useful than the preceding. 

On the line OC, take OD, such 
that 


I I I 


OD, O00, OG,’ 


and on OD, as diameter describe a 
circle. Let £, be its point of inter- 
section with OP,, then we have 


OE, ve 


= es B 
cos b OD, 2 
Cz 
and formula (22) becomes Fig, 64. 
Rte be ae ie eee 
OP, OP, OD,cos¢ OE, (23) 


Hence, if the tracing point P, lie on the circle* OF,D,, 


* This theorem is due to La Hire, who showed that the element of the 
roulette traced by any point is convex or concave with respect to the point of 
contact, O, according as the tracing point is inside or outside this circle. (See 
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the corresponding value of OP, is infinite, and consequently 
P, is a point of inflexion on the roulette. 

In consequence of this property, the circle in question is 
called the circle of inflexions, as each point on it is a point of 
inflexion on the roulette which it describes. 

Again, it can be shown that the lines P, P:, PO and P, F, 
are in continued proportion; as also CiC,, C\O, and C,D,. 
For, from (23) we have 


Pies I 
OP;,0R, OF 
Hence P P.tLiO=O0P;: OF; 


Reed tf O0=L.P,— OF;: P,O- Of, = 2,0: PE. (24) 
In the same manner it can be shown that 
CC, . 0,0 ms 0,0: C.D. (25) 


In the particular case where the base is a right line, the 
circle of inflexions becomes the circle described on the radius 
of curvature of the rolling curve as diameter. 

Again, if we take OD, = OD,, we shall have, by describing 
a circle on OD, as diameter, 


OCs #3 C20 = C0 5 C,D;3 
and also P,P,: P.O = P.O: P2E,. 0F(26) 


The importance of these results will be shown further on. 

291. Envelope of a Carried Curve.— We shall next 
consider the envelope of a curve invariably connected with the 
rolling curve, and carried with it in tts motion. 

Since the moving curve touches its envelope in each of its 


Memoires de l’ Académie des Sciences, 1706.) Itis strange that this remarkable 
result remained almost unnoticed until recent years, when it was found to 
contain a key to the theory of curvature for roulettes, as well as for the 
envelopes of any carried curves. How little it is even as yet appreciated in 
this country will be apparent to any one who studies the most recent produc- 
tions on roulettes, even by distinguished British Mathematicians. 


2A2 
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positions, the path of its point of contact at any instant must 
be tangential to the envelope; hence the normal at their 
common point must pass through O, the point of contact of 
the fixed and rolling curves. 

In the particular case in which the carried curve is a 
right line, its point of contact with 
its envelope is found by dropping a 
perpendicular on it from the point of 
contact O. 

For example, suppose a circle to 
roll on any curve: to find the envelope* 
of any diameter PQ :— 

From O draw OWN perpendicular 
to PQ, then WV, by the preceding, is 
a point on the envelope. 

On OC describe a semicircle; it will pass through J, 
and, as in Art. 286, the arc ON = arc OP = OA, if A be 
the point in which P was originally in contact with the 
fixed curve. Consequently, the envelope in question is the 
roulette traced by a point on the circumference of a circle 
of half the radius of the rolling circle, having the fixed curve 
AO for its base. 

For instance, if a circle roll on a right line, the envelope of 
any diameter is a cycloid, the radius of whose generating circle 
is half that of the rolling circle. 

Again, if a circle roll on another, the envelope of any 
diameter of the rolling circle is an epicycloid, or a hypocycloid. 

Moreover, it is obvious that if two carried right lines be 
parallel, their envelopes will be parallel curves. For ex- 
ample, the envelope of any right line, carried by a circle 
which rolls on a right line, is a parallel to a cycloid, ze. the 
involute of a cycloid. 

These results admit of being stated in a somewhat different 
form, as follows: 

If one point, A, in a plane area move uniformly along a 
right line, while the area turns uniformly in its own plane, 
then the envelope of any carried right line is an involute to a 
ceycloid. Ifthe carried line passes through the moving point 


Fig. 65. 


* The theorems of this Article are, I believe, due to Chasles: see his Histoire 
de La Géométrie, p. 69. 
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A, its envelope is a cycloid. Again, if the point A move 
uniformly on the circumference of a fixed circle, while the 
area revolves uniformly, the envelope of any carried right 
line is an involute to either an epi- or hypo-cycloid. If the 
carried right line passes through A, its envelope is either an 
epi- or hypo-cycloid. 

292. Centre of Curvature of the Envelope of a 
Carried Curve.—-Let a,b, represent a 
portion of the carried curve, to which Om 
is normal at the point m; then, by the 
preceding, m is the point of contact of a), 
with its envelope. 

Now, suppose a2, to represent a por- 
tion of the envelope, and let P,; be the 
centre of curvature of a,t,, for the point m, 
and P, the corresponding centre of cur- 
vature of a0. 

As before, take O, and O, such that 
OO, = 00,, and join P,0, and P,0,. 
Again, suppose the curve to roll until | 
O, and OQ, coincide; then the lines P,0,; 
and P.O, will come in directum, as also 
the lines 0,0, and 0,0,; and, as in Art. 
288, we shall have 


LQ,4+4Q,=2Pi+ LP} 


Ci Pp 


and consequently 


see, i (ola tarld é 
Ol EOC, fae ap. * oF) 7) 


From this equation the centre of curvature of the enve- 
lope, for any position, can be found. Moreover, it is obvious 
that the geometrical constructions of Arts. 289, 290, equally 
apply in this case. It may be remarked that these construc- 
tions hold in all cases, whatever be the directions of curvature 
of the curves. 

The case where the moving curve 0; is a right line is 
worthy of especial notice. 
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In this case the normal Om is perpendicular to the moving 


line; and, since the point P, is infinitely cr @ 
distant, we have 4) aNn 
é 
COS I I I 63 \°; 
= + = —— (Art. 290); 

OF, 00-006. 0D, _— 
whence, P, is situated on the lower circle of | 
inflexions. Hence we infer that the dij- Ps 
Jerent centres of curvature of the curves en- Ce 


veloped by all carried right lines, at any 
instant, lie on the circumference of a circle. 

As an example, suppose the right line OM to roll ona 
fixed circle, whose centre is C., to 
find the envelope of any carried right 
line, LI. 

In this case the centre of cur- 
vature, P,, of the envelope of LM, 
lies, by the preceding, on the circle 
described on OC as diameter; and, 
accordingly, CP, is perpendicular 
to the normal P, P,. 

Hence, since 4 OZP, remains 
constant during the motion, the line 
CP, is of constant length; and, if 
we describe a circle with C as centre, Fig. 68 
and CP, as radius, the envelope of 
the moving line LY will, in all positions, be an involute of a 
circle. ‘The same reasoning applies to any other moving 
right line. 

We shall conclude with the statement of one or two other 
important particular cases of the general principle of this 
Article. 

(1). If the envelope a,b, of the moving curve a,b, be aright 
line, the centre of curvature P, lies on the corresponding circle of 
inflextons. 

(2). If the moving right line always passes through a fixed 
point, that point lies on the circle ODE). 

292 (a). Expression for Radius of Curvature of 
Envelope of a Right Line.—The following expression 
for the radius of curvature of the envelope of a moving right 


Fig. 67. 
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line is sometimes useful. Let p be the perpendicular distance 
of the moving line, in any position, from a fixed point in the 
plane, and w the angle that this perpendicular makes with a 
fixed line in the plane, and p the radius of curvature of the 
envelope at the point of contact; then, by Art. 206, we have 


Oss as ts: (28) 


Whenever the conditions of the problem give p in terms of 
w (the angle through which the figure has turned), the value 
of p can be found from this equation. For example, the re- 
sult established in last Article (see Fig. 68) can be easily 
deduced from (28). This is left as an exercise for the student. 

293. On the Motion of a Plane Figure in its Plane. 
—We shall now proceed to the consideration of a general 
method, due to Chasles, which is of fundamental importance 
in the treatment of roulettes, as also in the general investi- 
gation of the motion of a rigid body. 

We shall commence with the following theorem :— 

When an invariable plane figure moves in its plane, it can 
be brought from any one position to any other by a single rotation 
round a fixed point in its plane. 

For, let A and B be two points of the figure in its first 
position, and A,, B, their new 
positions after a displacement. 
Join AA, and BB, and sup- 
pose the perpendiculars drawn 
at the middle points of 4A, 
and BB, to intersect at O; 
then we have AO = 4,0, and 
BO = BO. Also, since the 
triangles AOB and A,OB, 
have their sides respectively 
equal, we have 2AOB=2A,0B,; .«. 4 AOA, = 2BOB,. 

Accordingly, AB will be brought to the position 4,B, by 
a rotation through the angle 404, round 0. Consequently, 
any point Cin the plane, whichis rigidly connected with AB, 
will be brought from its original to its new position, 1, by 
the same rotation. 

This latter result can also be proved otherwise thus :——Join 
OC and OC;,; then the triangles OAC and OA,(, are equal, 


Fig. 69. 
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because OA = OA,, AC = 4,0, and the angle OAC, being 
the difference between OAB and BAC, is equal to OA,C,, 
the difference between O4,B, and B,A,C,; therefore OC 
= 0Q,, and z AOC = 4. A,OC,; and hence 2 AOA, = 2 COC;. 
Consequently the point C is brought to OQ, by a rotation 
round Othrough the sameangle AO.A;. The same reasoning 
applies to any other point invariably connected with A and B. 
The preceding construction re- 0 
quires modification when the lines 


AA, and BB, are parallel. In this naa 
A 


case the point, O, of intersection of the x 
lines BA and B,A;is easily seen tobe 5 3 4 
the point of instantaneous rotation. 1 ote B, 


For, since AB = A,B,, and AA,, Tiga. 
BB,, are parallel, we have OA = OA,, 
and OB = OB,. Hence, the figure will be brought from its 
old to its new position by a rotation around O through the 
angle 40.A,. 

Next, let 4.4,, and BB, be both equal and parallel. In 
this case the point O is at an infinite distance; but it is 
obvious that each point in the plane moves through the same 
distance, equal and parallel to _4.4,; and the motion is one of 
simple translation, without any rotation. 

In general if we suppose the two positions of the moving 
figure to be indefinitely near each other, then the line 4A, 
joining two infinitely near positions of the same point of the 
figure, becomes an element of the curve described by that point, 
and the line 0.A becomes at the same time a normal to the curve. 
Hence, the normals to the paths described by all the points of the 
moving figure pass through O, which point is called the instan- 
taneous centre of rotation. 

The position of O is determined whenever the directions of 
motion of any two points of the moving figure are known; for it 
is the intersection of the normals to the curves described by 
those points. 

This furnishes a geometrical method of drawing tangents 
to many curves, as was observed by Chasles.* 


* This method is given by Chasles as a generalization of the method of Des- 
cartes (Art. 273, note). It is itselfa particular case of a more general principle 
concerning homologous figures. See Chasles, Histoire de la Géométrie, pp. 548-9 : 
also Bulletin Universel des Sciences, 1830. 
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The following case is deserving of special consideration :— 
A right line always passes through a fixed 
point, while one of its points moves along a 
fixed line: to find the instantaneous centre of 
rotation. Let A be the fixed point, and AB 
any position of the moving line, and take 
BA’ = BA; then the centre of rotation, O, is 
found as before, and is such that OA = OA’, 
and OB = OB’. Accordingly, in the limit the 
centre of instantaneous rotation is the inter- rice 
section of BO drawn perpendicular to the fixed i 
line, and AO drawn perpendicular to the moving line at the 
fixed point. 

In general, if ABbe any moving curve, and LJ/any fixed 
curve, the instantancous centre of rotation is the point of inter- 
section of the normals to the a and to the moving curves, for 
any position. 

Also the normal to the curve described by any point in- 
variably connected with AB is obtained by joining the point 
to O, the instantaneous centre. 

More generally, if a moving curve always touches a fixed 
curve A, while one point on the moving curve moves along a 
second fixed curve B, the instantaneous centre is the point of 
intersection of the normals to A and B at the corresponding 
points; and the line joining this centre to any describing 
point is normal to the path which it describes. 

We shall illustrate this method of drawing tangents by 
applying it to the conchoid and the limacon. 

294. Application to Curves.—In the Conchoid (Fig. 49, 
page 332), regarding AP as a moving right line, the 
mstantaneous centre O is the point of intersection of AO 
drawn perpendicular to 4P, with £O drawn perpendicular to 
IM; and consequently, OP and OP, are the normals at P 
and P,, respectively. 

For the same reason, the normal to the Limacon (Fig. 48, 
page 331) at any point Pis got by drawing OQ perpendicular 
to OP to meet the circle in Q, and joining PQ. 
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EXAMPLES. 


1. If the radius vector, OP, drawn from the origin to any point P on a curve, 
be produced to Pi, until PP; be a constant length; prove that the normal at IE 
to the locus of P;, the normal at P to the original curve, and the perpendicular 
at the origin to the line OP, all pass through the same point. 


2. If a constant length measured from the curve be taken on the normals 
along a given curve, prove that these lines are also normals to the new curve 
which is the locus of their extremities. 


3. An angle of constant magnitude moves in such a manner that its sides 
constantly touch a given plane curve; prove that the normal to the curve de- 


scribed by its vertex, P, is got by joining P to the centre of the circle passing 


through P and the points in which the sides of the moveable angle touch the 
given curve. 


4. If on the tangent at each point on a curve a constant length measured 
from the point of contact be taken, prove that the normal to the locus of the 
points so found passes through the centre of curvature of the proposed curve. 


5. In general, if through each point of a curve a line of given length be 
drawn making a constant angle with the normal, the normal to the curve locus 
of the extremities of this line passes through the centre of curvature of the pro- 
posed. 


295. Motion of any Plane Figure reduced to 
Roulettes.—Again, the most general motion of any figure 
in its plane may be regarded as consisting of a number of 
infinitely small rotations about the different instantaneous 
centres taken in succession. 

Let 0, 0’, 0”, O””, &c., represent the successive centres of 
rotation, and consider the instant when 
the figure turns through the angle 0,00’ 
round the point 0. This rotation will 
bring a certain point O, of the figure to 
coincide with the next centre O’. The next 
rotation takes place around 0’; and suppose 
the point O, brought to coincide with the 
centre of rotation O”. In like manner, by 
a third rotation the point O, is brought to 
coincide with O”, and so on. By this 
means the motion of the moveable figure 
is equivalent to the rolling of the polygon 
00,0.0; . . . invariably connected with the figure, on the 
polygon 00'0"0” . . . fixed in the plane. In the limit, the 
polygons change into curves, of which one rolls, without 


Fig. 72. 


Epicyclics. 363 


sliding, on the other; and hence we conclude that the general 
movement of any plane figure in its own plane is equivalent to the 
rolling of one curve on another fixed curve. 

These curves are called by Reuleaux* the “centrodes” of 
the moving figures. 

For example, suppose two points 4 and B of the moving 
figure to slide along two fixed right = 
lines CX and CY; then the instan- 
taneous centre O is the point of inter- 
section of AO and BO, drawn perpen- 
dicular to the fixed lines. Moreover, Cc 
as AB is a constant length, and the 
angle ACB is fixed, the length CO is 
constant ; consequently the locus of 
the instantaneous centre is the circle 
described with C as centre, and CO as 
radius. Again, if we describe a circle round CBOA, this 
circle is invariably connected with the line AB, and moves 
with it. Hence the motion of any figure invariably connected 
with AB is equivalent to the rolling of a circle inside another 
of double its radius (see Art. 285). 

Again, if we consider the angle XCY to move so that its 
legs pass through the fixed points A and B, respectively ; then 
the instantaneous centre O is determined as before. More- 
over, the circle BCA becomes a fixed circle, along which the 
instantaneous centre O moves. Also, since CO is of constant 
length, the outer circle becomes in this case the rolling curve. 
Hence the motion of any figure invariably connected with the 
moving lines CX and CY is equivalent to the rolling of the 
outer circle on the inner (compare Art. 286). 

295 (a). Epicyelics.—As a further example, suppose one 
point in a plane area to move uniformly along the circum- 
ference of a fixed circle, while the area revolves with a uniform 
angular motion around the point, to find the position of the 
*centrodes.”’ 

The directions of motion are indicated by the arrow 
heads. Let C be the centre of the fixed circle, P the position 
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* See Kennedy’s translation of Reuleaux’s Kinematics of Machinery, 
pp. 65, &e. 
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of the moving point at any instant, Q a point in the moving 
figure such that CP = PQ. R 

Now, to find the position of 
the instantaneous centre of 
rotations it is necessary to 
get the direction of motion of 
the point Q. 

Let P, represent a con- 
secutive position of P, then 
the simultaneous position of Q 
is got by first supposing it to 
move through the infinitely 
small length QR, equal and 
parallel to PP,, and then to 
turn round P,, through the 
angle RP,Q,, which the area 
turns through while P moves 
to P,. Moreover, by hypo- 
thesis, the angles PCP, and RP,Q, are in a constant ratio: 
if this ratio be denoted by m, we have (since PQ = PC) 


RQ, = MPP, = mQR. 


Join Q and Q,, then QQ, represents the direction of mo- 
tion of Q. Hence the right line QO, drawn perpendicular 
to QQ,, intersects CP in the instantaneous centre of rotation. 

Again, since the directions of PO, PQ, and QO are, re- 
spectively, perpendicular to QR, KQ,, and QQ,, the triangles 
QPO and Q, RQ are similar ; 


. PQ =mPO0; 16; CP =mPo0. 


Fig. 74. 


Accordingly, the instantaneous centre of rotation is got 
by cutting off 
_oP 


m- 


PO (29) 

Hence, if we describe two circles, one with centre O and 
radius CO, the other with centre P and radius PO; these 
circles are the required centrodes ; and the motion is equivalent 
to the rolling of the outer circle on the inner. 
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Accordingly, any point on the circumference of the outer 
circle describes an epicycloid, and any point not on this cir- 
cumference describes an epitrochoid. When the angular 
motion of PQ is less than that of CP, ic. when m < 1, 
the point O les in PC produced. Accordingly, in this 
ease, the fixed circle lies imside the rolling circle; and the 
curves traced by any point are still either epitrochoids or epi- 
eycloids. 

In the preceding we have supposed that the angular 
rotations take place in the same direction. Ifwe suppose them 
to be in opposite directions, the construction has to be modified, 
as in the accompanying figure. 

In this case, the angle 
RP,Q: must be measured in 
an opposite direction to that 
of PCP,; and, proceeding as 
in the former case, the direc- 
tion of motion of Q is repre- 
sented by QQ:; accordingly, 
the perpendicular QO will in- 
tersect CP produced, and, as 
before, we have 


jaye 
m 
Hence the motion is equi- Fig. 75. 


valent to the rolling of a circle 

of radius PO on the inside of a fixed circle, whose radius is 
CO. Accordingly, in this case, the path described by any 
point in the moving area not on the circumference of the 
rolling circle is a hypotrochoid. 

Also, from Art. 291, it is plain that the envelope of any 
right line which passes through the point P in the moving 
area is an epicycloid in the former case, and a hypocycloid 
in the latter. 

Again, if we suppose the point P, instead of moving in a 
circle, to move uniformly in a right line, the path of any 
point in the moving area becomes either a trochoid or a | 
eycloid. 

Curves traced as above, that is, by a point which moves 
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uniformly round the circumference of a circle, whose centre moves 
uniformly on the circumference of a fixed circle in the same 
plane, are called epicyclics, and were invented by Ptolemy 
(about a.p. 140) for the purpose of explaining the planetary 
motions. In this system* the fixed circle is called the deferent, 
and that in which the tracing point moves is called the 
epicycle. The motion in the fixed circle may be supposed in 
all cases to take place in the same direction around C, that 
indicated by the arrows in our figures. Such motion is called 
direct. The case for which the motion in the epicycle is direct 
is exhibited in Fig. 74. 

Angular motion in the reverse direction is called retro- 
grade. This case is exhibited in Fig. 75. The corresponding 
epicyclics are called by Ptolemy direct and retrograde epicy- 
clics. 

The preceding investigation shows that every direct epi- 
cyclic is an epitrochoid, and every retrograde epicyclic a 
hypotrochoid. 

It is obvious that the greatest distance in an epicyclic 
from the centre Cis equal to the sum of the radii of the circles, 
and the least to their difference. Such points on the epicyclic 
are called apocentres and pericentres, respectively. 

Again, if a represent the radius of the fixed circle or 
deferent, and (3 the radius of the revolving circle or epicycle ; 
then, if the curve be referred to rectangular axes, that of 
passing through an apocentre, it is easily seen that we have 
for a direct epicyclic 


2=acos0 + 6 cos m, 
(30) 


y=asind + B sin m0. 


* The importance of the epicyclic method of Ptolemy, in representing ap- 
proximately the planetary paths relative to the earth at rest, has recently been 
brought prominently forward by Mr. Proctor, to whose work on the Geometry of 
Cycloids the student is referred for fuller information on the subject. 

We owe also to Mr. Proctor the remark that the invention of cycloids, epi- 
cycloids, and epitrochoids, is properly attributable to Ptolemy and the ancient 
astronomers, who, in their treatment of epicyclics, first investigated some of 
the properties of such curves. It may, however, be doubted if Ptolemy had 
any idea of the shape of an epicyclic, as no trace oi such is to be found in the entire 
of his great work, The Almagest. 
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The formule for a retrograde epicyclic are obtained by 
changing the sign of m (compare Art. 284). 

It is easily seen that every epicyclic admits of a twofold 
generation. 

For, if we make m@ = ¢, equation (30) may be written 


? 


a= 6 cos p + a COS, 


p 


y= (sing +asin—, 


which is equivalent to an interchange of the radii of the 
deferent circle and of the epicycle, and an alteration of m 


into =. This result can also be seen immediately geometri- 


cally. 

Ti may be remarked that this contains Euler’s theorem 
(Art. 280) under it as a particular case. 

296. Properties of the Circle of Inflexions.—It 
should be especially observed that the results established in 
Art. 290, relative to the circle of inflexions, hold in all cases 
of the motion of a figure in its plane, and hence we infer 
that the distances of any moving point from the centre of curva- 
ture of its path, from the instantaneous centre of rotation, and 
trom the circle of inflexions, are in continued proportion. 

Again, from Art. 292, we infer that if a moveable curve 
slide on a fixed curve, the distances of the centre of curvature of 
the moving, from that of the fixed curve, from the centre of in- 
stantaneous rotation, and from the circle of inflexions, are in 
continued proportion. 

The particular cases mentioned in these Articles obviously 
hold also in this case, and admit of similar enunciations. 

These principles are the key tothe theory of the curvature 
of the paths of points carried by moving curves, as also to the 
curvature of the envelopes of carried curves. 

We shall illustrate this statement by a few applications. 

297. Example on the Construction of Cirele of 
Enflexions.— Suppose two curves a,b, and cd,, invariably con- 
nected with a moving plane figure, always to touch two fixed 
Curves Arb, and Cntl,, to find the centre of curvature of the roulette 
described by any point R, of the moving figure. 
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The instantaneous circle of inflexions is easily constructed 
in the following manner :—Let 
P, and P, be the centres of cur- 
vature for the point of contact 
m for the curves a), and a,b, 
respectively: and let Q,, Q:, be 
the corresponding points for 
the curves c,d, and @d,. Take 


EO Q, 0” 
PZ, app and Q,/; = Qa 3 
then, by Art. 290, the points ‘ Wig. 961 


FE, and F, lie on the circle of 
inflexions. Accordingly, the circle which passes through O, 
E, and F,, is the circle of inflexions. 
Hence, if #,O meet this circle in G,, and we take 
Jie O? 
RR, = RG 
centre of curvature of the roulette described by R,. 

In the same case, by a like construction, the centre of cur- 
vature of the envelope of any carried curve can be found. 

The modifications when any of the curves ab,, ab. &e., 
becomes a right line, or reduces to a single point, can also be 
readily seen by aid of the principles already established for 
such cases. 

298. Wheorem of Bobillier.*—TJ/ two sides of a moving 
triangle always touch two fixed circles, the third side also always 
touches a fixed cirele. 

Let ABC be the moving triangle; the side 4B touching 
at c a fixed circle whose centre is y, and AC touching at ba 
circle with centre 3. Then the instantaneous centre O is the 
point of intersection of 06 and cy. 

Again, the angle (3Oy, being the supplement of the con- 
stant angle BAO, is given; and consequently the instanta- 
neous centre O always hes on a fixed circle. 


the point 2, (by the same theorem) is the 


* Oours de géométrie pour les écoles des arts et métiers. See also Collignon, 
Traité de Mécanique Cinématique, p. 306. 

This theorem admits of a simple proof by elementary geometry, The in- 
vestigation above has however the advantage of connecting it with the general 
theory given in the preceding Articles, as well as of leading to the more general 
theorem stated at the end of this Article. 
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Also if Oa be drawn perpendicular to the third side BO, 
ais the point in which the side 
touches its envelope (Art. 291). 
Produce aO to meet the circle 
ina; and since the angle a0P 
is equal to the angle 4COB, it 
is constant; and consequently 
the point a is a fixed point on the 
circle. Again, by (4) Art. 292, 
the circle Oy passes through | 
the centre of curvature of the © 
envelope of any carried right 
line; and accordingly a is the 
centre of curvature of the enve- 
lope of BC; but a has already 
been proved to be a fixed point; 
consequently BC in all positions touches a fixed circle whose 
centre isa. (Compare Art. 286.) 

This result can be readily extended to the case where the 
sides 4B and AC slide on any curves ; for we can, for an in- 
finitely small motion, substitute for the curves the osculating 
circles at the points d and ¢, and the construction for the point 
a will give the centre of curvature of the envelope of the 
third side BC. 

298 (a). Analytical Demonstration.—The result of the 
preceding Article can also be established analytically, as was 
shown by Mr. Ferrers, in the following manner :— 

Let a, 6, c represent the lengths of the sides of the moving 
triangle, and 7, p2, p; the perpendiculars from any point 
on the sides a, 0b, ¢, respectively ; then, by elementary 
geometry, we have 


ap, + bp, + ops = 2 (area of triangle) = 2A. 


Again, if pi, p2, p; be the radii of curvature of the enve- 
lopes of the three sides, and w the angle through which each 
of the perpendiculars has turned, we have by (28), 


apy en bp» ae C3 = DAN, (3 1) 


Hence, if two of the radii of curvature be given the third 
can be determined. 
2B 
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We next proceed to consider the conchoid of Nicomedes. 

299. Centre of Curvature for a Conchoid.—Let A 
be the pole, and ZI the directrix of a conchoid. Construct 
the instantaneous centre O, as before: and produce 4O until 
OA, = AO. ’ 

It is easily seen that the circle circumscribing 4,OR, is 
the instantaneous circle of inflexions: for the instantaneous 
centre O always lies on this circle; also £, lies on the circle 
by Art. 290, since it moves along a right line: again, A lies 
on the lower circle of inflexions of same Article, and conse- 
quently -A, lies on the circle of inflexions. 

Hence, to find the centre of curvature of the conchoid 
described by the moving point P,, produce P,O to meet the 
circle of inflexions in /, and take 
PP, = Ba then, by (22), P, is 
the centre of curvature belonging to 
the point P; on the conchoid. 

In the same case, the centre of 
curvature ot the curve described by 
any other point @:, which is inva- 
riably connected with the moving 


L 


line, can be found. Jor, if we P,/ 
produce Q,0 to meet the circle of Q: 
inflexions in #,, and take Q:Q, WO 

a Ub tl a th / " 
nase then, by the same theorem, Qy 
Q,. is the centre of curvature re- Fig. 78. 
quired. 


A similar construction holds in all other cases. 

300. Spherical Roulettes.—The method of reasoning 
adopted respecting the motion of a plane figure in its plane 
is applicable identically to the motion of a curve on the sur- 
ike of a sphere, and leads to the following results, amongst 
others :— 

(1). A spherical curve can be brought from any one 
position on a sphere to any other by means of a single 
rotation around a diameter of the sphere. 

(2). The elementary motion of a moveable figure on a 
sphere may be regarded as an infinitely small rotation 
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around a certain diameter of the sphere. This diameter is 
called the instantaneous axis of rotation, and its points of 
intersection with the sphere are called the poles of rotation. 

(3). The great circles drawn, for any position, from the 
pole to each of the points of the moving curve are normals to 
the curves described by these points. 

(4). When the instantaneous paths of any two points are 
given, the instantaneous poles are the points of intersection 
of the great circles drawn normal to the paths. 

(5). ‘he continuous movement of a figure on a sphere 
may be reduced to the rolling of a curve fixed relatively to 
the moving figure on another curve fixed on the sphere. 
By aid of these principles the properties of spherical roulettes* 
can be discussed. 

301. Motion of a Rigid Body about a Fixed 
Woint.— We shall next consider the motion of any rigid 
body around a fixed point.. Suppose a sphere described 
having its centre at the fixed point ; its surface will intersect 
the rigid body in a spherical curve 4, which will be carried 
with the body during its motion. ‘he elementary motion of 
this curve, by the preceding Article, is an infinitely small 
rotation around a diameter of the sphere; and hence the 
motion of the solid consists in a rotation around an instan- 
taneous axis passing through the fixed point. 

Again, the continuous motion of A on the sphere by (5) 
(preceding Article) is reducible to the rolling of a curve 
L, connected with the figure A, on a curve A, traced on the 
sphere. But the rolling of Zon XA is equivalent to the 
rolling of the cone with vertex O standing on Z, on the cone 
with the same vertex standing on A. Hence the most general 
motion of a rigid body having a fixed point is equivalent to 
the rolling of a conical surface, having the fixed point for its: 
summit, and appertaining to the solid, on a cone fixed in 
space, having the same vertex. 

‘These results are of fundamental importance in the gene- 
ral theory of rotation. 


* On the Curvature of Spherical Epicycloids, see Resal; Journal de 1 Evole 
Polytechnique, 1858, pp. 235, &e. 
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EXAMPLES. 


1. If the radius of the generating circle be one-fourth that of the fixed, 
prove immediately that the hypocycloid becomes the envelope of a right line of 
constant length whose extremities move on two rectangular lines. 


2. Prove that the evolute of a cardioid is another cardioid in which the 
radius of the generating circle is one-third of that for the original circle. 


3. Prove that the entire length of the cardioid is eight times the diameter of 
its generating circle. 


4. Show that the points of inflexion in the trochoid are given by the 
equation cos @ + pri hence find when they are real and when imaginary. 
5. One leg of a right angle passes through a fixed point, whilst its vertex 


slides along a given curve; show that the problem of finding the envelope of 
the other leg of the right angle is reducible to the investigation of a locus. 


6. Show that the equation of the pedal of an epicycloid with respect to any 
origin is of the form 


8 
Z 7 6 008 (8 + @)- 


r = (a+ 26) cos 
a+ 2 


7. In figure 57, Art. 281, show that the points C, P’ and Q are in directum. 


8. Prove that the locus of the vertex of an angle of given magnitude, whose 
sides touch two given circles, is composed of two limacons. 


g. The legs of a given angle slide on two given circles: show that the 
locus of any carried point is a magon, and the envelope of any carried right 
line is a circle. 

10, Find the equation to the tangent to the hypocycloid when the radius of 


the fixed circle is three times that of tbe rolling. 
Ans. « coSw+y sinw = 0 sin 3a. 


This is called the three-cusped hypocycloid. See Ex. 5, Art. 286, 


11, Apply the method of envelopes to deduce the equation of the three- 
cusped hypocycloid. 


Substituting for sin 3 its value, and making ¢ = cot, the equation of the 
tangent becomes 


a+ (y — 30)? + at+b+y=0, 
in which ¢ is an arbitrary parameter, If ¢ be eliminated between this and its 
derived equation taken with respect to ¢, we shall get for the equation of the 
hypocycloid, 


(2? + y*)? + 180? (a? + y®) + 24ba2y — 8dy8 = 2704, 
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12, If two tangents to a cycloid intersect at a constant angle, prove that the 
length of the portion which they intercept on the tangent at the vertex of the 
eycloid is constant. 


13. If two tangents to a hypocycloid intersect at a constant angle, prove 
that the arc which they intercept on the circle inscribed in the hypocycloid is of 
constant length. 


14. The vertex of a right angle moves along a right line, and one of its legs 
passes through a fixed point: show geometrically that the other leg envelopes a 
parabola, having the fixed point for focus. 


15. One angle of a given triangle moves along a fixed curve, while the 
opposite side passes through a fixed point: find, for any position, the centre of 
curvature of the envelope of either of the other sides, and also that of the curve 
described by any carried point. 


16. If aright line move in any manner in a plane, prove that the locus of 
the centres of curvature of the paths of the different points on the line, at any 
instant, is a conic.—(Resal, Jowrnal de V Ecole Polytechnique, 1858, p. 112). 

This, as well as the following, can be proved without difficulty from equa- 
tion (22), p. 352. 

17. When a conic rolls on any curve, the locus of the centres of curvature 
of the elements described simultaneously by all the points on the conic is a new 
conic, touching the other at the instantaneous centre of rotation.—(Mannheim, 
same Journal, p. 179.) 


18. An ellipse rolls on a right line: prove that p, the radius of curvature of 


5 = ets meet 
the path described by either focus, is given by the equation - = ; - aE where 
p ve 
r is the distance of the focus from the point of contact, and ais the semi-axis 


major.—(Mannheim, Jdid.) 

19. The extremities of a right line of given length move along two fixed 
right lines: give a geometrical construction for the centre of curvature of the 
envelope in any position. 

20. Prove that the locus of the intersection of tangents to a cycloid which 
intersect at a constant angle is a prolate trochoid (La Hire, Mém. de l? Acad. des 
Sciences, 1704). 

21. More generally, prove that the corresponding locus for an epicycloid is 
an epitrochoid, and for a hypocycloid is a hypotrochoid. (Chasles, Hist. de la 
Géom., p. 125). 

22. Ifa variable circle touch a given cycloid, and also touch the tangent at 
the vertex, the locus of its centre 1s a cycloid. (Professor Casey, Phil. Trans., 
1877.) 

23. Being given three fixed tangents to a variable cycloid, the envelope of 
the tangent at its vertex is a parabola. (Jdid.) 

24. If two tangents to a cycloid cut at a constant angle, the locus of the 


centre of the circle described about the triangle, formed by the two tangents and 
the chord of contact, is aright line. (Zdid.) 


25. Ifa curve (4) be such that the radius of curvature at each point is 
times the normal intercepted between the point and a fixed straight line (B), 
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then when the curve rolls along another straight line, (B) will envelope a curve 
in which the radius of curvature is m + 1 times the normal. 


Thus, when » =— 2, (A) isa parabola, and (B) the directrix; and when 
the parabola rolls along a straight line, its directrix envelopes a catenary (for 
which m = — 1), to which the straight line is directrix. 


When the catenary rolls along a straight line, its directrix passes through a 
fixed point, for which n =o, 


When the point moves along a straight line, the straight line which it car- 
ries with it envelopes a circle (7 = 1), and (B) is a diameter. 


When the circle rolls along a straight line, its diameter envelopes a cycloid 
(n = 2), to which (B) is the base. When the cycloid rolls along a straight line 
its base envelopes a curve which is the involute of the four-cusped hypocycloid, 
passing through two cusps, and is in figure like an ellipse whose major axis is 
twice the minor. (Professor Wolstenholme.) 

The fundamental theorem given above follows immediately from equation 
(27), P+ 357+ 

26. Prove the following extension of Bobillier’s theorem :—If two sides ofa 
moving triangle always touch the involutes to two circles, the third side will 
always touch the invoiute to a circle. 


27. Investigate the conditions of equilibrium of a heavy body which rests on 
a fixed rough surface. 

In this case it is plain that, in the position of equilibrium, the centre of 
gravity G of the body must be vertically over the point of contact of the body 
with the fixed surface. 

Again, if we suppose the body to receive a slight displacement by rolling on 
the fixed surface, the equilibrium will be stable or unstable, from elementary 
mechanical considerations, according as the new position of G is higher or 
lower than its former position, ¢.¢. according as G is situated inside or outside 
the circle of inflewions (Art. 290). 

Hence, if p; and p2 be the radii of curvature for the corresponding fixed and 
rolling curv 3, and / the distance of G from the point of contact of the surfaces, 


es See Walton’s 


Pl + pz 


the equilibrium is stable or unstable according as 2 is < or > 


Problems, p. 190; also, for a complete investigation of the case where h = ee 
acd ‘ Pp? Pi + pa? 
Minchin’s Statics, pp. 320-2, 2nd Edition. : 

28. Apply the method of Art. 285 to prove the following construction for 
the axes of an ellipse, being given a pair of its conjugate semi-diameters OP, 0Q, 
in magnitude and position. From P draw a perpendicular to OQ, and on it take 
PD = PQ; join P to the centre of the circle described on OD as diameter by a 
right line, and letit cut the circumference in the points # and F; then the right 
lines OF and OF are the axes of the ellipse, in position, and the segments PH 
and 38). are the lengths of its semi~axes (Mannheim, Nowy. An. de Muth. 1857, 
p. 188). 


29. An involute to a circle rolls ona right line : prove that its centre describes 
a parabola. 


3c. A cycloid rolls on an equal cycloid, corresponding points being in con- 
tact: show that the locus of the centre of curvature of the rolling curve at the 
pe oe contact is a trochoid, whose generating circle is equal to that of either 
cycloid, : 


(437553) 


CHAPTER XX. 
ON THE CARTESIAN OVAL. 


302. Equation of Cartesian Oval.—In this Chapter* 
it is proposed to give a short discussion of the principal pro- 
perties of the Cartesian Oval, treated geometrically. 

We commence by writing the equation of the curve in its 
usual form, viz., 


+ Ure = A, 


where 7: and 7”, represent the distances of any point on the 
curve from two fixed points, or foci, #, and /&, while uw and 
a are constants, of which we-may assume that u is less than 
unity. We also assume that a is greater than Ff, the dis- 
tance between the fixed points. 

It is easily seen that the curve consists of two ovals, one 
lying inside the other; the former corresponding to the 
equation 7+ pi, = a, and 
the latter to m -— pr = a. 
Now, with F, as centre, 
and a as radius, describe a 
circle. Through F, draw 
any chord DH, join FD 
ena fH; then, if P be 
the point in which F\D 
meets the inner oval, we 
have 


PD=a- Ny = pr, = uPF,. 
From this relation the 


point P can be readily Fig. 79 
found. 


* This Chapter is taken, with slight modifications, from a Paper published 
by me in Hermathena, No. tv., p. 509, 
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Again, let Q be the corresponding point for the outer 
oval 7, — ur, = a; and we have, in like manner, DQ = pF.Q; 


Le tr =D UP 


consequently, ID bisects the angle ERG). 

Produce QF, and PF, to intersect FL, and let P, and Q, 
be the points of intersection. 

Then, since the triangles PF’.D and P,F,E are equiangular, 
we have P,# = uP,F,; and consequently the point P, lies on 
the inner oval. In like manner it is plain that Q, lies on 
the outer. ' 

Again, by an elementary theorem in geometry, we have 


E.P.F.Q=PD.DQ+ FD; 
*. (1 a p’) EP ELB@ = US bak 
Also, by similar triangles, we get 
PLP BP cs TD 
consequently 
(1 -w)F,Q.F,P, = 7,D.F,E = const. (2) 
Therefore the rectangle under 7,Q and F,P, is constant; a 
theorem due to M. Quetelet. 
303. Construction for Third Focus.—Next, draw 


QF;, making 2 F.QF,=2F.F,P,; then, since the points P,, 
F,, Q, F; lie on the circumference of a circle, we get 


E.\F,. FF; = F.Q. FP, = const. (3) 


Hence the point /’, is determined. 

We proceed to show that F; possesses the same properties 
relative to the curve as F, and /,; in other words, that F, is 
a third focus.* 

For this purpose it is convenient to write the equation of 
the curve in the form 

Myr, + Ur, = NCsy (4) 


in which c; represents JJ, and /, m, n are constants. 
It may be observed that in this case we have n>m> 1. 


* This fundamental property of the curve was discovered by Chasles. See 
Histoire de la Géométrie, note Xxi., p. 352. 
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Now, since 4 F.F,Q = FPF, = 2 FPF, the triangles 
FPF, and F,F;Q are equiangular ; but, by (4), we have 
MEP + LEP = nkF, ; 
accordingly we have 
MEF; + (FQ = nF,Q, 


or niiQ — IF;Q = mE\F;; 
te. denoting the distance from F, by r; and FF; by e, 
nr, — lr3 = MC. 


This shows that the distances of any point on the outer oval 
from /, and F; are connected by an equation similar in form 
to (4); and, consequently, £; 1s a third focus of the curve. 

304. Equations of Curve, relative to each pair of 
¥oci.—In like manner, since the triangles P.QF, and LLP 
are equiangular, the equation 


miQ — 1F,Q = nh, 
gives 
mE FF, — (FP = nF P. 
Hence, for the inner oval, we have 
mr, + Irs = MC. 


This, combined with the preceding result, shows that the con- 
jugate ovals of a Cartesian, referred to its two extreme foci, 
are represented by the equation 


nr, + Irs = Me. (5) 


In like manner, it is easily seen that the conjugate ovals re- 
ferred to the foci Ff, and F; are comprised under the equation 


Nr, — mr; = + Ia, (6) 
where 
C} — i Ja 


305. Relation between the Constants.—The equa- 
tion connecting the constants /, m, n in a Cartesian, which 
has three points /, J, F; for its foci, can be readily found. 
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For, if we substitute in (3), c; for AF, &e., the equation 
is easily reduced to the form 


Pe, + nes = Mer, 
or ELF, + mM FF, + VF F, = 0, (7) 


in which the lengths 7%, &c., are taken with their proper 
signs, viz., Ff, = -— FFs, &e. 

306. Conjugate @vals are Inverse Curves.—Next, 
since the four points J, P, Q, F;, lie in a circle, we have 


EP.FQ=fF,. FFs = const. (8) 


Consequently the two conjugate ovals are inverse to each other 
with respect to a circle* whose centre is F,, and whose radius 
is a mean proportional between FF, and F, F,. 

It follows immediately from this, since F, lies inside both 
ovals, that F; lies outside both. It hence may be called the 
external focus. Thisis on the supposition that the constantst 
are connected by the relations n > m> d. 

Also we have 


LPP,F, = LPQR, =LF,Q,P, = Fae oy eT 2 


hence the lines F,P and FP, are equally inclined to the 
axis FP. Consequently, if P, be the second point in which 
the line #;P meets the inner oval, it follows, from the sym- 
metry of the curve, that the points P, and P, are the 


* It is easily seen that when 7 =o the Cartesian whose foci are Fi, Fe, Fs, 
reduces to this circle. Again, if =o, the Cartesian becomes another circle, 
whose centre is #3, and which, as shall be presently seen, cuts orthogonally the 
system of Cartesians which have Fi, #2, J; for their foci. These circles are 
called by Prof. Crofton (Zransactions, London Mathematical Society, 1866), the 
Confocal Circles of the Cartesian system. 

t From the above discussion it will appear, that if the general equation of 
a Cartesian be written Ar + ur’ = ve, where ¢ represents the distance between 
the foci; then (1) if, of the constants, A, u, v, the greatest be v, the curve is 
referred to its two internal foci; (2) if y be intermediate between A and p, the 
curve is referred to the two extreme foci; (3) if » be the least of the three, the 
curve is referred to the external and middle focus; (4) ifA =m, the curve is a 
conic; (5) ify =A, ory =m, the curve is a limagon; (6) if one of the constants 
A, # ¥ Vanish, the curve is a circle, 
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reflexions of each other with respect to the axis M/., and the 
triangles F,P,F, and FPF, are equal in every respect. 
Again, since 


LELPF,=2F.QF;=2FLF,P, = 2 FFP, 


the four points P, P,, /, and Ff, lie on the circumference of a 
circle. 
From this we have 


PLP. F:P,= Ff. FF, = constant. 


Hence, the rectangle under the segments, made by the inner oval, 
on any transversal from the external focus, is constant. 

In like manner it can be shown that the same property 
holds for the segments made by the outer oval. 

If we suppose P and P, to coincide, the line #,P becomes 
a tangent to the oval, and the length of this tangent becomes 
constant, being a mean proportional between F3/, and FF). 

Accordingly, the tangents drawn from the external focus 
to a system of triconfocal Cartesians are of equal length. 

This result may be otherwise stated, as follows :—A system 
of triconfocal Cartesians is cut orthogonally by the confocal circle 
whose centre is the external focus of the system (Prof. Crofton). 

This theorem is a particular case of another—also due, I 
believe, to Prof. Crofton—which shall be proved subsequently, 
viz., that if two ¢riconfocal Cartesians intersectsthey cut each 
other orthogonally. 

307. Construction for Tangent at any Point.— 
We next proceed to give a geometrical method of drawing 
the tangent and the normal at any point on a Cartesian. 

Retaining the same notation as before, let R be the point 
in which the line #,D meets the circle which passes through 
the points P, /,, F, Q; then it can be shown that the lines 
PRand RQ are the normals at P and Q to the Cartesian 
oval which has F, and F; for its internal foci, and / for its 
external. or, from equation (4), we have for the outer oval 


diy jure 
ds. ds - 


mm 
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Hence, if w; and we be the angles which the normal at Q 
makes with QM and QF, respectively, we have 


m sid oi = /sinw2; OF SiN w: SlNwe = 1m, (9) 


Again, we have seen at the commencement that 
i:m= DQ: FQ; 
also, by similar triangles, 


RQ: RR=DQ:FQ=I1:m; (10) 
but 
“RQ: RF, = sin RQP: sin RQF; 
hence 
sin RQF,: sin RQF, = 1: m. 


Consequently, by (9), the line RQ is the normal at Q to the 
outer oval. In lke manner it follows immediately that PR 
is normal to the inner oval. 

This theorem is given by Prof. Crofton in the following 
form :—The are of a Cartesian oval makes equal angles with the 
right line drawn from the point to any focus and the circular are 
drawn from tt through the two other foci. 

This result furnishes an easy method of drawing the 
tangent at any point on a Cartesian whose three foci are 
given. 
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: The construction may be exhibited in the following 
orm :— 

Let F,, F., F; be the three foci, and P the point in question. 
Describe a circle through P and two foci / and #, and let 
Q be the second point in which MP meets this circle; then 
the line joining P to R, the middle point of the are cut off 
by PQ, is the normal. 

308. Confoeal Cartesians intersect Orthogonally. 
—It is plain, for the same reason, that the line drawn from 
P to &, the middle point of the other segment standing on 
P®, is normal to a second Cartesian passing through P, and 
having the same three points as foci— J, and JF for its in- 
ternal foci, and /; for its external. 

Hence it follows that through any point two Cartesian ovals 
can be drawn having three given points—which are in directum— 
Jor foct. 

Also the two curves so described cut orthogonally. 

Again, if RC be drawn touching the circle PRQ, it is 
parallel to PQ, and hence 


£02 FC = ZR RD= FR? ER. RD; 


but FR. RDS RPS 
oH DNC = tn Pi = ins i (11) 
Hence the point © is fixed. 
Again 
Ch 1GD = hie: DE, =n i — 1s 
ma 
Si geery (12) 


which determines the length of OR. 

Next, since RP = RQ, if with R as centre and RP as 
radius a circle be described, it will touch each of the ovals, 
from what has been shown above. 

Also, since Cis a fixed point by (11), and CR a constant 
length by (12), it follows that the locus of the centre of a circle 
which touches both branches of a Cartesian is a circle (Quetelet, 
Nouv. Mém. de ? Acad. Roy. de Brux. 1827). 
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This construction is shown in the following figure, in 
which the form of two conjugate 
ovals, having the points M, F,, 
F,, for foci, is exhibited. 

Again, since the ratio of 
FR to RP is constant, we get 
the following theorem, which 
is also due to M. Quetelet :— 

A Cartesian oval is the 
envelope of a circle, whose \ 
centre moves on the circum- — 
ference of a given circle, while \_ 
its radius is in a constant ratio 
to the distance of its centre 
from a given point. ee 

310. Cartesian Oval as an Envelope.—This con- 
struction has been given in a different form by Professor 
Casey, Transactions Royal Irish Academy, 1869. 

Lf a circle cut a given circle orthogonally, while its centre 
moves along another given* circle, its envelope is a Cartesian 
oval. 

This follows immediately ; for the rectangle under /,P 
and FQ is constant (8), and therefore the length of the tan- 
gent from F, to the circle is constant. 

This result is given by Prof. Casey as a particular case of 
a general and elegant property of bicircular quartics, viz.: if 
in the preceding construction the centre of the moving circle 
describe any conic, instead of a circle, its envelope is a bicir- 
cular quartic. 


_—— 


* Tt is easily seen that the three foci of the Cartesian oval are: the centre 


of the orthogonal centre, and the limiting points of this and the other fixed 
circle. 
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EXAMPLES. 


1. Find the polar equation of a Cartesian oval referred to a focus as pole. 
If the focus 7’ be taken as pole, and the line F\F as prime vector, we easily 
obtain, for the polar equation of the curve, 


(m* — 1*)r2 — 2¢3(mn — 7? cos 6) r + ¢3*(n® - 7?) = 0, 
The equations with respect to the other foci, taken as poles, are obtained by 


a change of letters. 
2. Hence any equation of the form 


7? —2(a + bcosé)r+e=0 
represents a Cartesian oval. 


3. Hence deduce Quetelet’s theorem of Art. 302. 


4. If any chord meet a Cartesian in four points, the sum of their distances 
from any focus is constant P 


For, if we eliminate @ between the equation of the curve and the equation of 
an arbitrary line, we get a biquadratic in 7, of which — 4a is the coefficient of 
the second term. 


5. Show that the equation of a Cartesian may in general be brought to the 
form 


S=A8L, 


where S represents a circle, and L a right line, and # is a constant. 


6. Hence show that the curve is the envelope of the variable circle 


WhL + 20S +h? =0., 
Compare Art. 309. 


4. From this show that the curve has three foci; ¢.¢. three evanescent 
circles having double contact with the curve. 


8. The base angles of a variable triangle move on two fixed circles, while 
the two sides pass through the centres of the circles, and the base passes through 
a fixed point on the line joining the centres; prove that the locus of the vertex 
is a Cartesian. 


g. Prove that the inverse of a Cartesian with respect to any point is a bi- 
circular quartic. (See Salmon, Higher Plane Curves, Arts. 280, 281.} 


10. Prove that the Cartesian 
r —2(a+bcosé)r+e=0 
has three real foci, or only one according as 


a-—bis>or<eé 
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CHAPTER XXI. 
ELIMINATION OF CONSTANTS AND FUNCTIONS. 


311. Elimination of Constants.—The process of dif- 
ferentiation is often applied for the elimination of constants 
and functions from an equation, so as to form differential 
equations independent of the particular constants and func- 
tions employed. 

We commence with the simple example 7? =ar+b. By 


differentiation we get ay =a, a result independent of 0. 


A second differentiation gives 


dy" d’y 
(ie) +9587 0% 


a differential equation containing neither a nor }, and which 
accordingly is satisfied by each of the individual equations 
which result from giving all possible values to a and 0 in the 
proposed. 

In general, let the proposed equation be of the form 
I («, y, 4) =0. By differentiation with respect to 2, we get 


de’ dy du 
The elimination of a between this and the equation f(x,y, a) =0 
leads to a differential equation involving w, y and ee which 
oe 


holds for all the equations got by varying a in the proposed. 

Again, if the given equation in x and y contain two 
constants, a and ); by two differentiations with respect to a, 
we obtain two differential equations, between which and the 
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original, when the constants a and 6 are eliminated, we get a 


‘ ; ; oe d v 
differential equation containing z, y, = and. aa 
In general, for an equation containing » constants, the 
dy dy any | 


resulting differential equation contains 


x, Y; ie o) Gus eae) * maaeTs 

dx dx da 
arising from the elimination of the » constants between the 
given equation and the n equations derived from it by suc- 
cessive differentiation. 


EXAMPLES, 
1. Eliminate a from the equation 
yr—2ay+a=a®. Ans. (“?-2y?) (2 ty 4a WY ga 
; du Y oe ri 
2. Eliminate a and 6 from the equation 
dy\3 dy 
—a)*=p(z%— 8). Ans, 2| — —_—= 
(y—a)? =p(z— B) ns (2) +p 54 =0. 
3. Eliminate the constants a and 8 from the equation 
: a 
y=acosne +B sin nw. Ans. - + n?y=0. 


4. Eliminate a and 6 from the equation 
} dy 2)3 
I pa 
+(z) | 
@y\* 
dx 
This agrees with the formula for the radius of curvature in Art. 226. 


(w—a)?+(y—0)? =e. Ans. C= 


5. Eliminate a and B from the equation 


n ay ny 
Y = ax COS ("+2). Bits gaat ces © 
6. Eliminate the constants a, a, . . . dm from the equation 
: dul, 
Y=F(2)+aor™+ aw +... dns Anse ae = pl) (x), 
7. Hliminate a and 8 from the equation 
a a 
Y = ae + Bebx, Ans. aa (a +d) + aby =0 
8. Eliminate @ and d from the equation 
ry = ae + be Ans oe ee 
7 UB aie : 
g. Eliminate ¢ and e’ from the equation 
aL eh a 
y= ae” + cue *- Ans. x{—=4 


2C 
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312. Elimination of Transcendental Functions.— 
The process of differentiation can also be employed for the 
elimination of transcendental functions from equations 
of given form; for example, the logarithmic function 
can be eliminated by differentiation from the equation 
dy _ ¢ (#) 
do ge)” 
instances of this process of elimination already; thus, in 
Art. 86, we found that the elimination of the symbolic 
functions, sin and sin”, from the equation y = sin (m sin“@) 
leads to the differential equation 


y = log $(x), which gives — We have met several 


_ py ty _ 
(i ) a wet my = O. 


The principles involved in this process of elimination are 
of great importance in connexion with the converse problem— 
viz., the procedure from the differential equation to the 
primitive from which it is derived. This part of the subject 
belongs to the Integral Calculus in connexion with the solu- 
tion of differential equations. 


EXamPtes. 
dy I 
I. =tan™2. Ans, — = ——.. 
: ae ae + 2° 
2. ¥ = COS (4). Ans. ete Sip °(y - 23). 
x dx 
3. Eliminate the exponential and logarithmic functions from the equation 
@y  /dy\? 
= log (e* + e*). Ans. — s\n 
4 8 ( ) 4a au ia (3) : 
4. Eliminate the circular and exponential functions from y =e* sing. 
d 3 
Here dass ak be 
d?y dy 
therefore =— +e —er =2—— 
refor Lee / +e cos —et sina = a 
er ee dy 
e => ° ee ot) 
5 Fa re Ans re I-y*. 


6. y = sin (log 2). Ans. oo ca fog w Ba 0. 
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In the preceding examples we have only considered the 
case of a single independent variable: the differential equa- 
tions arrived at in such cases are called ordinary differential 
equations. 

When our equations are of such a nature as to admit of 
two or more independent variables the equations derived from 
them by differentiation are called partial differential equa- 
tions. We proceed to consider some cases of elimination 
which introduce differential equations of this class. 

313. Elimination of Arbitrary Functions.—The 
equations hitherto considered contained only two variables ; 
we now proceed to the more general case of an equation in- 
volving three variables, two of which accordingly can be 
regarded as independent. We shall denote the independent 
variables by the letters # and y, and the dependent variable 
by zs. It will also be found convenient to adopt the usual 
notation, and to represent the partial differential coefficients 

ds dz @s dz d Ce 
da’ dy’ dx dady = dy’ 
by the letters p, g, r, s and ¢, respectively. 

We proceed to show that in this case we are enabled by 
differentiation to eliminate functions whose forms are alto- 
gether arbitrary. In fact we have already met with examples 


, : y : 
of this process: for instance, if s =a" (2), we have seen, in 


Art. 102, that in all cases we have 


Pi og ane 
dia Ty” é (1) 


whatever be the form of the function ¢: this function accord- 
ingly may be regarded as completely arbitrary in its form, 
and the preceding differential equation holds whatever form 
is assigned to it. This can also be shown immediately by 
differentiation. Conversely, it can be established without 


difficulty that x (J is the most general form of s which 
satisfies the preceding partial differential equation, and con- 
sequently z = 2"o (2) is said to be the solution of equation (1), 


2C2 
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where the function ¢ is perfectly arbitrary. This latter 
process, as in the case of ordinary differential equations, 
comes under the province of the Integral Calculus, and is 
mentioned here for the purpose of showing the connexion 
between the integration of differential equations and the 
formation of such equations by the method of elimination. 

As another simple example, let it be proposed to eliminate 
the arbitrary function from the equation z = (av + y’). 


dg by Gate dz i 
Hore p= = 2ef (+), 9-7 = 2 +9") 
hence we get yp — xg = 0; 


an equation which holds for all values of s whatever the form 
of the function (/) may be. 


EXAMPLEs. 
I. 2= (ax + by). Ans. ag = bp. 
2. y — bz = o(u — az). » wmtbg=t. 
3- e-a=(e—9)9(2="), » (—a)p+(y—B)g=s—y 
4. pla + ym) = 2, 9, ner g = myrly, 
5. aay +o (2). 9 eep + YZg = xy. 
6. a4 Veep aang). 4, smpetgy tala grae 


314. Condition that one Expression should be a 
Function of another.—Let = ¢(v), where v is a known 
function of # and y. 


dz dv az dv 
H —=¢ (v)—, —=9'(v)—: 
oa dx ¢ (0) da’ dy #{?) dy’ 
ds dv dzdb dv dv 
h fe sae ee bors athe = _—_=_— —_= 
therefore ates O, or p i q = O. 


This furnishes the condition that s should be a function of 
the quantity represented by ». Also, denoting s by V, and 
supposing V and v to be two given explicit functions of w and 
y, the condition that V is a function of v is that the equation 


adVdv  dVdv _ 
de dy dy de ° (2) 
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shall hold for all values of z and y, i.e. shall be identically 
satisfied. For instance, if 


Ve Vinton and v=%/1-y+y/1-2s 


“2+y 
dVdv dVdw : ; 
we get Wa ake” o, identically ; 


hence V is a function of v in this case. 
This can also be independently verified: for, if 2 = sin 0, 
and y = sin ¢, we get 


Ag I er ree ei 
sin 0 - sing 2 


v=sin 6 cos ¢ + cos 0 sin g = sin (0+¢) : 


this establishes the result required. 

We have here assumed that whenever equation (2) is satis- 
fied identically, V is expressible as a function of v: this can 
be easily shown as follows :— 

Since V and v are supposed to be given functions of # and 
y, if one of these variables, y, be eliminated between them we 
can represent V as a function of v and a. 


Accordingly, let 
V=f (2, 0) ; 


aVe df dd dV dfdv. 


ween de de dvda’ dy  dvdy’ 
theref dVdv dVdv_ dfd 
es ae dx dy dy de dxdy 


Hence, since the left-hand side is zero by hypothesis, we must 
have ¢ = 0; 7.e. the function f(z, v) or V reduces to a func- 


tion of v solely; which establishes the proposition. 
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315. More generally, let it be proposed to eliminate the 
arbitrary function ¢ from the equation 


V=o(), 
where V and »v are given functions of three variables, x, y, 
and 2. 
Regarding x and y as independent variables, we get by 

differentiation 

an av _ qi dp de 

dx? ds Fish de’? de? 

Dae ONL 

dy We sl dy ig)" 


eliminating ¢’(v) we obtain 


= dz dy ds dy 
(2 oo) 


dVdv adVadv (z5 aay) 


1\ de ds” de ds (3) 
a result independent of the arbitrary function ¢. 
This equation can also be established as follows :— 
Differentiating the equation V = ¢(v), considering a, y, 2 
as all variables, we get 


dV dV dV caret OO dv do 
re da + a dy + ise go Se as), 


Then, since the form of ¢(v) is perfectly arbitrary, this equa- 
tion must hold whatever be the form of the function ? (vr), 
and hence we must have 


av. AV eee 

aks ag Oe eee 
RI LR oh Re . 
da pete 
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Moreover, introducing the condition that z depends on # 
and y, we have 


dz = pdx + qdy ; 


consequently, eliminating dz, dy, ds between this and the 
equations in (4), we get 


TY) * OR 
de’ dy’ ds 
SO AHEG | =.0, (5) 
de’ dy ds 
P; q> as 


This agrees with the result in (3). 


EXAmMPries. 


Eliminate the arbitrary functions in the following cases :— 


i d. a 
I. c= (asine+bsiny), Ans. Beosy 7-408 7 =0. 
ad a dt & 
2. 2=etp(e—y). 29 PT es 
s x Pte dz _ ay 
3. #=ay+o(2). pots. Ay eee 
ws et a de 
Laas eek 1 edi yeaah 
V7 o(y) +% Hie Noe aniet 
. 2=—————_.. w+y*)—= + 2, 
Dai Te aay) oo (+9?) ay 
6. cnalry + o(2). a5 aay Pez ae eye 
foes dz z 
7. = (wt yo -y?) » Yate rans 
8. + y+ 2=¢(axt byt cz). 
d. 
Ans. (b2— oy) = + (ca — at) 7 = ay bate 
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316. Next, let it be required to eliminate the arbitrary 
function ¢ from the equation 


F (a, Y> %y (u)} =0, 


where # is a given explicit function of a, y and z. 

Regarding w and y as the independent variables, we may 
differentiate the equation with respect to x, and also with 
respect to y; then, since s is a function of w and y, we have 


d.o(u)__,, (du , du \ 
“gt a?) 
d.g(u) (du du \_ 
and 7 oe p Oe oF 1); 


hence we obtain two partial differential equations involvin 
2, Y,%,P, 7, o(u) and ¢’(u). Accordingly, if ¢(w) and ¢’(w) be 
eliminated between these and the original equation, we shall 
have a resulting equation containing only 2, y, 3, p and gq. 

317. Case of Two or more Arbitrary Functions.— 
If the given equation contain more than one arbitrary func- 
tion, we must proceed to partial differentiations of a higher 
degree in order to eliminate the functions: thus, in the case 
of two arbitrary functions, ¢(w), and w(v), the first differen- 
tiations with respect to # and y introduce the functions ¢’(w) 
and y’(v). It is plainly impossible, in general, to eliminate 
the four arbitrary functions between three equations; we 
accordingly must proceed to form the three partial differen- 
tials of the second order, introducing two new arbitrary 
functions p”(w) and W(v). Here, again, it is in general 
impossible to eliminate the siz functions between siz equa- 
tions, so that it is necessary to proceed to differentials of the 
third order : in doing so we obtain four new equations, con- 
taining two additional functions, ¢”(w) and W”(v). After 
the elimination of the eight arbitrary functions there would 
remain, in general, ¢wo resulting partial differential equa- 
tions of the third order. 

318. There is one case, however, in which we can always 
obtain a resulting partial differential equation of the second 
order—viz., where the arbitrary functions are functions of 
the same quantity, w. 
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Thus, suppose the given equation of the form 


F{2, y, &, p(w), P(u)} =0, (6) 


where w is a known function of a, y and zs. 
By differentiation we get 


Gam | dete dix Paz}? 
ar dF dF (3 =) = 


dy +9 oe * du dy * ds 


dFdu dF du dFdu dk du 
P\ az dy dy dz 


. dF du dF du 
q dx ds dz dx) (7) 


This equation contains only the original functions ¢(w), 
~(u), along with z, y, z, pandg. Again, if we apply the 
same method to it, we can form a new partial differential 
equation, involving the same functions ¢(w) and (uw), along 
with 2, , 5 J, 1, 8, #. 

The elimination of the unknown functions, ¢(w) and y(w), 
between this last equation and equations (6) a (7), leads to 
the required partial differential equation of the second order. 
The result in (7) admits also of being arrived at by the 
method adopted in the second proof of Art. 315. For, re- 
garding 2, y, 8, as all variables, we get from (6), on differen- 
tiation, 
dF dF dF dE /du du du 

( att)-° 


g +—dy 
ee eden. dade ids ti ds 


(8) 


DME A hls. shiek 
a a 
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and accordingly, since (8) must hold for all values of g’(w) 
and (uw), we have 


F 
LD eA) are = 0, | 
dx dy dz ’ 
and > (9 
du du du J 
ae da + aD dy + 7 


Eliminating between these equations and 
dz = pdx + qdy, 


we get the following determinant: 


ar ae ak 
dz’ dy’ dz 
du du = du {= 03 (10) 
dw’ dy dz 
P) Q —I 


which, plainly, is identical with (7). 

This admits also of the following statement: substitute c 
instead of win the proposed equation ; then regarding cas con- 
stant, differentiate the resulting equation, as also the equation 
wu =c (on the same hypothesis): on combining the resulting 
equations with 


dz = pdx + qdy, 


we get another equation connecting ¢(c) and wW(c); and 
applying the same method to it, we obtain the result, on 
eliminating the arbitrary functions ¢(c) and ~(c) between 
the original equation and the two others thus arrived at. 
These methods will be illustrated in the following ex- 


amples :— 
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EXaMPLes, 
I. 8 = x9(2) + yV(z). 
Here p= 9(2) + {2p'(z) + yV'(2)} a, 
g = ¥(2) + {x (2) + WV) } a. 
H P = 91) = ]\2 ° 
ence 7 UG) F(z), suppose 


Applying the principle of Art. 314, we have 


ad (p a (p\ _ 
tel obineae alr ® 


or Gr — 2pgs + pt =O. 


Otherwise thus: let z= ce, and we get dz=0, and $(c)de +(e) dy=0, 
also pda + gdy = 0; 
(c 


therefore Pre Pi). 
q ¥(2) 


eer 


Differentiating again, we have 
qdp — pag =O, 
or q{rdc + sdy} — p(sdx + tdy) = 0, 
which, combined with pdx + gdy = 0, 
leads to the same result as above. 
2 z= xp(ax + by) +yb(ax + by). 
Here p= o(ax + by) + a{xp (ax + by) + yy (ax + by)}, 
gq = ¥(ax + by) + b{ xg" (aw + by) + yy'(ax + by)}5 
therefore bp — aq = bp(ax + by) — ab(aa + by) ; 
hence br — as = af bo' (aa + by) — ay’ (ax + by)}; 


bs — at = b{ bp’ (ax + by) -— ay’ (az + by)}; 


therefore br — 2abs + at =0, 
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Otherwise thus: let az + by =e, then adu + bdy =0; also, 


dz = o(c)dz + W(e) dy, and dz = pdx + qdy; 
hence 
bp — aq = bc) — a4 (0). 


Differentiating again, we get 
bdp — adq =0, or b(rdx + sdy) — a(sdz + tdy) =O5 
Combining this with the equation adr + bdy = 0, we get 


b?y — 2abs + at =0, 
as before. 


319. Case of n Arbitrary Functions of same 
Function.—It can be readily seen that the preceding 
method is capable of extension to the elimination of any 
number m of arbitrary functions from an equation, provided 
that they are all functions of the same quantity wu. 

For the equation (7) plainly holds in this case, and, pro- 
ceeding as in the last Article, we obtain a series of equations 
(the last being of the n‘* order of differentiation), each con- 
taining the ” arbitrary functions along with the variables and 
their derived functions. Ii the » functions be eliminated 
between the » differential equations and the original equation, 
we obtain a differential equation of the n‘* order which is 
independent of the arbitrary functions in question. 
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EXAMPLES. 
I. Given y = e%(C' + C’x), prove that 


ay Bg ae, a 
prog ore GO, 


2. Hliminate the constants from the equation 
y= Oe" cos 3% + Cre sin 3a. 
3. Eliminate Cand C” from the equations— 


COS Ma 
(a) y= 5 + Ccosnz + O' sin na, 
n® — m? 


(2) 


y=a2sinnz + Coos nz+C' sin ne. 


dy ay 
Ans. —. Py = 3 )—— 2y =2 : 
ns. (a) Fm) +n?y = cos mx (d) Te +n’?y =2n cos nx 


4. Eliminate the arbitrary functions from the equation 
a] 
=—*+ oly tax) + W(y — ax). Ans. r-@t=xy. 


5. Eliminate the functions from the equation 


a d. 
y = A cos (a sin +0). Ans. (02-2?) - oe 


6. Eliminate A and a from 


dy 
y= Acos(ncos¢+a). Ans. oY cote + nty sine = O. 


as ee t) 4 sinaey (2 ) prove that 


ra® + 2sxy + ty? + aus =0. 


8. Ifa, a2, a3 be the roots of the equation 


23+ pie? + pos + p3 = 0, 
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prove that the result of eliminating the exponentials from the equation 
y¥= Cet” + Cnets® + 036%, 


ay”, at a os 
dx ox dz* Pa dz ee. 


g. Find the result of the elimination of the arbitrary functions from 
= o(@ + ay) + (a — ay). Ans, ar—t=0. 
10. liz=f (*) + (zy), prove that 
vy —yt+ ap —yq=O0. 


Il. 1f aev + bey = ce* + de, prove that 
ay | (dy\*_ dy Lene Wier SE fi 5 
ae? “) dit =) ~3 ae \aes) * 


12. Z= aD () amy () : 


Ans. xr + 2ays + yt — (m+n —1)(pu + gy) + mnz =O. 
13. Eliminate the arbitrary functions from the equation 
z= o{atfly)}. Ans. ps — qr =0. 


14. Prove that y = de“ satisfies the differential equation with constant 
coefficients 


any arty dy 
a 1 Gyr +o ee + Pn = + pry =O, 


provided a@ is a root of the equation 


gn + pyar} +e et Yn12+ pn =O. 
15. Show that 


y = Ajeet + Agets® teeet Annem 


is the general solution of the equation in Ex. 14, where a, a2... Gm are the 
n roots of the equation in z, and 41, 42, ... An are arbitrary constants. 


16. Eliminate the constants from the equation 
ax* + 2bxy + cy* + 2da + 2ey + f=o. 


dy d?y dy 
2 a a 
OO ie at a &e. 


( 399 ) 


CHAPTER XXII. 
CHANGE OF THE INDEPENDENT VARIABLE. 


320. Case of a Single Independent Wariable.— We 
have already pointed out the distinction between indepen- 
. dent and dependent variables in the formation of differen- 
tial coefficients. 

In applications of the Differential Calculus it is sometimes 
necessary to make our differential equations depend on new 
independent variables instead of those which had been origi- 
nally selected. 

To show how this transformation is effected we commence 
with the case of one independent variable, and suppose V to 


3 dy a’ 
represent any function of «, y, a = &e. We proceed to 
if 
show how the expressions for . 4 &e., are transformed, 


when, instead of x, any function of w is taken as the indepen- 
dent variable. 

Let this new function be denoted by ¢, and suppose that 
dx dx 
Ge ae 
we have 


&e., are represented by #, #, then, in all cases 


du dudz« du 


dt dedt ° dx’ 


where w is any function of x; 


ad Tad, 
or as (“== 5 (w). (1) 
dy _idy. 
Hence | bee (2) 
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dy d (dy d/{tdy\ id =) b 
at ay ee Seah I 
a dx’ -5(¢)- Ae z é dt \é dt)’ y (2) 
pty _dy 
| ieee 
hence aoe: eit eaee (3) 
du ae 
ay dy ay dy 
et Gy a "ae db pine "ae |” at 
BaD de de (@)° ~ édt a 
ERY ee Say ays s 
F323 ih eee ee i\2 
Op 3 te + 7134) x} 
pee ae or ae ee (4) 


and so on for differentiations of higher degrees. 
If y be taken as the independent variable, we obtain the 
corresponding values by making 


= =I, = o, &e. 
ae 
dy ay *y 
Hence de dz = Fe TI (5) 
A a) 
(3 =) da aa 
a dy* “\dy?] dy dys dy ‘ (6) 
a 


and so on. 

The preceding results can also be arrived at otherwise, 
as follows:—The essential distinction of an independent 
variable is, that its differential is regarded as constant; ac- 


cordingly, in differentiating ~ when # is the independent 
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: 1 a’ : 
variable we have d ) = a However, when vis no longer 
regarded as the independent variable we must consider the 


numerator and the denominator of the fraction x as both 


variables, and, by Art. 15, we get 
(2) _ de dy — dy Px 5 (2) _ da dy — dy Cx 


dx dx* » OF Ge\ de dix® 
Differentiating again on the same hypothesis, we get 
d (=) _ dx By — dedy dy — 3du @ad’y + 3 (d’a)* dy 


die\ dv? 


dx 


dx? 


These results are perfectly general whatever function of x 
be taken as the independent variable. Their identity with 
the equations previously arrived at is manifest. 


EXxamPiezs. 
1. Being given that  =a(0 — sin @) and y =a(1 — cos 8), find the value of 
dy —I 
ae An 
da* ce a(I—cos @)* 


2. Hence deduce the expression for the radius of curvature in a cycloid. 


b A ; b 
3. If = (a+ 2) c0s8 — B cos dandy=(a+8) sin @—bsin 6, find 
a 
the value of ee 
dx* 
b 
; d 030 — cos 0 . 
Here UN eee OE Sah MA 
de . a4+06 F 2b 
9 — sin @ 
OE a+2b 
da? ad a 
sey [uth 
4b (a + b) sin = cos (S+r)e 


é jade 
4. Change the independent variable from w to 6 in the expression a ) SUp- 


posing # = sin @. 


d 
dy I dy , #y I = I “) I dy sin 0 


Here T= cos6 de’ da? — cos@ dé \cos6 dé) — cos? o a0? cos*6 


2D 
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5. Transform the equation 
ay 2 
ees by =O 
du? ae ” Ta hoe 
into another in which 9 is the independent variable, being givenz=e9, 


dy dydz gt. 


oe 0 dado ae? 
d {dy d/{ dy ay vy dy , 
4 = —— pe — = ——- “£— 
mone a (z) ” Te (*%). * 710° et ae? 
o VY dy dy 
therefore x? Fat = ao? a0? 


and the transformed equation is 


d*y 


dy 
Prem 1) 5p + OY = 00 


6. Transform the equation 


. = : . c Fi I 
into another where z is the independent variable, being giyen ta 


It is evident that in this case x a= —6 i ; hence 
iG 


da ee a dy 
° i ia) = =F e\ ae)? 


a*y dy _ ply 2 dy 


2 ws eee 
e a a a a 
d*y dy a*y 
th f 2 Z = 2? 
eretore x i + 2z rs & ha”? 


and the transformed equation is 
a 
= +a ¥ =O. 


7. Change the independent variable from z to z in the equation 

aFy I 
ot i + ay =o, where a= 
ay 2dy 


Ans. 
ig Wee eae 


+a’y=C, 
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321. Two Endependent Wariables.—We will next 
consider the process of transformation for two independent 
variables, and commence with the transformations intro- 
duced by changing from rectangular to polar coordinates 
in analytic geometry. In this case we have 


z=rcos0, y=rsin8g; (7) 
and therefore r=a’+y’, tan0= a. (8) 


Accordingly, any function V of x and y may be regarded 
as a function of r and 0, and by Art. 98 we have 


dV ual, Eee) 
d) dw dd dy dé | 


we dV de dV dy '* (9) 
dr de dr * dy dr J 
But, from (7), 
© = 003 6, Gan sind=-y, Y «sin 8, w= 2 (10) 
hence we obtain 
aVaV av 
Gee Cag 8 Ga? (11) 


“Vv av. ay 


pa nie eae (12) 


These transformations are useful in the Planetary Theory 
Again, we have 


dV _aVar dV d0> 
dz ar dz ee | aS) 
° I 
dV _dVar  aVad | : 
dy dr dy dddyJ 
2D2 
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But from (8) we have 


dr @ dr. 
— — = i 
a 0, iy sin 0, (14) 
> yn d9 _ cos 8 
Gar. a oe (15) 
V dV sin@dV 
aoa ec tentoaees ea 6 
therefore y os 0 : ag (16) 
dV. ,dV_ cos0dV 
Dpeieitre Sere AAI: (17) 
The two latter equations can also be derived from equa- 
d 
tions (11) and (12) by solving for gv and ~ 
322. Transformation of 7 OT ona CY —Sineo for- 


mula (16) holds, whatever be the form of the function V, 
we have 


where ¢ stands for any function of # and y. On substituting 


al instead of ¢, this equation becomes 


dx 
d/dV dV sinOdV 
ele) 7805, 20804 0. ee 7 | 
ale sr ee | 
oe") yr ao 
hage ve cos ™ sin? @V , cos GO sin O4V 
dr* r dra * y dd 


ee cos 0 sin 6 + 


, sind cos GV sin 0? V 
r | go ee eal 


[vy 
ap’ 405 
PV gee poe dV =a | 


—_——_ = 2 SS Ser 
ee dx 008") Yr rad ard 


Transformation ie oF andy 


: sin’?AdV  sin?0d?V 


pa Rares Fs 


In like manner we get 


vv PV sane aV | 


= j 2 —_— —_— CU —_ 
sin’ rad drdo |" 


dy? dy* r 


cos’) dV : cos’6 ad? 7 
y ar  de- 


The latter result can also be readily deduced from the 
preceding by substituting in ‘it a 6 for 0. 
If these equations be added we have 
(ey Vor ai... wave 


re a es 
Ce Oy ar FOR Fae ee) 
ad? da? a 
323. Transformation of ae ae, Z to Polar 


dx? dy’ dz? 
Coordinates. 


Let the polar transformation be represented by the equa- 
tions 


w=rsinOcos¢, y=rsinOsing, zs=rcos0; 
also, assume p=rsin 0, and we have 
=p Cosd, y=psin gd; 


Wades TV. GNU 5% UPI 


hence, by (18), ae ae Sean al Sei + a dg 
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Again, from the equations 
p=rsin0, s=,r cos 6, 
we have in like manner 
eV PV il Sa LdéV 
dp! dz’ dri rar Sipeane 
Accordingly, 
Vv ren CV CV Tih ie eae 


-——-+— +—-—+ 
de” dy” Ge "aes p dp - p dp rdr 


But by (17) we have 


a in gh, 08P, 
dp r d@?’ 
1dV_1dV_ cot 0dV 


therefore Rae aie tame 


Hence we get finally 
Tiles NON Nee ro OY 
dx = dy* de’ dy* ~~ r* sin? dg? 
pits 2h cot 0dV 
Pde  rdr r do 


ae: ‘Gal! ah a)? ene 
~ Pldr re) sin 0 d0 * sin’O dg? 


mag 
y? dQ * 


. (19) 


324. Remarks on Partial Differentials.—As already 
stated in Art. 113, the student must be careful to attach the 
correct meaning to the partial differential coefficients in each 


case. 


Thus in finding 2 in (10) we regard x as a function of r 


and 0, and differentiate on the supposition that @ cs constant ; 


in like manner the value of . in (14) is found on the suppo- 


sition that y is constant. 
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The beginner, accordingly, must not fall into the con- 


fusion of supposing that in this case we have = x oe 


This caution is necessary, as some mathematical writers, 
from not paying proper attention to the meaning of partial 
derived functions, have fallen into a similar error. 

325. Geometrical Hlustration.—The following geo- 


dx 


metrical method of determining the proper values of — and =F 


dr 
dat 
under the preceding hypotheses may assist the beginner 
.towards forming correct ideas on this important subject. 

Let P be the point whose coordinates are # and y; then 
OM =a, PM =74,° OP =r, 


POX = 6. Now, in finding y 

dx : Q 
a regarding § as constant, Seal 
we take on the radius vector 

OP produced a portion PQ 

= Ar, and draw QN perpen- 

dicular to OX; then Az, the oe 


corresponding increment in 2, Fie 82 
is represented by MN or PL; é 


therefore ea cos @, or —=cos0. 


Again, to find & on the supposition that y is constant: 


let ZN be Az, the increment in 2, and draw the parallelo- 
gram PLIZN, and join OL, meeting in J a circle described 
with radius 7 and centre O; then LJ represents the corre- 
sponding increment in 7, and we have 

Os Rant /38/ gia Ble IL 

an limit of Ne limit of Pr = 08 6; 


d. di 
so that in this case the values of = and = are each equal to 


x 
cos 8 or -, as before. 
7 
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The values of &c. can also be readily represented 


“7 
geometrically in a similar manner. 


326. Linear Transformations.—If we are given 
2=aX+bV+cZ, y=adX4+UV+0Z, e=a0"X+0"V+e0"Z, (20) 


then any function V, of x, y and g, is transformed into a 
function X, Y, Z; and, as in Ex. 2, Art. 98, we have 

lca A Sa dV WV 

aX dex dy dz’ 

dV dV yay dV eee 

aY de dy dz? 


Ae sles pe Oe 
dZ dt dy dz ° 


Again, proceeding to second differentiation, we get 


PV dad aV eee ye: is ,a dV WS om) 
adX* dx i dy Tie dy aes 


“ie *" dy dz 
+ a” Nah ag lee 
dz\ dx dy dz 


ae aw’ ae 2aa” Re 20a’ ae 
dt dx dy dads  ——s gly 


Similarly we have 


PV tT el, Teele eV 


dy de" ay da dy 


2 
a ae ie bY d K,. 


+260" et 
Rae de dz dy z 
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UV, GV od oy ee bb E 


az ° dé ° ap *° ae 7 Gedy 
+ 2c” th Kea 206 EY, 
dx dz dsdy 


327. Orthogonal Transformations.—If the transfor- 
mation be such that 


Pt+y+ ea X*+ V+ ZL, 
we have 
Ora*t+a@=1, F+0%+b%=1, +e? +c =1, (21) 


West 


ab+a'l'+a’b"=0, act+adé+a’c’=0, bet+b'e+b"c"=0. (22) 


Again, multiplying the first of equations (20) by a, the 
second by a’, and the third by a”, we get on addition, by aid 
of (21) and (22), 


X=ar+dyt+a’s, 


In like manner, if the equations (20) be respectively 
multiplied by 0, 0’, b”, we get 


V=be + b'y+ b's; 
similarly, , 
Z=cut+cy+ c's. 


If these equations be squared and added, we obtain 
@+h+eP=1, a?+b%+c%=1, a7+0% 46% = 1, (23) 
ed i 


aa’ + bb’+ ec’ =0, aa’+ bb"+ ce"=0, aa’+U'b"+c'c"=0. (24) 


Hence in this case, if the equations of the last Article be 
added, we shall have 


eV av av GV av av, 
de dp de dX? d¥* aZ™ 5) 


- 410 Change of the Independent Variable. 


The transformations in this and the preceding Article 
are necessary when the axes of co-ordinates are changed in 
Analytic Geometry of three dimensions ; and equation (25) 
shows that, in transforming from one rectangular system to 


eV M d’ gh av. 
da dy? ” Oe 


another, the value of the function is un- 


altered. 
328. General Case of Transformation for Two 
Independent Wariables.—Suppose that we are given the 


equations 
T= (1, 0), y=r, 9), (26) 


then any function of w and y may be regarded as a function 
of r and 0, and we have, from (9), 


dV dVde«e _uVy 


a0 dv do dy a0’ 
aV_dVde  dVdy 


dr de dr” dy dy’ 
de dy dx 2 


70 a0’ dv can be determined from 


where the values of 


equations (26). 
Whenever these equations can be solved for r and 6, 
separately, we can determine, by direct differentiation, the 


dr dr d0 dé 
values of — aed ‘and hence, by substituting in (13), 
we can obtain the values of ae and ae 
dx dy 

When, eas oe Hae is pgiease we can ob- 
tain the values ane a 5 , &., by solving for 7 an and a 
in the preceding inven 

Thus we obtain 

d Vidy — dV dy 
AS dd dr dr dO, (27) 


~ dee dy dx dy ‘ 
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d dV du dV dx 
dV d0 dr dr a0 
ge eee (28) 
ty “lely ely 
drd§  d0dr 
av av 
The values of is dy? &c., can be deduced from these : 


but the general nanan are too complicated to be of much 
interest or utility. 


329. Concomitant Functions.—We add one or two 
results in connexion with linear transformations, commencing 
with the case of two variables. We suppose w and y changed 
into aX + bY and a’X + 0’Y, respectively; so that any func- 
tion ¢(«, y) is transformed into a function of X and Y: let 
the latter be denoted by ¢,(X, Y), and we have 


o (2, y) = o(X, ¥). 


Again, let w and y’ be transformed by the same substitu- 
tions, 7. é., 


w=aX+oY’, w=aX' +oY’; 
then since = @ + ke’ =a(X+kX’)+b(V+kY), 
and y thy =a (X+kX’)+0(V+kY), 
it is evident that 
o(v+ke’, yt+khy\=o(X+kX’, Y+kY’). 


Hence, expanding by the theorem of Art. 127, and 
equating like powers of hk, we get 


atl on y/ ap ay do, eee 


ao (gate a ap r ad’ ae ? d* pi rol hr 
tpt Ske eg aN 2 2 
eee i ae a axa) aes 


&e. &e. (30) 
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Accordingly, if « represent any function of w and y, the 
expressions denoted by 


ya fe ( eee Z &e 
(e de" a” ” de® =) Pus 
are unaltered by linear transformation. 

Similar results obviously hold for linear transformations 
whatever be the number of variables (Salmon’s Higher Algebra, 
Art.:125). 

Functions, such as the above, whose relations to a quantic 
are unaltered by linear transformation, have been called con- 
comitants by Professor Sylvester. 

330. Transformation of Coordinate Axes.— When 
applied to transformation from one system of coordinate 
axes to another, the preceding leads to some important 
results, by applying Boole’s method* (Salmon’s Conics, 
Art. 159). 

For in the case of two dimensions, when the origin is 
unaltered we have 


e+ 2x'y’ cosw + y? =X? + 2X'V’cosQ+ Y”, (31) 
where » and Q denote the angle between the original axes 
and that between the transformed axes, respectively. 


Multiply (31) by A, and add to (30): then denoting 
o(2, y) by wu, and (X, Y) by U we get 


p{ CU Py ) {UU 
a (Gath) + ay (Fo 08 w +Y (Fata) 
aU a’u aU 
eee a Val 72 
=X (4 Nex ¥(aegy thes) + Y (at r), 


_ Now, suppose A assumed so as to make the first side of 
this equation a perfect square, it is obvious that the other 
side will be a perfect square also. The former condition 


gives 
d’u du i 
(Tata) (Getd) = (Fe +2 cow), 


he 


* T am indebted to Prof. Burnside for the suggestion that the equations of 
this Article are immediately obtained by Boole’s method, 
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Pu Gu au 
2 
or r sin'w + A(T re ees cos w 


A du du Pu \ 
di? dy? \dady) 


Accordingly, we must have at the same time 
Uy aU Ee aU 
ix? ax dXdY 
r. PUGU aUN 
dxdy? \dxay)~° 


XV’ sin?Q + tee cos a) 


Hence, comparing coefficients, we get 


Pu du Pu\’ PUPU ( PU 
dx’ dy” \dedy) dX*dY’ 


aAXAY 
sin*w sin’Q, ; (32) 
and 
Pu du au PU &U Gaus 
Tet + dy - ali COS w : 7x? + Ty? Tay 0% 2 (33) 
sin’w eo: ae 


Consequently, if « be any function of the coordinates of 
a point, the expressions 
au du ( au \? au ou au au ae 
dx’ dy® \dxudy Fa de? dy * Gedy dy . 
sin’w sin*’w 
are unaltered when the axes of coordinates are changed in any 


manner, the origin remaining the same. 
In the particular case of rectangular axes, it follows that 


au Z au ah Pu du du y 
dx’ dy’ dx’ dy’ \dedy; 


preserve the same values when the axes are turned round 


through any angle. 
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331. Application to Orthogonal Transformation.— 
When the transformations are orthogonal it is easy to extend 
the preceding results to three or more variables (Art. 327). 

Thus, in the case of three variables, we have 


af? 44? + g%@ = XP 4+ V? + Z. 
Multiplying this by A, and adding the result to the equation 
that corresponds to (30), it follows that the expression 
du au au du 
yl woe ads 1 (ene (pase 
@ Ge Ney oS tr) +s (Fe + N)4 eh See: 
2, 2 


ee LW 
ij 


i 250 Ted # da dy 


is unaltered by orthogonal transformation. 

Next, suppose that \ is such that the quadratic function 
in w’, 7 and Z is the product of two linear factors; then, by 
Art. 107, we have 


au bs au au 
da® —” dady = dads 

au du au =O. (34) 
dzdyy dy? ia dy dz 


du du du 
dads’ dydz ds* 


+X 


But, as the transformed expression must also be the product 
of two linear factors, we have 


au P dus d*u vo PO PE 
dc’ > dedy’ dx dz ax? > AXdY’ dXdZ 

du du du CU vu GhOE 
SRE ’ = ‘a Tay ae Dae le (35) 
dy dx’ dy dy ds aXAY dV dYdZ 

du du du CU. OU ae. 


deds’ dy ds’ de’ ~ dXaL iVde dg ** 
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Equating the coefficients of like powers of A, we see that the 
expressions 

au i au < au 

da? dy? ds” 


au du (= * Gu du : du \2 dud*u du \? 
dx’ dy? \dady) dx de’ \dadz) dy’ dz* \dydz/’ 


and 


Pu du au 
da” daedy dads 
au. au du 
dady dy” dsdy 
du vu du 
deds’ dydz dz 


are unaltered by orthogonal transformation. 

The first of these results has been already arrived at by 
direct substitution (Art. 327). 

These results readily admit of generalization. 
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EXAMPLES. 


I. Being given y = f (u) and «= (2), 
Ans. f'(u)g" (2) +f" (u){9'(2)}?. 


iS) 


. Ify=F(), t=f(u), u=9(2); 
Ans. F(t) fu) 9"(@) + {eV PF") PU) + F (PP 


3. Change the independent variable from « to z in the equation 


dy di I 
at = - ana8 + @y=0, where z= 2 
dy  2(n+1)dy, , 
S ° — =O. 
Ans aa - ress Say 
' = dy, Peer Mee 
4. Transform (I — # i —-2 at ay =0, being given’=sinz, 
dy 
Ans. + ay =0. 
: F d. di 
5. Ifz=rsin@ cos, y=rsin@ sing, z=7 cos8, prove that = = = 


: . ae ; 
where @ and ¢ are regarded as constants in finding ek while y and ¢ are re 


garded as constants in finding —, 


6. If z be a function of two independent variables, # and y, which are 
connected with two other variables, « and v, by the equations 


Silt, Y, Uy %) = 0, fo(4y Y, U, 0) =O; 
d. d dz d. 
show how to express ~ and = in terms of au and = ° 


7. Transform the equation 


ay , 2% dy ] 
da?  1+2? de (1+ 27)? 


=0, 


into another in which @ is the independent variable, supposing *=tan 0. 


@ 
Ans, tye oO, 
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8. If z be a function of w and y, and «= px+qy—z, prove that when 
p and g are taken as independent variables, we have 


du du au t ay 8 au 


7’ 
a” aq 


dp? rt—s°? dpdq rt — 8? arta 
where 7, g, 7, 8, t denote the partial differential coefficients of z, as in Art. 304. 


g. If the equation 


i A 
= t+.eet De sa ee ie) 
dx 


be transformed to depend on 6, where # = 9, prove that the coefficients in the 
transformed differential equation are all constants. 


10, Given # = a y= aH prove that 
F(t), F'(t), F(t) 
dy F(t) ; ' ” 
an Faoraceraceact P(t), g(t), P(t) To 
a y (¢); y' (2), y" (2) 


2k 
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CHAPTER XXIII. 
SPHERICAL HARMONIC ANALYSIS. 


332. Ir is proposed in this chapter to give a brief discussion 
of the differential equation 
I ac a (x) 
de dp ae” 
an equation which occurs so frequently in physical investi- 
gations. We shall denote the symbolic operator 
aig iene 
dé" dp” de 
Adopting this notation, we readily see that 
du dv r du dv a du dv 
de de ° dy dy ds ds J" (2) 


by V?. 


V"(we) =uyo t+ vv’ wus2(2 


5 Awe d F 
Again, since ie (r™) = marm, 
a? 
we have A (1) = mr™= + m (m = 2) a2 "4, 
and we readily get 
V(r”) = m(m + 1) 7", (3) 


Hence, from (2), we have 
V? (9 V) = r™V? V+ m (m + 1) 


2m (2P y +e), (4) 


Moreover, if V be a homogeneous nn of the n‘ de- 
gree in w, y, 3, we get, by Huler’s theorem of Art. 98, 


Vi (PV) = VV + mlm + ant+1)r"@V, (5) 
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333. Solid Harmonic Functions.—Any homogeneous 
function in 2, y, 8 which satisfies equation (1) is called a solid 
spherical harmonic function, and frequently a solid harmonic. 

We shall denote a solid harmonic of the n‘* degree by 
V,, in which the degree n may be positive or negative, in- 
teger or fractional, real or imaginary. 

It is evident that any constant multiple of an harmonic is 
also an harmonic of the same order. 

From (5) it follows that a solid harmonic of the n‘* degree 
satisfies the equation 


Vv? (7™ Vin) = m (m + 2n + 1) 7", (6) 


‘ : « —Vears 
Hence we see that if V, be a solid harmonic, —~ is also 
dy 


a solid harmonic, whose degree is — (n + 1). 


Again, from (3) we see that - is a solid harmonic of the 


degree —1. Also it can be readily shown that : is the only 


function of 7 that satisfies equation (1). For by (19), Art. 
323, we can transform that equation into 


Be CG ed 2 (an yA en ete = 
a a) aneae say Ha heres oo (7) 


Hence, if V be a function of » solely, we must have 
df ,aV saad ; a 
= (r =) =o. This gives V in the form + 6, 


In like manner, if V be a function of the angle ¢ solely, 
it must satisfy the equation ga o: this leads to V= ad + 0. 


ad 2 


Hence we observe that tan (2) is a solid harmonic of the 


degree zero. 
Again, if V be a function of 0 solely, we have 


def somes dP ish 
We db ho 


2E2 
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Hence we sce that log (ton :) satisfies the equation 


v?V = 0, and we infer that log (=) is a solid harmonic. 


r+o@ r+4 : 
In like manner, log ae and log ~ : are also solid har- 
r—% - 


monics. ; 
It is readily seen that ¢ log tan (3) satisfies equation (7); 


hence we see that 
8 


tan 7 Ob a = = 


is a solid harmonic, of zero degree. 


If V satisfies equation (1) it is seen immediately that 
dV dV 
de’? dy’ 

erat 7 


sion aa dy da? in which g, g, r are any positive integers. 


Hence, from any solid harmonic, a number of others can 
be immediately deduced by differentiation. 


and oF also satisfy it, as also the general expres- 


Again, since — is a harmonic of degree n — 1, it follows 
cbsdedd thy a 


adVn 
from (6) that —— Pe whose degree 
is — 2: and so on. 
F 1 ion of hei fermen ea 
or example, any expression of the form —; te ide iC ) 
is a solid harmonic, whose degree is - (7+h+/+1). 


EXAMPLES. 
1. Find the condition that 
ax + by? + e2 + day + exe + fyz 


should be a solid harmonic. Ans. a+b+c=0. 
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2. Prove that 
« 2 
r+2) r(r+z) 
are solid harmonics. 


z tan} z, and zlog = —2r, 


F 2 F qn \ 
3. If YM be a solid harmonic of degree zero, prove that r?”-} wah is also a 
dan 


solid harmonic. 
sinnp dm (7?n-1) 
dam 


4. Hence prove that is a harmonic function. 


(2? + 9) 
For, let Vo = tan (2) ; then, since y= tan@, it can be shown, as in 


Art. 46, that 
qn sin up 


Y 
ee tax) = (— 1)"| 2 — 1 ————_ 
de (tg) Oe 


rn-l sin 
Hence feo ital 


is a solid harmonic, as also any function derived from 
(a? + y%)p 
it by differentiation. 
5. Prove that w= 
Vu = Vn. 


334. Complete Solid Marmonies.—A solid harmonic 
that is finite and single valued for all finite values of the co- 
ordinates is said to be a complete harmonic. It can be proved, 
by aid of the Integral Calculus, that every complete solid 
harmonic is either a rational integral function of the coordi- 
nates, or is reducible to one by multiplication by some power 
of r. Assuming this, it follows that the number of indepen- 
dent complete harmonics of degree n is 2n + 1, when 2 is 
positive. 

For it is readily seen that the number of terms in Vy, a 
rational homogeneous function of the n“* degree in 4, y, 2, 18 
(mw + 2) (n + 1) 


2 


yr Vn 


_"""_. is a solution of the differential equation 
2 (2 + 3) 


; and also the number of terms in y’V, is 


n(n — ay, hence, since V?V» =0 identically, we must have 
2 
ees) linear equations connecting the coefficients in V;,; 
yonsequently, the number of independent constants is 
(m+ 2)(m+1)_ n(n—-1) 
2 


» or 2n+1. 
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It can now be shown that every complete harmonic can be 
deduced from by differentiation. 
For the solid harmonic 
isk ; 
dad dy dst (a +o? + )¥ 
when the differentiations are performed, is readily seen to be 


a fraction of which the numerator is a homogeneous func- 


tion of the degree n, and whose denominator is where 


gent ? 


n=k+j+. If this function be represented by the 


mo 


numerator V,, by (6), is also a solid harmonic. 
We can now show that the number of independent har- 
monics of degree » that can be thus derived is 2” + 1. 


For, since 
a LNG Se is ON PE 
dz*\r} — \da* dy?) \r ) 


Cage = (21 aan i 
ag \p ] da dy?) \rP 


ad? 2\m x 5 
in which & ie +) can be expanded by the binomial theorem 


we see that 


as if eke were algebraic quantities, and the resulting 


differentiations of - taken. 


Hence, if / be even, we have 


qitkl ma i aegis qi a @\z Z 
dx) dy" ds! \ r dad dy® \ da? + Oy y 


and, if / be odd, 


mI 
aeee! cy att (ah (mae daa 
deo? dy" da! \ iS dad dy* \ da? * ay a 
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Accordingly, in the former case, we get a number of terms 


Gites ; 
each of the form aeaals) where py + g =; and in the 


were (a ft 
latter aes (= in whi aes 
atter, terms of the form lev ay Fe a in which p+q=n-1 


Now there are p+q+1, or n+1 terms in the former case, 
and » in the latter. Hence there are 21 +1 independent 
forms, as was to be proved. 


335. Spherical and Zonal HWarmonics.—If a solid 
harmonic V, be divided by 7”, the quotient may be regarded 
as a function of the two angular coordinates, or spherical 
surface coordinates, 9 and ¢. Such a function is called a 
spherical surface harmonic of the degree n. 

Hence, if V, =r”Y,, then Y,, is a spherical harmonic of 
the n™ degree. 

It is obvious that the general spherical harmonic of the first 
degree is of the form acos 0+ 4 sin 0 cos¢ +e sin 0 sin d, where 
a, b, c are arbitrary constants. Also, the general expression 
for Y, can be written down readily (see Ex. 1, Art. 333). 

Again, by (19), Art. 323, we see that Y,, satisfies the 
differential equation 


Ovi oes, Teo: « 
ab a9 ag) + aap age tht 1) Ya =o. (8) 


This equation admits of a useful transformation: for, let 
y= cos 8, then, since 


d 1 ad 
gael gag SU) 
we get 
ad ay, Nat Vx n 
a0 Ties ei etn @+yla=o 6) 


Again, if a spherical harmonic be a function of 6 solely, it 
is called a zonal harmonic. Hence, if P,, be a zonal harmonio 
of the n order, it must satisfy the equation 


ad 2 dPn = I 
=| (1 = at) Fl #m (nt 1)Pa =o. (10) 
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When » is a positive integer, the value of P, can be readily 
represented by a finite series. For since, by hypothesis, Pn 
is a function of the n™ degree in w, we may assume 


m=n 
P n= 2 (dn a) 
m=0 
IP, 
Hence le (thy 8") 5 
dy 
d OP. 
aa Sp | "= Sm(m — 1)dnu™? — Sm(m + 1) anu™. 
g(t Ht) Gt = Boal — 1) tn (m + 1) dnt 


Substituting in (10), and equating the coefficient of y™ to / 
zero (since the result must vanish identically), we get 


(m + 1) (m + 2) dma = — (m -— m) (m+ N+ 1) An. 


Hence, observing that the highest power of wu is n, we 
have 
n(n — 1) 
An-2 = — An 2 (20 —1)' Cry 
and we may write 
Pp = On t! 2 (2n — 1) : 2.4(2m—1)(2n—3) © ou 
(11) 

where a, is an arbitrary constant. 

This is the general form of a zonal harmonic of integer 
positive degree; and we see that two zonal harmonics of the 


same degree can only differ by a constant multiplier. 
It can be shown independently of the above that 
d \* 
(=) (u? — 1)” satisfies the equation (10). 
Wi 
In order to prove this we shall assume wu = p? - 1, and 


write the symbol D for +; then we have to prove that 
[A 


D {uD" (u")} - n(n + 1) Ds (u") =o. 
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Now, observing that = = 2u, we get, by Leibnitz’s 
theorem of Art. 48, 
D™ (ut) = D™ (uu) = uD" (wu) + 2 (w+ 1) wD" (u") 
+ n(n + 1)D"(u"), 
Again, since 
D (u™) = 2 (w+ 1) pu’, 
we have 


Dr" (ut) = 2 (n + 1) D* (uu") 
=2(n+1)uD" (u”) + 2n(n + 1) D™ (u*). 
Equating these values of D’ (w), we get 
uD" (u") = n(n + 1) D™ (u"); 
hence D {uD"™ (u)} - n(n + 1) D"(u") = 0. (12) 


Consequently D"(w") satisfies the equation in question. 
Hence we infer that 


aur ON ae 
P,= O(5) 1), 


The student can verify, by direct differentiation, that 
this expression differs only by a constant factor from the 
value of P,, found in (11). 

It is usual to assume that P,, is that value of the pre- 
ceding expression which becomes unity when w=1. 

To find this value, we have 


(5.) ve — 1)" = 2n () te iS Meg 


= 2m e ne 1)" + 2n(n —1) wi Cro CO ake 
du du ; 


by Leibnitz’s theorem. 
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d n-2 

Nowit is readily seen that (=) (uw? -1)"*=0 when w=1; 
fl 

hence, when w= 1, we have 


d n-2 
= 2’ (n — 1) (=) (u? — 1)", &e. 
[7 


Consequently, when »=1, 


(=) we —1)P= 2" 2, 


Pe anal - 1), (13 


The foregoing result can be readily shown in another 


manner. For 2[n (=) oe — 1)" is the coefficient of h” in the 
—\d 


and we have 


expansion of (1 — 24 +h’)? (see Ex. 6, p. 155). 
Again ; 
((@ - a)? + y? + 8°) * = (r? - 2arn + a) 


(1 — hu + h*)-*, where h = “, 


rh atl ANF he Ag 
2 i ah ae) (mu? — 1)"; 

in which we suppose a > r. 
But Vi{@-aty+2)}450; 


oP (iie 


d\n . 5 
(=) (u? — 1)” satisfies equation (10), &o. 


hence 


The functions P,,...P, are usually called Legendre’s 
Coefficients. 
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EXAMPLES. 


¥. If w=1, prove that P,=1 for all values of n. 
2. If »=—1, prove that P, = (- 1)" 
3. If «<1, show that the series 
7 Py + Po+.++t+ Pat.ce 
is convergent. 
4. Prove the relations 
© CME BO aye 
Pees es 5 Uy ae ttn la a. 
8 8 
5. Prove the equations 


a 
au Pm = Pn-1) = (2m . 1) Pry 


(m+ 1) Pay — (2074+ 1)pPa + nPra =0. 


336. Complete Spherical Harmonies.— 


From Art. 334 it follows that a complete spherical har- 
monic Y, of the n order, when m is an integer, contains 
2n + 1 arbitrary constants. Its value can be expressed by 
aid of the corresponding zonal harmonic Py, as we proceed 
to show. 

Since Y;, is in this case a rational integer function of 
sin 0 cos ¢, sin 9 sin ¢ and cos 8, we may suppose it expressed 
in a series of sines and cosines of multiples of ¢, whose coef- 
ficients are functions of 0, or of wu. We accordingly assume 
that Y, consists of a number of terms each of the form 
UM, cossp; then, substituting in equation (8), and observing 


dl’ : : 
that eae =— s* coss, we obtain, on equating to zero the 
coeflicient of cos sq, 


ad 2 dM, °M, 
a {e-#) Tel etn Dha=o. (14) 
If, as before, we write w for w®-—1, and D for - this 
[v) 
becomes 
uD{uDM,}-°M,-n(n+ 1)ull, = 0. (15) 


° 
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8 
Now, let U,=w’v; then 


& & 
uDM, =u Dvt+sp'o; 
therefore 8 8 8 8 
rye 2 he ita, 
uD (uD) =v Dv+2(s+1)pu? Dvt+sw vt su?u’o, 


8 
Substitute in (15), and divide by us then 
uD + 2(st+1)uDo+ {s(s+1)-n(n+1)}o=0. (16) 
It is readily seen that this equation is satisfied by assum- 
ing » = D’P»; for substituting this value for v in (16), it 
becomes 
uD? P» + 2(st+1)uD"P,, + s(s+1)D' Pm 
-n(n+1) DP = 0; 
but by Leibnitz’s theorem the first three terms are equivalent 
to D*(uDP»); whence the equation becomes 
D™ (uDP») —n(n+ 1) D*Py = 0. 


But this equation follows immediately from (10) by 
differentiating it s times with respect to p. 
Accordingly, the expression 


5/7 d\8 
Reeen NG 
Monae (a) 
satisfies equation (14), and hence 


cos sp (u? — 1)? (5) Pa 
fn 
satisfies (8). 
In like manner, as 


@’ (sin sp) 


ila pee ; 
naa s*sin sf, the expression 


; =/d\* 
81N Sp (uw? - (3) Pr 
also satisfies the same equation. 
Accordingly, equation (8) is satisfied by the expression 


(A, cos s$ + Bs sin sp) (u? — (2) (Pa), (17) 


in which A, and B; are arbitrary constants. 
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This expression is called a Tesseral Surface Harmonie, and 
is said to be of the degree n and order s. 

If we give all integer values to s from 1 ton, the com- 
plete spherical harmonic Y, can be written in terms of 
Tesseral harmonics as follows :— 


ds 


OP, 
Dp Ack y +3 taal cos sd + Bs sin sp) (uw? ae aus? (18) 


s=1 


in which (=) (uw? — 1)” may be substituted for P, if neces- 
fe 


sary. 

This equation contains the proper number 2” + 1 of arbi- 
trary constants, and consequently may be regarded as a 
general expression for a complete spherical harmonic of in- 
teger positive degree. 

There is no difficulty in showing by differentiation that 


=)" (uw? — 1)” differs only by a constant from 
fe 


n-8s 


(= 5) =8>4) .., 
2(2n—-1) 
(n—s)(n-s—1)(n-s—2)(n-—s- 3) 
i 2.4. (2-1) (2n-3) 


Hence that part of Y, which depends on the angle sp may 
be written 


wrt + Bo, 


(1 - ui (u- ae pee + &.) (A, cos s¢ + B, sin sg). 
This agrees with the general expression given by Laplace 
(Mécanique Céleste, tome 111., chap. ii., p. 46). 


337. Laplace’s Coefliciemts.—It is immediately seen 


: I 
that the expression Ro CES WER CET IRL satisfies the 
general equation (1), as also the corresponding equation 


ayV PE, av 


da?" dy ” de? 
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Transferring to polar coordinates, the preceding expression 
may be written (1?- 2Arr’+r”) , where 


of =r'sinO cosg’, y/=r'sinO' sing’, 2 =1" 0080; 
and X = cos 0 cos 8’ + sin 6 sin 8’ cos (¢ — 9’). 


If P and P’ be the points whose coordinates are xyz and 


a’y’s’, respectively, then 


I I (ree i fs es? 
pp rz{t- et 7 -5 (1-23 +a) 
Accordingly, if 


(1-2Ah+W)2=14+ DA+ DA +...4+D,h"+..., 


we have 


I I Ly’ Ler? L,r® 
Pipi Bt ett aan hee WhBR Bees 
and 
I Ihr Lr" Lnr® 


+... whenr<7?, 


ip 25k? je ee a 


Hence, since v'(pp) = 0, we must have v? (=) ee 


=0, 
prt 
and also V? (Lnr”) = 0. 

From this we see that Z, is a spherical harmonic of the 
degree n, and that it satisfies the equation 


ad dLin I @Ly 

a — ne 

ma iran: dp’ 
The functions L,, L,,... LZ, are called Laplace’s Coef- 

ficients, after Laplace, to whom their introduction into 


analysis is due. 

The value of Z, may be deduced from that of P, in (1 1) 
or (13), by substituting py’ + lomiut / tae cos (@ — ¢’) in 
place of uw, where « = cos0, and uw’ =cos@’. Hence it is a 
function of the n’* degree in u, / 1 —n? cos and »/1 —p? sing; 
as also in p’, \/1—m” cos’ and /1 — pm” sin ¢’. 


+n(n+1) In =0. 
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Moreover, since Z, is a spherical harmonic of the n™ 
degree, and symmetric in m and p’, as also in ¢ and 9g’, it 
must, by (18), be of the form 


Lin = doPaPyis3_ 090088 $f st-1)2(u—1) oT, 


in which the coefficients a, a,...@;...are constants, the 
values of which remain to be determined. 

It is immediately seen that a =1: for if p’ = 1, we have 
Py = pean Dy, =P y. 


In the Integral Calculus, Art. 233, it is shown that 


2|"-8 


Assuming this result, we have 


s=n |” —§ 8 2&P,, &P, 
= , es ee Se Le \ gine : 
Ln=PnPn sis | +8 coss(p—p’)(w—1)2(u-1)2 duS du” 


Some further applications of spherical harmonics will be 
found in the Integral Calculus, Arts. 230-5, but for a more 
complete treatment of the subject, which involves the applica- 
tion of Multiple Integrals as well as the solution of Differential 
Equations, the student is referred to Thomson and Tait’s 
Treatise on Natural Philosophy; to Ferrers’ Spherical Har- 
monics ; or to Todhunter’s Treatise on Laplace's, Lamé’s, and 
Bessel’s Functions. 
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EXAMPLES. 


1. If w be a solution of the differential equation 
PT CE EI 
ae ap ae 


du du du 


Ce i etn ; P 
prove that w# so +y & +e— Wi also be a solution of it, 


2. Show that each of the quantities 
I ; ee =ueees 
at (1 —p2) cos 20, (I — uw?) sin 20, wV1— pw? cos 8, wVI—p? sind 


is a surface harmonic of the second degree. 
3. Prove that the expressions 


+2 27 22 


r+Z z r 
—-—, zlog : 
r—e w+ y% 


ro 9? 


1 r+ z 1 
210g cass =—2r, eo og 
are solid harmonic functions. 


4. If the polar variables be replaced by w and v, where 
0 x Om 
cote Pau, tan 50a andi=V—1, 
prove that any surface harmonic of the order » satisfies the equation 


weVy n(n+1)V 
dulv (u+o?2 — 


5. If p*, pi”, p2® be the roots of the equation in A, 


a y 32 
T= — = <n 
3 Er ey Coe ee 
and if 
dp api 
du = = = = = dur = See 
V(p? — A?) (p? = 42)’ V(A® — pi?) (pr? — we)? 
dug = ——— eli —— 
V(p2® — A”) (pa? — x) 
prove that 
ay du dy 


transforms into 
2 aR 


ay @ 
areata ys) a en 8 ee Quer es 
(p2? — pr ea (p® — pa?) Tae (pi? — p®) 4 =O. 


(9743394) 


CHAPTER XXIV. 


JACOBIANS. 


as 


338. Jacobians.—The results obtained in Articles 330 
and 331 are particular cases of a class of general theorems 
in determinants which were first developed by Jacobi (Crelle’s 
Journal, 1841). 

Thus, if u, v, w be functions of 2, y, z, the determinant 


du du du 
dx’ dy’ dz * 


dv dv dv 

Jf = pe? dy’ de (1) 
dw dw dw 
dx’ dy’ dg 


was styled by Jacobi a functional determinant. Such a 
determinant is now usually represented by the notation 


d(u, 0. w) 
A(x, Ys, a)? 


and is called the Jacobian of the system wu, v, w with respect 
to the variables a, y, s. 

In the particular case where wu, v, w are the partial diffe- 
rential coefficients of the same function of the variables a, y, g, 
their Jacobian becomes of the form given in Art. 331, and 
is called the Hessian of the primitive function. Thus the 
determinant in Art. 331 is called the Hessian of w, after 
Hesse, who first introduced such functions into analysis, and 
pointed out their importance in the general theory of curves 
and surfaces. 

2F 
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More generally, if 71, y2, Ys.-- Yn be functions of a, a, #3 
.++%p, the determinant 


Mace Ee soy » We 
da,’ dae’ °° dit, 


ys masa py Gis 
da,’ dix,’ ay Attn 


dyn dn Wn 
da,’ dan?" * dtn 


is called the Jacobian of the system of functions y,, y, . . 
with respect to the variables a, a, ....%n3 and is denoted os 


d(H, Yry eee Yu 
Fimo ete ate (2) 


ADD Ea) 
Again, if 71, Y,.--Yn be differential coefficients of the 
same function the Jacobian is styled, as above, the Hessian 


of the function. 
A Jacobian is frequently represented by the notation 


Ty"; Yop oes Yn)s 


the variables 2, x, . . . v being understood. 
If the equations for 7, y2,... Yn be of the following form, 


oe, Ai{ar), 
Y =f,(t, Ws), 


Ys =Ss(@1, Wa, Ws), 


° e e e 


Yn = flr, Lay oo Bas 
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it is obvious that their Jacobian reduces to its leading term, 


V1Z. 
dy, Ys AY n 
Lalit Ge dhe (3) 


This is a case of a more general theorem which will be 
given subsequently (Art. 343). 


EXAMPLES. 


1. Find the Jacobian of yi, y2,... Yn, being given 
Yr=l—M, Y2=%1(I1—4%), Y3=%1%2(I—w43).-- 
Yn = #12. Xn1(L — an). Ans. J = (— 1)tayt a"? . . . ant. 


2. Find the Jacobian of «1, w2, ... %n with respect to 61, 62,... 9, being 


given 
%1= C0861, %2=8in 6 cOSO2, ws = 8in 61 Sin 62 COS Os, . o 6 
2m = Sin 01 sin 2 sin 63 . . . SIN On-1 COS On. 
Gli, te, 2. , ‘ = 
Ans. i thay ay +=.» a} = (— 1)" sin”@1. sin”-16) .. . sin On. 
d(61, Oz)» ~s On) 


339. Case where the Functions are not Indepen- 
dent.—If y;,, y...Yn be connected by a relation, it is 


easily seen that their Jacobian is always zero. 
For, suppose the equation of connexion to be represented 


by 
E'(Ysy Yoy + + + Yn) = 03 


then, differentiating with respect to the variables a, 2%, ... ans 
we get the following system of equations :— 


O, 


dF dy, A dF dy2 m s dE dyy 
dy, day Ye day it dn ax, a 
2F2 
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whence, eliminating —— ae 


dF dy aF Mya 
dy, AL, * is dat 
dF dys OF an dyr 
dy dln dYyz ty 
dF dF oF 
dyn” * dyn 
A (Yrs Yo + + + Yn) 
OGG hes st. Ln) 


The converse of this result will be established in Art. 344; 
and we infer that whenever the Jacobian of a system of 
functions vanishes identically the functions are not indepen- 
dent. This is an extension of the result arrived at in Art. 


314. 


340. Case of Functions of Functions.—If we sup- 
POse %1, U2, Us to be functions of y, %, Ys, Where Yi, Yo) Ys are 


Jacobians. 


functions of 2, #2, 73; we have 


a, 
de, 


— dy, dy; 


du; 


Ais 


duty 
das 


~ dy; di; 


dy dy, 
~ dy. Y1 Ate 


du, dy; 


dy. divs 


du, dy2 
dye da, 


, ae yr 
* Ty Atte 


du, ays 
dy, dis 


aF dyn Mt 
Dn dit 


=O, 


=0. 


du, dys 
dys da,’ 


du, dis 
dys da,’ 


du, dys 
dys dats’ 


$ &e. 
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Hence, by the ordinary rule for the multiplication of 
determinants, we get 


du, du an dy dy duty dy, dy, dy 
dx, xz % dis dyy dy dys dx,’ Axe ; dis 


die, da,’ das\ |dyv dy, dys di,’ daz? dit 

Ss peer in lie |e ney pa] |e, ss ae 

dx? da,’ das| |dyv dy’ dy da,’ dar’ dats 
a(t, Ury us) A(t, Uay U3) d(, Yrs Ys) 


or =, 
d (a, Woy s) A(Yrs Yo» Ys) d (a, Vary 3) 


It follows as a particular case, that 


A(Yry Yrs Ys) _ U(r, Way Ws) 2, (6) 


a x = 13 


A(ary Woy 3)  A(Yry Yas Ys) 


These results are readily generalized, and it can be shown 
by the method given above that 


(Uy, Uay + ~ Un) — E( try hay +--+ Un) (Yrs Yo) +» + Yn) (7) 


OG, Way. A) 1 B(Yay Yas vic Yn) 1B (iy Bae Hp) 


This is a generalization of the elementary theorem of 
Art. 19, viz. 


au dudy, 
de dydu 
Again, 
E(Yr, Yay + ++ Yn) A(t, ay ++ @n) _ (8) 


OG, Pisa iain) DYip Yr, - SaYa) 
This may be regarded as a generalization of the result 


da _ dy 


—x=2]f-—e 


dy dx 
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341. The Sacobian is an Envariant.—In the parti- 
cular case of linear transformations we have a system of 
equations as follows :— 

Yr = A, + A. o- + OnXn, : 
Yo= bia, =f One mousse Dubay 
Yn = a + heata. o ee + Intra 
In this case 
NA Ae eee an 
(Yrs Yo» ++ Yn) _| by by oes On 


alte sees) he 
1; (fs fee Ln 


This determinant is a constant, and is called the modulus 
of the transformation. 

Accordingly, in linear transformations the transformed 
Jacobian is equal to the original Jacobian multiplied by the 
modulus of the transformation. 

In the case of orthogonal transformation (see Art. 327) 
the modulus of the transformation is unity, and accordingly 
the Jacobian is unaltered by such a transformation. 

342. Jacobian of Implicit Functions.—Next, if 
u, v, w, instead of being given explicitly in terms of a, y, s, 
be connected with them by equations such as 

F(@,Y,8,U,0,w) =0, F(x, y,8,U,v,w)=0, F(a, y,2, u,v, w) =0, 
then uw, v, w may be regarded as implicit functions of 2, y, s. 
In this case we have, by differentiation, 


da dude dvdxe dwdxe ° 
dy dudy dv dy dwdy ” 
de dudx dvde dwde ” 
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Hence we observe, from the ordinary rule for multiplica- 
tion of determinants, that 


di, “dh ak. du dv dw OB Ol ak 


‘du? dv? dw| \de de da ‘de’ dy’ ds 

dk, dk, aF, - dt dv dw dF, dk, ak, ) 
du’ dv’ dw| |dy dy dy| | de’ dy’ asf (9 

im am anil |e do dol an am an 
du’ dv’ dw| |ds’ ds’ ds “de? dy’ ds 


This result may be written 


df, FF) d(u,o,w) dF, F, FB) 


d(u, v, w) ° d(a, ys 2) d(a, Y, 2) 


The preceding can be generalized, and it can be readily 
shown by a like demonstration that if 41, Yo Ys - Yn 


are connected with %, a, %...@ by » equations of the 
form 


Pi (Gre. ny Yity Ys se Yn) =O» 
F(a, Vz0ee+Xny Yiy Yoon Yn) = 0, (10) 


Fin, Bee0+Uny Yip Yo2-00 Yn) = 0, 
we shall have the following relation between the Jacobians: 


d(F, Fr, .. . Fn) d(r, Yrs ese Yn) = (- n a, Ff, « on Fn) 
Qs Yay os Yn) Ay Bye » Sn) Ob (Bi, Gas een) 


Accordingly 
ul eae 
CAC Yr 200 Yn) m (a1, DS OC Ln) 
Cr resin gle ee ee Ape LS 
A(Yiy Yoo + + + Yn) 
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343. Again, the equations connecting the variables are 
always capable by elimination of being transformed into the 
following shape :— 

fi (2, Mayle = = Cag Ye) = Os 
2 (X25 3, +++ Uny Viz Y2} = 0, 


ps (as, Uy - + + Uny Yiy Yop Ys) =O, (12) 
n(2ns Yry Yr oes Yn) == (Oy 


In this case the Jacobian determinant 


a(pr, $2» Sa n) 
GAGs Sls wie Yn) 


as in Art. 338, reduces to its leading term 


As pe ds dn 
dys dys dys" dyn 


In like manner, 


d(dr, ey cee dn) 


G(a, Way... Ln) 


reduces to 
ddi dp,  ddn 
dt, dt, ~~ dit, 


Accordingly, in this case, the Jacobian 


do, de dbn 
da, diz" Atty 
dp, dbz dn 
dy dys eee Yn 


B(Yry Yay + + + Yn) 


ENE i? 


d(a, Vay vee aa) i 


(13) 


344. Case where Jacobian vanishes.— We can now 
prove that if the Jacobian vanishes, the functions y,, y2,... ¥ 


are not independent of one another, ; 
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For, as in the previous Article, the equations connecting 
the variables are always capable of being transformed into 
the shape given in (12), and accordingly, if J (yi yz, +++ Yn) =9, 
we must have 

Geta te 
doi 4 
ise o for some value of ¢ between 1 and n. 

Hence, for that particular value of ¢ the function ¢; must 
not contain #;; and accordingly the corresponding equation 
is of the form 


Pi (Wisty 0 - Wny Yip Yr» ss Yi) = 0. 


that is, we have 


Consequently, between this and the remaining equations, 
Pix = Oy hi = O, - ++ Gn =O, 


the variables wis: Vis, . . . Ym can be eliminated so as to give 
a final equation between 71, %2,...Y%n alone. ‘This establishes 
our theorem. 

Also, it follows that if the Jacobian does not vanish, 
the functions are independent. 


345. In the particular case where 
Yi = F(a, Lr, oe Ln), 


Y2 = Fi, Hoy 2 + Di), 


Yn =F (Yry Yo) » + + Ynty Un), 
we have 


B(Yrs Yry +++ Yn) Wr Wo Wn a 
Mette ida: dt, a ide,, 4 


It may be observed that the theory of Jacobians is of 
fundamental importance in the transformation of Multiple 
Integrals (see Int, Calc., Art, 225). 
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EXAMPLES. 


1. Find the Jacobian of y1, y2,-..+ Yn with respect to 7, 61, 2, . - - Ont, 
being given the system of equations— 


Yi =7C08O1, Y2=7Sin 61 C0802, Y3 =7 SiN 41 SiN O2 COS 03, . » « 
Yn = 7 Sin 01 Sin 62... SiN On-1- 
If we square and add we get 
Yr + Yer +o Yer =r. 
Assuming this instead of the last of the given equations, we readily find 
J = rn-! sin-*9; sin®-3 92 . .. SiN On-2. 
2. Find the Jacobian of y1, y2 . . . Yn, being given 
Yi=t1(l —#2), Ye=M1%2(I— Ws) eee 
Yn-l = U1%2 . + - Ln-1(1 — Fn), 
Yn = 0102... tm 


Here, yi + Y¥2+-+-Y¥n=%, and we get 


A (Y1, Yrs - + + Yn) 
@ (01, Lay s+ An 


= ayn gn ane ate 


346. Case where a Relation connects the Deper- 
dent Wariables.—If %, y2... Yn, which are given func- 
tions of the variables a, a... .&,, be connected by an 
independent relation, 


F (1; Yay + + + Yn) = 0, (15) 


we may, in virtue of this relation, regard one of the variables, 
%m Suppose, as a function of the remaining variables, and thus 
consider 41, Yo, +--+ Yn1 8 functions of %, %,... Wa. In 
this case it can be shown that 
uP 
A(Yry Yor oe « Yn-1) _ dyn d (Yr, Yrres Yn) a 
a (a1, U2 2 os 4n-1) ak d (a, Ley eee an) 
dik 
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For, if we regard 2, as a function of 2, a, &c., we have 


d dy, dy, da, ad dy, dYz din 
ca Drs ao em aa a ey ey 


Also, from equation (15), 
dF dF diy dF dF dan 
—=0, &e. 


dat, TT ee te Ain Mil, 


dF dF ar 
, day dit, Ahn 
Again, let A= ae =F ee. ee ae 
din Mtn Wer, : 
then ee i = i ee 
d = di dy d dy; dy, 
eee 99 a ay? Tae, Oa, aa 
f Z e : &e. 
Accordingly, substituting in the Jacobian 
A(Yry Yrs +++ Yn) 
d (@y te, = 0 Cha)” 
it becomes 
dy, _y a dy, _\ a dy: _ y an 
da,“  dity? it, —” ity? °° Uitn, ” Aaty 
dys i dis dyn _) Ws dif dy 
dit, | din’ dit da Pie ae, 


Un _y Ayn BYnr AYna Una _ Ayn 
Come ae aa ag ee de, 


If this determinant be bordered by introducing an addi- 
tional column as in the following determinant, the other 
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terms of the additional row being cyphers, its value is readily 
seen to be 


di dy dy, 
dat,’ dat,’ °° day 
Ye ds Ayr 
da,” die ek alae 

b] 
dy. n-1 dna d Y. n-1 
dies da er mee 


Aw Aes eee £ 


or 

Gye, aN: a 
da,’ de — ay 
dY2 dy. dys 
I da,> da’  - tn 

di 
dan) dyna» Una Yn 
lt, Uke os ee 
dF dF aF 
da,’ din = des 

Again, we have 

dF dF dy, | dF dy, n dF dyn 


‘da, dy, day dy, dey eras dyn da,’ 


ar dF dy 2 dF dyp bs dF dyn 
dz, dy, da, dy, dit, “°° dyn day? 


Substituting these values in the last row of the preceding 
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the theorem is established, since we readily find that the 
determinant is reducible to 


dt idan Atm 


dF AY Aya dy 


din day? di ae din \- (16) 
dF} , : A 
diy 


Ain dyn dYn 
dt,’ day ~~ diy 


It may be well to guard the student from the supposition 
that this latter determinant is zero, as in Arts. 339 and 344. 
The distinction is, that in the former cases the equation 
F' (v1 Yo. + Yn) = 0, connecting the y functions, is deduced 
by the elimination’ of the variables 7, 2...» from the 
equations of connexion; whereas in the case here considered 
it is an additional and independent relation. 
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EXAMPLES. 
1. Being given 
Yi =7sin 6; SiN O2, Y2 = 7 Sin 61 COS O2, 


¥3 =7r cos; sin 63, 4 = 7% COS 41 COS 63, 
eed ; : 
find the value of the Jacobian OY, Yes Ys M4) Ans.€r* sin 0; cos 61. 
d(r, 01, O2, 43) 
: : d(x, Y, 2) : 2 
2. Find the Jacobian ——~~’—, being given 
TG, pee 
z=rcosdcosd, y=rsing VI —m'*sin*?, z= rsin g/t — nsin”6, 


where m?+ n* = 1. 


x? (m? cos* + n*cos?6) 


Ans. —— : 
VI—m*sin’> VI — n*sin*0 
3. Being given 
~ @223 a 212X3 oe L222 
al ae Vee? aA cage 
find the value of the Jacobian of y1, y2, v3. Ans. 4. 
4. In the Jacobian 
ad(yi, Yr-e8 Yn) 
a(x, V2, 206 Yn)? 
if we make 
uy uz Un 
| ear = re »++Yn=—, 
prove that it becomes 
Uy Ui Oy Boar 
du du, due dun, 
aay du ada ~~ dx, 
I} du du dw dun 
Uns] dae’ dite? dag’ **" date : 


du duy_— dg dun 
din den att a din 

This determinant is represented by the notation K(u, 1, ... tn). 

5. If a homogeneous relation exists between w, #1, . . . %¢n, prove that 
TE (Uy ti, «> - Un) =O. 


6. In the same case if yi, yz, ~~~ Yn possess @ common factor, so that 
Yi = uu, &e., prove that 


T (Ys Yry «6 + Yn) = 2U"T (wry Ury oo» Un) — ULE (tu, th, tay oo » Un) 
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CHAPTER XXV. 


GENERAL CONDITIONS FOR MAXIMA OR MINIMA. 


347. Conditions for a Maximum or Minimum for 
Four Wariables.—The conditions for a maximum or a 
minimum in the case of two or of three variables have been 
given in Chapter X. 

It can be readily seen that the mode of investigation, and 
the form of the conditions there given, admit of extension 
to the case of any number of independent variables. 

We shall commence with the case of four independent 
variables. Proceeding as in Art. 162, it is obvious that the 
problem reduces to the consideration of a quadratic expres- 
sion in four variables which shall preserve the same sign for 
all real values of the variable. 

Let the quadratic be written in the form 


U = Ayhy” + Azg2? + Assy” + Asste? 
HF 2. Hq + ZAHM U3 + 2Ay4U1U, + 2 A23¥oV'35 


+ 20 y4V 4 + 20340304, (1) 


in which ay, G2, G2, &e., represent the respective second 
differential coefficients of the function, as in Art. 162. 

We shall first investigate the conditions that this ex- 
pression shall be always a positive quantity. In this case 
Giy Gx, 33, &¢., evidently are necessarily positive: again, 
multiplying by du, the expression may be written in the 
following form :— 


ayu= (diay + Aga + M33 + ac)? et (Q11d22 = a2") Hy? + (Gia = ays") x3? 
ot: (Auidas = aha’) Ue +2 (11423 = Ay2lti3) LX3 


+ 2 (Arides — irda) 2004 + 2 (Mids, — Aisa) Wal (2) 
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Also, in order that the part of this expression after the 
first term shall be always positive, we must have, by the 
Article referred to, the following conditions :— 


A122 — Ay" > O, (3) 
\2 
(411422 — (y2") (G13 — a3") =o (41423 — A2M3)" > O, (4) 
and. 
Ay1Ag2 — Az" 1123 — A213, = A11 Arg — Ay2Mig 
123 — Ai2My3, 1133 — As", A134 — Aisi4 | > O- (5) 


2 
A114 24— AyeAi14y 1134 — MisQi4y = M1 4g — Cag 


To express the determinant (5) in a simpler form, we 
write it as follows:— 


Ay15 Ay25 Ay35 Ay 
O, 1422 — Ay2", Q1M23 — Ay2M\3, 1024 — Ai2Ns 


a alt 


a1 O, 123 — AyeMy3y A133 — As", 11434 — Ay3Q4 
O,  Ay24— Ay2Ay4y a A34 — Aasti4y Aa — a? 


- | Next, to form a new determinant, multiply the first row 
by’ 12, dis, Gu, successively, and add the resulting terms to 
the 2nd, 3rd, and 4th rows, respectively; then, since each 
term in the rows after the first contains a, as a factor, the 
determinant is evidently equivalent to 


Ay1y yon 3p 


A Ay25 22, Aes, Ara 
an (7) 

G13, ez, As37 Asa 

G14, Arty zd gg 


In like manner the relation in (4) is at once reducible to 
the form 
M15 iz Ms 


Ayr} Giz, Age) gg > O. 


G3,  Ae3, 33 
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Hence we conclude that whenever the following condi- 


tions are fulfilled, viz. 
Ay15 25 A135 Cia 
My15 A125 C3 
Aty Ae A125 22) Coy dra 
ay, > 0, > O, | diay 22, Ao3| > O, 710; 3 (8) 
(135 G23, M335 U4 


Ai2, Azz 
i235 Cea, M33 
Ursy Arty Ua4y Mas 
the quadratic expression in (1) is posttive for all real values 
OL Lig sy hay Le. 

Accordingly, the conditions are the same as in the case 
(Art. 162) of three variables, with the addition that the deter- 
minaunt (7) shall be also positive. 

In like manner it can be readily seen that if the second 
and fourth of the preceding determinants be positive, and 
the two others negative, the quadratic expression (1) is 
negative for all values of the variables. 

The last determinant in (8) is called the discriminant of 
the quadratic function, and the preceding determinant is 
derived from it by omitting the extreme row and column, 
and the others are derived in like manner. 

When the discriminant vanishes, it can be seen without 
difficulty that the expression (1) is reducible to the sum of 
three squares. 

It can now be easily proved by induction that the preceding 
principle holds in general, and that in the case of n variables 
the conditions can be deduced from the discriminant in the 
manner indicated above. 

348. Conditions for n Wariables.—If the notation 
already adopted be generalized, the coefficient of 2,’ is 
denoted by a,,, and that of am by 2d,m. In this case the 
discriminant of the quadratic function in » variables is 
Giiy izy 3p ww thin 
G2 rx, azn ww ew Con 


Giz, M23, A335 eee Asn 9 (9) 


Ging Azny any + © + Ann 
2G 
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and the conditions that the quadratic expression shall be 
always positive are, that the determinant (9) and the series 
of determinants derived in succession by erasing the outside 
row and column shall be all positive. 

To establish this result, we multiply the quadratic func- 
tion by ay, and it is evident that 


Ayu = (Qua aA) 1G ow Gigtny ss (i122 = Aye?) a2" sere 
+ (Qndan — Gin®) an” + 2 (drde3 — A2Mrs) Ls + 
+ 2(GyArn — Grin) Cpkn + Ke. 

In order that this should be always positive it is necessary 
that the part after the first term should always be positive. 
This is a quadratic function of the nm — 1 variables a, %,...2n. 
Accordingly, assuming that the conditions in question hold 


for it, its discriminant must be positive, as also the series of 
determinants derived from it. But the discriminant is 


2 
A122 — Ae", Ay193 — A203) + + «© Aen — Ay2Qin 
2 
11423 — AyoMisy 11033 — Ais’, eee A1A3n — A3Ain 


1024 — Ay2Qy4, A134 — MygMigy we © M1 A4n — QisQin | (10) 


Ai1d2n— AW2Ainyg Aidan, —Ai3Aing 2 2 © AniAan- Ain 


Writing this as in (6), and proceeding as in Art. 347, it 
is easily seen that it becomes 


Aiity Aizy Ais «2 » Ain 


Ai25 A225 A235 eee Ao 


G,"-* Mae) 
G13) Ar3, sz) 0 ew «= An SCOP ( ) 


° . ° . . 
Qing Qeny A3ny eer. ann 


i.e, the discriminant of the function multiplied by a". 

Hence we infer, that if the principle in question hold for 
n—1 variables it holds for xn. But it has been shown to hold 
in the cases of 3 and 4 variables, consequently it holds for 
any number. 
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We conclude finally that the quadratic expression in 
variables is always positive whenever the series of determi- 
nants 

Git Ciao Ss). 4s 


Qty Aa, ths tien, Uhh oo 5 UE 


Aiiy Aig 
Wis Ding sons lag fy ase < a ee re te by aki qk’) 


Ui, 


A125 Arg 
Ay3y A23, A33 


Qiny Any oe 6 Ann 


are all positive. 

According as the number of rows in a determinant is 
even or odd, the determinant is said to be one of an even or 
of an odd order. 

If the determinants of an even order be all positive, and 
if those of an odd order, commencing with an, be all negative, 
the quadratic expression is negative for all real values of the 
variables. 

Hence we infer that the number of independent conditions 
for a maximum or a minimum in the case of » variables is 
n — 1, as stated in Art. 163. 

It is scarcely necessary to state that similar results hold 
if we interchange any two of the suffix numbers; 7.e. if any 
of the coefficients, d22, dss, +. + Anny be taken instead of a, as 
the leading term in the series of determinants. 

If the determinants in (12) be denoted by Ay, A,, As, ... Any 
it can be seen without difficulty that whenever no one of these 
determinants vanishes the quadratic expression under con- 
sideration may be written in the form 


A: 
Ai 


As An 
Ue PS UES + 
PEN tee A 


Ai Ui; te ue (13) 


n-1 

Hence, in general, when the quadratic is transformed into a 
sum of squares, the number of positive squares in the sum 
depends on the number of continuations of signs in the series 
of determinants in (12). 

It is easy to see independently that the series of conditions 
in (12) are necessary in order that the quadratic function 
under consideration should be always positive; the preceding 

2G2 
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investigation proves, however, that they are not only necessary, _ 
but that they are sufficient. 

Again, since these results hold if any two or more of the 
suffix numbers be interchanged, we get the following theorem 
in the theory of numbers: that if the series of determinants 
given in (12) be all positive, then every determinant obtained 
from them by an interchange of the suffix numbers is also 
necessarily positive. 

Also, since when a quadratic expression is reduced to a 
sum of squares the number of positive and negative squares 
in the sum is fixed (Salmon’s Higher Algebra, Art. 162), we 
infer that the number of variations of sign in any series of 
determinants obtained from (12) by altering the suffix 
numbers is the same as the number of variations of sign 
in the series. 

349. Orthogonal Transformation.—Asalready stated, 
a quadratic expression can be transformed in an infinite 
number of ways by linear transformations into the sum of 
a number of squares multiplied by constant coefficients; 
there is, however, one mode that is unique, viz. what is 
styled the orthogonal transformation (see Art. 341). 

In this case, if X,, X., X3,... X, denote the new linear 
functions, we have 


Oy +f +... + ty? = K+ Xe? + Go. + X,2 = V; 


also, denoting the coefticients of the squares in the transformed 
expression by a, dz)... Gny 
Ta aye? + Gat? + oo +F Ogntn + oo + 2UiBits + 20, +e 
= exne tr UGE ete Une 
Hence, equating the discriminants of U- AV for the two 
systems, we get 
hy — A, Qe, oes Ain 
Gye, Anm—A, .2+ Aan 
= até 
A= Q35 A235 eee Asn Sas X)(a2.-d) 25° (an a X). 


7 


Qin Qeny eee BN (14) 
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Accordingly, the coefficients a, a, ...d, are the roots of 
the determinant A. 

Moreover, in order that the function U should be always 
positive or always negative for all real values of the variables 
1) %y +> Lny the coeflicients a, a... d, must be all positive 
in the former case, and all negative in the latter; and con- 
sequently, in either case, the roots of the determinants in (14) 
must all have the same sign. 

For a general proof that the roots of the determinant A 
are always real, and also for the case when it has equal 
roots, the student is referred to Williamson and 'l'arleton’s 
Dynamics, Second Edition, Chapter XIII. 
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Misce~nannous ExaMPLEs, 


1. If a, B, y be the roots of the cubic 


e+ pur +gqeu+r=0, 


dp dq ar 
da da da 
dp dq ar 4 

show that be eee nee Need rye —a)(a—y)- 
ap’ dp’? dp (y — B)(B — a)( ) 
dp dq ar 
dy dy dy 


2. Being given the three simultaneous equations 
gi(Z1, %2 U3, £4) =0, 2(u1, %2y %3, 4) =0, $3(#1, Hey Ly %4) = 0, 


die, da, dx, 


. determine the values of Pe hey oe ee 

If « and y be not independent thet the equation = oe 
3. If x and y be not independent, prove that the equation iady. ae 
does not hold good, in general. 


4. Prove that the points of intersection of a curve of the fourth degree with 
its asymptotes lie on a conic; and in general for a curve of the degree ” they 
lie on a curve of the degree ” — 2. 


5. Prove that every curve of the third degree is capable of being projected 
into a central curve, (Chasles). 


For if the harmonic polar of a point of inflexion be projected to infinity, the 
point of inflexion will be projected into a centre of the projected curve (see p. 282). 


6. Two ellipses having the same foci are described infinitely near one 
another, how does the interval between them vary ?P 


(2) How will the interval vary if the ellipses be concentric, similar, and 
similarly placed ? 


7. Eliminate the arbitrary functions from the equation z = (2) w(y). 


8. Show that in order to eliminate » arbitrary functions from an equation 
containing two independent variables, it is, in general, requisite to proceed to 
differentials of the order 2n —1. How many resulting equations would be ob- 
tained in this case ? 


g. In the Lemniscate 7* = a cos 26, show that the angle between the tan- 


gent and radius vector is + 20. 
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to. Ff the determinant of the n‘” order 


& 
& 
8 
8S ae 8 


fy Ay 5 
d&p 
be denoted by An, prove that ae NAn-1- 


11. Prove that the ellipses 
ay? + Ba = ab? (1), aa? sect p + b?y? cosect p = ate (2), 
are so related that the envelope of (2) for different values of ¢ is the evolute of 


(1) ; and the point of contact of (2) with its envelope is the centre of curvature 
at the point of (1) whose excentric angle is ¢. 


12. Being given the equations 
i=, by= VRP Pm, 
prove that 


ee aa 


13. If 1—y—ay™=o, develop y* in terms of « by Lagrange’s Theorem. 


ar 2 
da? + dy? = (x2 — 48) § » dp \ 


14. Being given #=7 cos6, y=7 sin6, transform 


_ 15. Apply the method of infinitesimals to find a point such that the sum of 
its distances from three given points shall be a minimum. 


If p1, p2, ps denote the three distances, we have dp; + dp2+dp3 =O: suppose 
dp, = 0, then d(pz + p3) =0, and it is easily seen that p: bisects the angle be- 
tween pz and ps, and similarly for the others; therefore &c. 


16. Eliminate the circular and exponential functions from the equation 
y= esin le, 
17. One leg of a right angle passes through a fixed point whilst: its vertex 


slides along a given curve, show that the problem of finding the envelope of the 
other leg of the right angle may be reduced to the investigation of a locus. 
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18. If two pairs of conjugates, in a system of lines in involution, be given 
by the equations 


u = an? + 2bay+cy2=0, W=ax? 4+ 20’xy + cy* =0, 
show that the double lines are given by the equation 


ee a, - is ae = 0. (Salmon’s Conics, Art. 342). 


dady dy dz 
Baal x2 Zn-1 
19. If M=—, @=—, Mwi= 
Ln tn in 


where #1, 22, ... 2%» are connected by the relation 


aye +ar+a37+.. + 272% = I, 
prove that the Jacobian 


d (1, te, «+ Un-1) oSEt 
d (a1, U2, 02 2 Ln-1) Lr 


20. If the variables y1, yz, ..+ Yn are related to x1, 42, »~~. %n by the 
equations 


YL = M41 + Agtet+. .-+ aArtn, 


Y2 = 0141 + botz+ 220+ Ontny 


Yn=hay + ht2 +...+lntny 
and if we have also 


ay + te +... tay = 1, 


yvtyet+...t+y2%=1, 
prove that the Jacobian 

A(Yry Y2, +++ Yn) _ Yn 

d (a, U2, 2 2 Xn-1) 2 Xn 


21. Prove that the equation 


ry? — 2suy + ta = px + qy —% 


qd? 
may be reduced to the form _ +2=0 by putting e=wcosv, y=usine. 


22. Investigate the nature of the singular point which occurs at the origin 
of coordinates in the curve 


wt — 2aa?y - ary? + ay? =0. 


cot. eae 
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23. Investigate the form of the curve represented by the equation y = e- 
24. How would you ascertain whether an expression, V, involving 2, y, and z 
is a function of two linear functions of these same variables P 


Ans. The given function must be homogeneous; and the equations 
CVs. aV - La 
di dy = de’ 

: 1. e. the result 


must be capable of being satisfied by the same values of 2, y, z 
of the elimination of x, y, and z between these equations must vanish identi- 


cally. 
25. Ify= $(2”), prove that 


any = (2%)" ge (4) + n(n — I) (24)"® plr-}) (a? 


dz” 
- n(n = 1) 2 ee (nm = 3) (2a)n-4 pn) (a?) Fe &e 
26. If z+ iy = (a + iB)", where i = V—1, prove that 


dx? + ay?” ae da* + dp? 
e+ y? a a? + Bp * 
I-¢ sin? 


’ prove hat —— ia ee a = 
ae t at I 62 sin? ) 


27. Iftan¢ tany= area 


I 
28. If “= jaye prove that 
transforms into VE y)( ae 2y* 


du 
V(I — 2) (1—- #2?) 


Prove that 


29. Hence prove that 


For ae ue =(c4e" =) du du 2 
ax dz) dz 


therefore 
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30. Prove that 
eT bo d 2) _ pte 
(+=) (e5-% ) («<- u= a 


By the preceding example we have 


bat ad {du _ 3 Bu oe Bu 
da\” dat)” dad da’ 
d du au 
theref: OS A es ey ese 
erefore (ex ) Te ZB 


31. Prove, in general, that 


(«) POA Nae Fuld Veen 
da dx dx Pe (25-04 ere: 


This can be easily arrived at from the preceding by the method of mathematical 
induction: that is, assuming that the theorem holds for any positive integer m, 
prove that it holds for the next higher integer (m + 1), &c. 


5 CR ae 3a 
2. d = —(-)i fi = QQ e .-—"s 
32. Fin : + ae () in terms of 7, when 7? = a? cos 20 Ans a 


33. Ltu= (2? + y*? + 2), prove that 


d‘u A dtu f du ns dtu ee du os dtu I 
dat dy* dz* da? dy? dy” dz dz® da 


oO. 


x aie : 
Buea Pay and » = tan} () , prove that 


dng pn E2223 oes. 008 (+I) p . cosmo 
ae =a 
ans nb 2+3+++ 2m. C08 (2m + I) pcos? 
ay =1) eG eae 


2.3... (22+ 1)sin (27+ 2) p. cosnt?p 
gente < 
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35. If w be a homogeneous function of the n** degree in a, y, z, and if 21, w2, v3, 
denote its differential coefficients with regard to x, y, z, respectively, while 
wi, viz, &¢., in like manner denote its second differential coefficients, prove that 


W1, U2, M3, UW 
U1, U12, 13 
U2l, U225 U23, U2 nU 


U21, U22, Yea fo 
U31, U32, U33, Us 

Uzi, 32, 33 
U1, U2, U3, ce) 


36. If u be a homogeneous function of the n*” degree in a, y, 2, w, show 
that for all values of the variables which satisfy the equation «=o we have 


U1, Mie, 3, WwW M11, U12, M13, 14 
U21, U22, Uo3, te we Uzi, U22, U23, ag 
U31, .U32, 33, U3 - (m—1)?} 31, Usa, 33, a4 
WM, U2, U3, O U41, U42, U43, Uda 


37. If «+A be substituted for x in the quantic 
(n=1) 


iene 2 
Ay 2 + naar + . anan* + &e. + Any 


and if ao, a1,....@r.+.. denote the corresponding coefficients in the new 
quantic, prove that 

da'y i 

—— = 170 yore 


dx 


It is easily seen that in this case we have 


, Aaa) 
Vy = Op + Ayr + 


Ay-2r? + &C. weet Qoars .*. &e. 


38. If be any function of the differences of the roots of the quantic in the 
preceding example, prove that 


a a, ae a CS + na g ='0 
nce ee eee ee Se 


This result follows immediately, since any function of the differences of the 


roots remains unaltered when z + A is substituted for z, and accordingly 
dp ; 5 

— = 0 in this case. 

dn 


39. Being given 


waaytVI-@—-Y4ey, verVI-PYtyVI-Z, 
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prove that 
dudv dvdu 


— — — —_ — =D 


dz dy dud . 
and explain the meaning of the result. 
40. Find the minimum value of 


sin 4 sin B sin 0 


: here 4 + B + C= 180° 
sin BsinC sin (sin 4 eee Pe 


41. Prove that 
be ag) = (« ad BAC: 
p («3) Sf (an) =o 5) (a2), 
where ¢ (z) is a rational function of x. 


42. Show that the reciprocal polar to the evolute of the ellipse 


with respect to the circle described on the line joining the foci as diameter, has 
for its equation 
SM 
2p + - =I, 
43. If the second term be removed from the quantic 
(a0, G1, Az, «+ » Gy) (x, y)” 


by the substitution of # — < y instead of z, and if the new quantic be denoted 
0 


by (Ao, 0, de, Az, .. + An)(%, y); show that the successive coefficients 
Az, As... An are obtained by the substitution of a for x and — ap for y in 
the series of quantics 


(0) @1y G2) (% Y)y (oy A1y Gry 3) (%, Y)y «0 » (M0) Aly + oo An) (a, Y). 
44. Distinguish the maxima and minima values of 
1+2z¢ tan) & 
tae 
ae? + 2b'4 + oc 


cre eye, prove that 


45. Ify= 
BS dy ¥ (ac — 8) y® + (ac + a’'e — 2bb')y + ae’ — b 
2 dz (ab') a* — (ca') & + (bc') : 


where (ab) = ab’ — ba’, &e.... 
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46. If(X4+mV+nZ7, 1X+m'VYt+n'Z, wX+m"’V+n"Z, be substituted 
for , y, 2, in the quadratic expression aax* + by? + cz? + 2dyz + 2ezu + 2fay ; 
and if a’, 0’, c', d’, e’, f’ be the respective coefficients in the new expression ; 
prove that 


ad , 
a’, if > é ? a, S @ 
*, &, ad, {=o whenever] f, 0, @ how 
Oy OS (b. Gh TF | 


47. If the transformation be orthogonal, i.e. if 
e+y?+2= X24 24 22, 
prove that the preceding determinants are equal to one another. 
48. Prove that the maximum and minimum values of the expression 
ax* + 4bu? — 6cxu? + 4dx +e 
are the roots of the cubic 


a — 3 (a - 3H?) 2 + 3 (al? — 18HJ)2- A =0, 


where H=a—, T=ae— 4bd + 3, 


J=| 6, 0,-d j, andA=f— 273% 


By Art. 138 it is evident that the equation in z is obtained by substituting 
e — z instead of ¢ in the discriminant of the biquadratic ; accordingly, since the 
discriminant of the biquadratic is 


27 Jiri =O; 
we have for the resulting equation 
(I— az)8 = 27(J —zH)?. 

Tn general, the equation in z whose roots are the » — £ maximum and mini- 
mum values of a given function of » dimensions in % van be got from the dis- 
criminant of the function, by substituting in it, instead of the absolute term, 
the absolute term minus z. 

It is evident that the discriminant of the function in z is, in all cases, the 
absolute term in the equation in z. 


49. If A be the product of the squares of the differences of the roots of 


@— pe + qe—r=0, 
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d. ; ; 
find an expression for ~ by solving from three equations of the form 
is 


dA dddp | dAdq , dAdr 
da dpda dgda drda 


Ans. 2(B+7—2a) (y+a- 28) (a+ B—2y). 


so. If X+ YV—1 be a-function of « + y V-1, prove that X and Y satisfy 
the equations 
OX OLS, PY PT 
We ie dx" dy. 


51. If the three sides of a triangle are a, a+a, a+ 8, where a and B are 
infinitesimals, find the three angles, expressed in circular measure. 


vr at+B cB oe *  2ec8 

3 W/ 53 fg 3 44/8 
52. Ify =x + ax, where a is an infinitesimal, find the order of the error in 

taking = y — ay’. 


Ans. 


53. The sides a, b, c, of a right-angled triangle become a+ a, 6+ B, ¢+ yy 
where a, 8, y are infinitesimals; find the change in the right angle. 


cy — aa — bB 


Ans. a5 


54. Ifa curve be given by the equations 
ax = ft + 2t+ fF — 2t, 


oy = B+ 2t fa, 
find the radius of curvature in terms of ¢. 


55. In the curve whose equation is y = e~**, determine all the cases where 
the tangent is parallel to the axis of 2. 


If 6 be the greatest angle which any of its tangents makes with the axis of z, 
2 
prove that tan@ = o 


56. In a curve traced on a sphere, prove the following formula for the 
radius of curvature at any point: 


57. Apply this form to show that in a spherical ellipse we have 
sin p sin p’ = const., 


where p and y’ are the perpendiculars from the foci on any great circle which 
touches the ellipse. 


——————— ee ”~—S 
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58. Prove the following relation between (p, p’), the radii of curvature at 
eorresponding points of two reciprocal polar curves : 


1 he 
PP cosy? 
where y is the angle between the radius vector and normal. 


59. If AB, BC, CD, ... be the sides of an equilateral polygon inscribed in 
any curve, and if 4D be produced to meet BC in P, oS that, when the sides 


of the polygon are diminished indefinitely, BP = 3£ —, where p and p’ are the 
p 


radii of curvature at B and at the corresponding point of the evolute. 


oo. If = gaVE matt y+ ¥)+V 0-9) (E4242) 


z-y 
Vi —-a—V1—4\2 
and Bol ace ee +U+ Ys, 


‘ dUdV dVav 
dnd the value of oo we = iy’ 


I 1 
61. If V=a+—, and z=2+-, 
gn e 
prove that 
GV av 
2 pes SF) 
(2-4) — a te Ge vwV =0. 


62. Determine 4 and & so that the curve 
(x? + y*) ( cosa+y sina — a) = k* (4 cosB + y sinB — 8) 
may have a cusp; a, B, and @ being given, and the coordinates being rectan- 


gular. 


Prove that in this case the cuspidal tangent makes equal angles with the 
asymptote and with the line drawn from the cusp to the origin. 


63. Find the coordinates of the two real finite points of inflexion on the 
curve y* = (% — 2)" (e — 5), and show that they subtend a right angle at the 
double point. 


64. If 2, y, 2, be given in terms of three new variables, w, v, w, by the fol- 
lowing equations: «= Pu, y=(P-—4)v, z= (P-e)w, where 


I + bv? + ew 
wt Or + we’ 
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it is required to prove that dx® + dy? + d#? = L?du? + M*dv? + N*dw*, and to 
determine the actual values of LZ, M, NV. 


65. Ift+y=X, y=XY, prove that 


au au és du du au iy du 
© pe ips! ee a I a 
ady — ydz 
66. Being given w = w8 — 30, y = 3u*v — v°, find what en becomes 
in terms of w, v, du, dv. ait + Yay 
udv —vdu 


cea +vdv" 


) F 
67. If the polar equation of a curve be r =a sec? a find an expression for 


its radius of curvature at any point. 
d. : - 
68. Show that the differential ——"._ is transformed into 
tt — 32 + 3 
ldy 
VJ (1 + y? tana) (I + 2 cot? A)’ 


: i 
by assuming % = WE: oe and find the value of a. 
Ans. X= 7° 30°. 
y. If y4 + wy =1, prove that 
, dy adyp dy? 


=0. 
Y ie? Pace das + Y ig 


70. The pair of curves represented by the equation 
7 — 2rF(w) + e=0 


may be regarded as the envelope of a series of circles whose centres lie on a 
certain curve, and which cut orthogonally the circle whose radius is c, and 
whose centre is the origin (Mannheim, Jowrnal de Math., 1862). 


71. A chord PQ cuts off a constant area from a given oval curve; show that 
the radius of curvature of its envelope will be }PQ (cot 6 + cot ¢), Gand @ being 
the angles at which PQ cuts the curve. 


72. In the polar equations of two curves, 
Fir, w)=0, f(r, #) =0, 
if L*» be substituted for *, and nO for w, prove that the curves represented by 


the transformed equations intersect at the same angle as the original curves. 
W. Roberts, Liowtlle’s Journal, Tome 13, p. 209. 
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; ; lo 
This result follows immediately from the property that = is unaltered by 
the transformation in question. 


73. A system of concentric and similarly situated equilateral hyperbolas is 
cut by another such system having the same centre, under a constant angle, 
which is double that under which the axes of the two systems intersect. 

Ibid., p. 210. 

74: In a triangle formed by three ares of equilateral hyperbolas, having the 
same centre (or by parabolas having the same focus), the sum of the angles is 
equal to two right angles. Ibid., p. 210. 


75. Being given two hyperbolic tangents to a conic, the arc of any third 
hyperbolic tangent, which is intercepted by the two first, subtends a constant 
angle at the focus. Ibid., p. 212. 

An equilateral hyperbola which touches-a conic, and is concentric with it, is 
called a hyperbolic tangent to the conic. 


76. A system of confocal cassinoids is cut orthogonally by a system of equi- 

lateral hyperbolas passing through the foci and concentric with the cassinoids. 

Ibid., p. 214. 

The student will find a number of other remarkable theorems, deduced by 

the same general method, in Mr. Roberts’ Memoir. This method is an exten- 
sion of the method of inversion. 


77. If on each point on a curve a right line be drawn making a constant 
angle with the radius vector drawn to a fixed point, prove that the envelope of 
the line so drawn is a curve which is similar to the negative pedal of the given 
curye, taken with respect to the fixed point as pole. 


Her, 1b 20 =ax*+ 2baytey?, 2V=ea'x?4 2)'xy4+ely’, 


du av -P 
‘du? dy 

ead * & 1. AU? 4 2BUV 4+ OV, find A, B, C. 
dV aV 
du? dy 


79. Prove that the values of the diameters of curvature of the curve y? = f(z) 
at the points where it meets the axis of w are f’(a), /’(@),....if a, B, ... be 


the roots of f (2) = 0. 
Hence find the radii of curvature of y? = (z* — m?) (e—a) at such points. 


80. A constant length PQ is measured along the tangent at any point F on 
a curve; give, by aid of Art. 290, a geometrical construction for the centre of 
curvature of the locus of the point Q. 

81. In same case, if PQ’ be measured equal to PQ, in the opposite direction 
along the tangent, prove that the point P, and the centres of curvature of the 
loci of Q and Q' lie in directum. 


82. A framework is formed by four rods jointed together at their extremities 
prove that the distance between the middle points of either pair of opposite sides 


2H 
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is a maximum or a minimum when the other rods are parallel; being a maximum 
when the rods are uncrossed, and a minimum when they cross. 


83. At each point of a closed curve are formed the rectangular hyperbola, 
and the parabola, of closest contact; show that the are of the curve described by 
the centre of the hyperbola will exceed the are of the oval by twice the are of 
the curve described by the focus of the parabola; provided that no parabola has 
five-pointic contact with the curve. (Camb. Math. Trip., 1875.) 


84. A curve rolls on a straight line: determine the nature of the motion of 
one of its inyolutes. (Prof. Crofton.) 


85. Prove the following properties of the three-cusped hypocycloid :— 


(1). The segment intercepted by any two of the three branches on any 
tangent to the third is of constant length. (2). The locus of the middle point 
of the segment is a circle. (3). The tangents to these branches at its extremities 
intersect at right angles on the inscribed circle. (4). The normals corresponding 
to the three tangents intersect in a common point, which lies on the circum- 
scribed circle. 


Definition.—The right line joining the feet of the perpendiculars drawn to 
the sides of a triangle, from any point on its circumscribed circle, is called the 
pedal line of the triangle relative to the point. 


86. Prove that the envelope of the pedal line of a triangle is a three-cusped 
hypocycloid, having its centre at the centre of the nine-point circle of the 
triangle. (Steiner, Uéber eine besondere curve dritter klasse und vierten grades, 
Crelle, 1857.) 


This is called Steiner’s Envelope, and the theorem can be demonstrated, 
geometrically, as follows :— 


Let P be any point on the circumscribed circle of a triangle 4 BC, of which D 
is the intersection of the perpendiculars; then it can be shown without difficulty 
that the pedal line corresponding to P passes through the middle point of DP. 
Let Q denote this middle point, then Q lies on the nine-point circle of the 
triangle ABC. If O be the centre of the nine-point circle, it is easily seen that, 
as Q moves round the circle, the angular motion of the pedal line is half that of 
OQ, and takes place in the opposite direction. Let R be the other point in 
which the pedal line cuts the nine-point circle, and, by drawing a consecutive 
position of the moving line, it can be seen immediately that the corresponding 
point 7’ on the envelope is obtained by taking Q7= QR. Hence it can be 
readily shown that the locus of 7’ is a three-cusped hypocycloid. 

This can also be easily proved otherwise by the method of Art. 295 (a). 


87. The envelope of the tangent at the vertex of a parabola which touches 
three given lines is a three-cusped hypocyeloid. 


88. The envelope of the parabola is the same hypocycloid. 


For fuller information on Steiner’s envelope, and the general properties of 
the three-cusped hypocycloid, the student is referred, amongst other memoirs, to 
Cremona, Crelle, 1865. ‘Townsend, Edue. Times. Reprint. 1866. Ferrers, 
Quar. Jour. of Math., 1866. Serret, Nouv. Ann., 1870. Painvin, ibid., 1870 
Cahen, ibid., 2275. 
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On the Fatlure of Taylor’s Theorem. 407 


On THE Fatture oF TAYLor’s THEOREM. 


As no mention has been made in Chapter III. of the cases when Taylor’s 
Series becomes inapplicable, or what is usually called the failure of Taylor’s 
Theorem, the following extract from M. Navier’s Lecons d’ Analyse is intro- 
duced for the purpose of elucidating this case :— 


On the Case when, for certain particular Values of the 
Wariable, Taylor’s Series does not give the Development of 
the Function.—tThe existence of Taylor’s Series supposes that the function 
F(x) and its differential coefficients f’(x), f(x), &c. do not become infinite for 
the value of 2 from which the increment % is counted. If the contrary takes 
place the series will be inapplicable. 

F(«) 


(@ — a)m’ 
number, and F(z) a function of « which does not become either zero or infinite 
when # = a. 


Suppose, for example, that f(a) is of the form m being any positive 


F(a + h) 
(«+ h-a)m 
tive powers of /, all the terms would become infinite when we make v=a. At 
F(a + h) 
ee but, 
as the development of this value according to powers of 4 must necessarily con- 
tain negative powers of h, it cannot be given by Taylor’s Series. 

Taylor’s Series naturally gives indeterminate results when, the proposed 
function f(z) containing radicals, the particular value attributed to x causes 
these radicals to disappear in the function and in its differential coefficients. 
In order to understand the reason, we remark that a radical of the form 

P 
(z — a)%, py and g denoting whole numbers, which forms part of a function f(z), 
gives to this function g different values, real or imaginary. As this same radical 
is reproduced in the differential coefficients of the function, these coefficients also 
present anumber, g, of values. But, if the particular value a be attributed to z, 
the radical will disappear from all the terms of the series, while it remains 


If, conformably to our rules, be developed in a series of posi- 


the same time the function has then a determinate value, viz. : 


P 

always in the function, where it becomes 22. Therefore the series no longer re- 
presents the function, because the latter has many values, while the series can 
have but one. The analysis solves this contradiction by giving infinite values 
to the terms of the series, which consequently does not any longer represent a 
determined result. 

The development of f(z) ought, in the case with which we are occupied, to 

P 

contain terms of the form 27. We should obtain the development by making 
x =a + hin the proposed function. 


468 On the Failure of Taylor’s Theorem. 


Fractional powers of h would appear in the latter development : for example, 
suppose 


f(a) = 200 — + ar/ x — a; 
this gives 


f(2) =2(a-2)+ ——; 


ax? 


"(2)=- 2+ —— - Ra 
f(a) Vx? — a (a? — a?)3 
On making z = a, we have f(z) = a, and all the differential coefficients 
become infinite. This circumstance indicates that the development of f(z + /) 
ought to contain fractional powers of h when « = a: in fact the function be- 
comes then 


flat h)=a@ — 4+ aVv2ah + 7, 


of which the development according to powers of 4 would contain 4, A3, hi, &e. 

It should be remarked that a radical contained in the function f(z) may 
disappear in two different ways when a particular value is attributed to the 
variable #; that is, 1°, when the quantity contained under the radical vanishes : 
2°, when a factor with which the radical may be affected vanishes. 

In the former case the development according to Taylor’s Theorem can never 
agree with the function f(~ + 4) for the particular value of # in question, for 
the reason already indicated. 

But it is not the same in the latter case, because the factor with which the 
radical is affected, and which becomes zero in the function, may cease to affect 
the radical in the differential coefficients of higher orders; in fact it may not 
cierpent at all, and the series may in consequence present the necessary number 
of values. 

For example, let the proposed function be 


J (%) = (@ -— a)" Va—, 
m being a positive integer. 
Here we have 
m(x2—a)m 


SJ (#) =m(a — a)m Ve-—b4 eh ee 


f(a) = mon = 1)(e— amt Vem b 4 "EO _ 2 — om 
Vc—b 4(a — b)2 


Each differentiation causes one of the factors of (x — a)™ to disappear in the 
first term. After m differentiations these factors would entirely disappear; and 
consequently the supposition 2 =a, in causing the first m-derived functions to 


vanish, will leave the radical Vz — 4 to remain in all the others. 


INDEX. 


oe 


_ Acnope, 259. 


Approximations, 42. 
further trigonometrical applica- 
tions of, 130-8. 

Arbogast’s method of derivations, 88. 
Arc of plane curve, differential ex- 
pressions for, 220, 223. 

Archimedes, spiral of, 301, 303. 
Asymptotes, definition of, 242, 249. 
method of finding, 242, 245. 
number of, 243. 
parallel, 247. 
of cubic, 249, 325. 
in polar coordinates, 250. 
circular, 252. 


Bernoulli’s numbers, 93. 
series, 70. 
Bertrand, on limits of Taylor’s series, 


77° 
Bobillier’s theorem, 368, 374. 
Boole, on transformation of coordi- 
nates, 412. 
Brigg’s logarithmic system, 26. 
Burnside, on covariants, 412. 


Cardioid, 297, 372. 
Cartesian oval, or Cartesian, 233, 375. 
third focus, 376. 
tangent to, 379. 
oer intersect orthogonally, 
381. 
Casey, on new form of tangential 
equation, 339. 
on cycloid, 373. 
on Cartesians, 382. 
Cassini, oval of, 233, 333. 
Catenary, 288, 321. 
Cayley, 259, 266. 
Centre of curve, 237. 
Centrode, 363. 
Change of single independent variable, 


399+ 


Change of two independent variables, 
403, 410. Ba tae 
Chasles, on envelope of a carried right 
line, 356. 
construction for centre of instan- 
taneous rotation, 359. 
generalization of method of draw- 
ing normals to a roulette, 360. 
on epicycloids, 373. 
on Cartesian oval, 376. 
on cubics, 454. 
Circle of inflexions in motion of aplane 
area, 354, 358, 367, 374- 
Complete Solid Harmonics, 421. 
Conchoid of Nicomedes, 332, 361. 
centre of curvature of, 370. 
Concomitant functions, 411. 
Condition that Pdx + Qdy should be a 
total differential, 146. 
Conjugate points, 259. 
Contact, ditferent orders of, 304. 
Convexity and concavity, 278. 
Crofton on Cartesian oval, 378, 379, 
380. 
Crunode, 259. 
Cubics, 262, 281, 323, 334. 
Curvature, radius of, 286, 287, 295, 
297, 301. 
chord of, 296. 
at a double point, 310. 
at a cusp, 311, 313. 
measure of, on a surface, 209. 
Cusps, 259, 266, 315. 
curvature at, 311. 
Cycloid, 335, 356. 
equation of, 335, 336. 
radius of curvature, and evolute, 


337. 
length of arc, 338. 
Descartes, on normal to a roulette, 336. 
ovals of, 375. 
Differential coefticients, definition, 5. 
successive, 34. 
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Differentiation of, a product, 13, 14. 

a quotient, 15. 
a power, 16, 17. 
a function of a function, 17. 
an inverse function, 18. 
trigonometrical functions, 19, 20. 
circular functions, 21, 22. 
logarithm, 25. 
exponential functions, 26. 
functions of two variables, II5. 
three or more variables, 117. 
an implicit function, 120. 
partial, 113, 406. 

of a function of two variables, 


IIS. 
of three or more variables, 
IIS. 
applications in plane trigono- 
metry, 130. 
in spherical trigonometry, 
Less 


successive, 144. 
of ¢(v+at, y+ Bt) with respect 
to ¢, 148. 
Discriminant of a ternary quadratic 
expression, 129, 194, 196. 
of any quadric, 449. 
Double points, 258, 261. 


Elimination, of constants, 384. 
of transcendental functions, 386. 
of arbitrary functions, 387, 396. 
Envelope, 270. 
of La? + 2Ma+N=0, 272. 
of a system of confocal conics, 
Ex. 8, p. 276. 
of a carried curve, 355. 
centre of curvature of, 357. 
Epicyclies, 363. 
are epi- or hypo-trochoids, 366. 
KEpicycloids and hypocycloids, 339, 
356, 466. 
radius of curvature of, 342. 
cusps in, 341. 
double generation of, 343. 
evolute of, 344. 
length of are, 345. 
pedal, 346, 372. 
regarded as envelope, 347. 
Epitrochoids and hypotrochoids, 347. 
ellipse as a case of, 348, 363. 
centre of curvature of, 351. 
double generation of, 367, 


Index. 


Equation of, tangent to a plane curve, 
212, 218. 
normal, 215. 
Errors in trigonometrical observation, 
135. 
Euler, formule for sin # and cos 2, 69. 
theorem on homogeneous func- 
tions, 123, 127, 148, 1622 
on double generation of epi- and 
hypo-cycloids, 344. 
Evolute, 297. 
of parabola, 298. 
of ellipse, 299, 308; as an enve- 
lope, 297. 
of equiangular spiral, 300. 
Expansion of a function, by Taylor’s 
series, 61. 
by Arbogast’s method, 88. 
of o(¢+h, y+hk), 156. 
of g(a +h, y+k, +7), 159. 


Family of curves, 270. 
Ferrers, on Bobillier’s theorem, 369, 
on Steiner’s envelope, 466. 
Folium of Descartes, 333. 
Functions, elementary forms of, 2. 
continuous, 3. 
derived, 3. 
successive, 34. 
examples of, 46. 
partial derived, 113. 
elliptic, illustrations of, 136, 138. 


Graves, on a new form of tangential 
equation, 339. 


Harmonic polar of point of inflexion 
ona cubic, 281. 

Huygens, approximation to length of 
circular arc, 66. 

Hyperbolic branches of a curye, 246. 

Hypocycloid, see Epicycloid. 

Hypotrochoid, see Epitrochoid. 


Indeterminate forms, 96. 

treated algebraically, 96-9. 

treated by the calculus, 99, et seg. 
Infinitesimals, orders of, 36. 

geometrical illustration, 57. 
Inflexion, points of, 279, 281. 

in polar coordinates, 303. 
Intrinsic equation of a curve, 304. 

of a cycloid, 338. 

of an epicycloid, 350. 

of the involute of a circle, 301, 


a — 
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Index. 


Inverse curves, 225. 

tangent to, 225. 

radius of curvature, 295. 

conjugate Cartesians, as, 378. 
Inyolute, 297. 

of circle, 300, 358, 374. 

of eycloid, 356. 

of epicycloid, 357. 


Jacobians, 433-45. 


Lagrange, onderived functions, 4, note. 
on limits of Taylor’s series, 76. 
on addition of elliptic integrals, 
136. 

theorem on expansion in series, 
HST 

on Kuler’s theorem, 163. 

condition for maxima and minima, 
191, 197, 199, 202. 

La Hire, circle of inflexions, 354. 
on eycloid, 373. 

Landen’s transformation in elliptic 

functions, 133. 
Laplace’s theorem on expansion in 
series, 154. 
coefficients, 429. 

Legendre, on elliptic functions, 137. 
on rectification of curves, 233. 
coefficients of, 426. 

Leibnitz, on the fundamental principle 

of the calculus, 40. 
theorem on the n derived func- 
tion of a product, 51. 
on tangents to curves in vectorial 
coordinates, 234. 
Lemniscate, 259, 277, 296, 329, 333- 
Limacon, is inverse to a conic, 227, 
331, 334, 349, 361, 372. 
Limiting ratios, algebraic illustration 
in Be 
trigonometrical illustration, 7. 
Limits, fundamental principles, 11. 


Maclaurin, series, 65, 81. 
on harmonic polar for a cubic, 282. 
Manheim, construction for axes of an 
ellipse, 374. 
Maxima or minima, 164. 
geometrical examples, 164, 183. 
algebraic exomples, 1606. 
an + 2bay + cy? 
aa + + 2b'ay + cy? 
condition for, 169, 174. 


166, 177 


| 
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problem on area of section of a 
right cone, 181. 
for implicit functions, 185. 
quadrilateral of given sides, 186. 
for two variables, 191; Lagrange’s 
condition, 191, 197. 
for functions of three variables, 
198. 
of » variables, 199, 449. 
application to surfaces, 200. 
undetermined multipliers applied 
to, 204. 
Multiple points on curves, 256, 265, 


397- 
Multipliers, method of undetermined, 
204. 


Napier, logarithmic system, 25. 
Navier, geometrical illustration of 
fundamental principles of the 
calculus, 8. 
on Taylor’s theorem, 467. 
Newton, definition of fluxion, Io. 
prime and ultimate ratios, 40. 
expansions of sin z, cosa, sina, 
&e., 64, 69. 
by differential equations, 85. 
method of investigating radius of 
curvature, 291. 
on eyolute of epicycloid, 345. 
Nicomedes, conchoid of, 332. 
Node, 259. 
Normal, equation of, 215. 
number passing through a given 
point, 220. 
in vectorial coordinates, 233. 


Orthogonal transformations, 409, 414, 
452. 
os 259. 
Osculating curves, 309. 
circle, 291, 306. 
conic, 317. 
Oscul-inflexion, point of, 314, 317. 


Parabola, of the third degree, 262, 288. 
osculating, 318. 
Parabolic branches of a curve, 246. 
Parameter, 270. 
Partial differentiation, 113, 406. 
Pascal, limagon of, 227. 
Pedal, 227. 
tangent to, 227. 
examples of, 230. 
negative, 227. 
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Pliicker, on locus of cusps of cubics 
having given asymptotes, 265. 
Points, de rebroussement, 266. 
of inflexion, 279. 
Polar conic of a point, 219. 
Proctor, definition of epi- and hypo- 
cycloids, 399. 
epicyclics, 366. 
Ptolemy, epicyclics, 366. 


Quetelet, on Cartesian oval, 376, 381. 


Radius of curvature, 286. 
in Cartesian coordinates, 287,289. 
in 7, p coordinates, 295. 
in polar coordinates, 301. 
at singular points, 310. 
of envelope of a moving right 
line, 358. 
Reauleaux, on centrodes of moving 
areas, 363. 
Reciprocal polars, 228, 230. 
Remainder in series, Taylor’s, 76, 79. 
Maclaurin’s, 81. 
Resultant of concurrent lines, 234. 
Roberts, W., extension of method of 
inversion, 464. 
Rotation, of a plane area, 359. 
centre of instantanous, 360, 364. 
of a rigid body, 371. 
Roulettes, 335. 
normal to, 336. 
centre of curvature, 352; Sa- 
vary’s construction, 352. 
circle of inflexions of, 354. 
motion of a plane figure reduced 
to, 362. 
spherical, 370. 


Savary’s construction for centre of 
curvature of roulette, 353. 
Series, Taylor's, 61, 70, 76. 
binomial, 63, 82. 
logarithmic, 63, 82. 
for sin x and cos a, 64, 66, 81. 
Maclaurin’s, 64, 81. 
exponential, 65, 81. 
Bernoulli's, 70, 
convergent and divergent, 72, 75. 
» tor sing, 68, 85. 
for tan“, 68, 84. 
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for sin ma and cos ma, 87. 
Arbogast’s, 88. P 
Lagrange’s, 151. 

Solid Harmonic functions, 419. 

Spherical Harmonics, 423. 

Spinode, 259. 

Stationary, points, 266. 
tangents, 282. 

Subtangent and subnormal, 215. 
polar, 223. 

Symbols, separation of, 53. 
representation of Taylor’s theo- 
rem by, 70, 160. 


Tacnode, 266. 

Tangent to curve, 212, 218, 258. 
number through a point, 219. 
expression for perpendicular on, 

217, 224. 
expression for intercept on, 232. 

Taylor’s series, 61. 

symbolic form of, 70. 
Lagrange on limits of, 76. 
extension to two variables, 156. 
to three variables, 159. 
symbolic form of, 160. 
on inapplicability of, 467. 
Tesseral Surface Harmonics, 429. 
Suis Be hypocycloid, 350, 372. 
466. 

Tracing of curves, 322, 328. 

Transformations, linear, 408. 
orthogonal, 409, 452. 

Trisectrix, 332. 

Trochoids, 339. 


Ultimate intersection, locus of, 271. 
for consecutive normals, 290. 
Undetermined multipliers, application 

to maxima and minima, 204. 
applied to envelope, 273. 
Undulation, points of, 280. 


Variables, dependent and indepen- 
dent, 1. 

Variations of elements of a triangle, 
plane, 130; spherical, 133. 

Vectorial coordinates, 233. 


Whewell, on intrinsic equation, 304. 


Zonal Harmonics, 423. 


THE END. 
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